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Zoned Hemnonioa of High Order in Term$ of Bessel Functions. 
By John B. Aikky, M.A., B-Sc. 

(Comniunioated by Prof. J. W. Nicholson, F.R.S. Received January IS, 1919.) 

The zonal harmonic P, {&), for large values of n and small values of $, is 
approximately given by the formula 

P,(d) = J„ («<?;. 

where a* = n (»+ 1). 

This result is easily derived from a consideration of L^ndre’s equation, 

^+cot^ .^+«(n + l)« = 0. « = P,(<?). (1) 

The first approximation of cot 0 is 1/d, and substituting this*valne in (1), 
the equation becomes 

of which a solution is Jo (ad), where a* = n(n+ 1), a result similar to the ope 
discovered by Mehler,* 

Lt P, (cos I) = Jo (»)• (3) 

n-»ao\ 

The second solutions of (2), Bessel functions of the second kind or 
Neumann functions, do not appear in the expression for Pa(d). 

Macdonaldf has given two formula: for P* {0) in tenns of Bessel functions 

If a; = (2n+l)8in g, 

'*P.(d) = Jo(*), (4) 

* F. O. Mieblsr, < Math. Annalen,’ vol. C, pp. 140-144 (187S). 

t H. M. Macdonald, * Prac. London Math. Soo.,’ vol. 31 (Old SeriM), p. 260 (1689) : 
vol. 13 (New Series}, pp. 820-1 (1814). 
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and 

P.(d) = J.(®)+8in»| +4J‘(*)} 


+ (5) 

whilst Lord Bayleigh* obtained the result 


in which aO and = n (n + 1). 

Further terms in the coefficients of Jo(^) and Jo'(^) can be found without 
difficulty by successive approximations. Equation (6) may be written 

// = P,(tf) = (l+Q (7) 


Consequently ^“ = a ^ 1 + ^ J#' (aff). 


cotd = ~--. 


and since 
equation (1) becomes 


d^'^z • rf*"*" 




Therefore 

or, the dependent variable u being changed to vJo(z\ 

d:? daiWo zj a*\3 20a*/ Jo* 

where the argument of the J functions is z. 

Tnt^rating (11), we find 

Now |*»J«Jo'«fo * jaVToJo'd* = -g(2Ji»-J,»). 

It ia easily seen that 

J »*JoJnfo = Ja* . a»JoJi<fo = j Wda. 

* Lord Bayleigh, *Boy. Soc. Proc./ 1916^ pp. 439-6. 


( 8 ) 


( 9 ) 

( 10 ) 

* 

( 11 ) 

( 12 ) 



and therefore 


Hence 


High Order in T&iras of Bessel Functions, 

>re j = ^+1| 

SB j***J8.*.Tirf8 = ^s^Ja(eJt +2Ja)ds 

= J j' + 2«»J/) = I f ^ . 


Jo» 120< 


From the recurrence formula, Js^ maj be expressed in terms of J« and Ji ; 

f sJ ^ 

and 

Integraiing j -j-^da by parts, we get 

<i«) 

-6 J wo 4 

and therefore [ ^^dz+2 (16) 

J WO J do Jo 4 


Since B ss 1 and A ss 0, we find that 


^ U fiaa^lOaVJ* \2 10a* 80a»/J ’ 

'‘-('+i£.+r6^;-+--6fo-)''’<*> 


( 18 ) 
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For the next approximation we obtain from (18) tlie value of dufd0 as 
before. In this case 

When thi^ is Bubstituted, we find eventually the value of dojdz, whioh now 
contains the term ji^^Jo^dz as well as integrals having the product J^Jo' hi the 
integrand. But the former can be expressed in terms of the latter. Thus, 
integrating by parts, 

jWo'rf* = jwfc. 

or, generally, — »» (19) 

Consequently, the problem of finding dvfdz depends upon the determination 
of the integral Js^^JoJid*. 

Now 

= f m (zJJ + mJ,.) dz = . 

Also 

a^, = p. Jp»- i fs»»J^Vdsi 
J ' ‘2m mj 

= ^ V-- 

2m ' »»J *\z ' / 

2m ' mJ ' mJ ' 

(to +1>) 1 3®""* V«fs = ^ J,» + j 

or, combining the results in (21) and (22), 

-s _£-a*».v-.fLz:£ f3»»JJ,+,rfr. 


( 20 ) 


( 21 ) 


But 


and therefore 


( 22 ) 


m+p 


m+pj 


(2 
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Applying this formula, making p s 1, 2, 8, in Buocessiou, we obtain 

Finally, we reach the term Thiia 

J Lw+1 (m+l)(w + 2) (i»+l)(m + 2)(?rt + 3 ) J 

- **“ fr-Tv'' (»’+l)(m-l)(7w-2)...(»«-r)„ 1 


Similarly, 

p r = nf-p 


f 

(7 - +p) {m -p) (w -p- 1) . .. Qa-y- r + 1) j, n 

(m+/>+l)(>7t+i» + 2)...(7/i+j>+7-) 'J '■ 

rj a 1 r — M-p 

i_ 2 cos nr 

^ 77t+/>L 2 777.— p ,._J 

(Lti') (wt-p )(m-p-l) ... ( 7 /t-p-r+ 1 ) J, T 27 ) 
(m+p + l)(wi+p + 2 )...(m+p + r) ’"''’’J' ' ' 

In the final step of each approximation, to obtain the value of v it is 

r^>2m+ 1 J 2 r ^mj 

necessary to evaluate integrals of the type I " j 2 \ These 

integrals occur under the form 

» = 0,1,2 

Integrating the first of these integrals by parts, and knowing tliat 


we obtain the result 


_*'Il 3* 

jr” 2 ’ 


i^dz. ( 28 ) 

J Jo» J« 27»+2 J J* ' 

After further approximations, the expression for Pii(0) in terms of Ja(a^) 
and Ji (a$) is as follows : — 


( 29 ) 
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where 


_ , . ^ ^ . 610 * . 12610 * . 79 ^ . 

*“ " 12 TelF 120960 29030400 20276000 


o . 190* , 

60 420 60480 ’ 


20 * 0 * ® 9 * 

'^® = .Tl6 + 660 + ’'-’ ®® = 2ro+"’ 

-14.^4. ^1^4- 17 g** 96899* ' 

10 3360 18900 106444800 



40* ‘A10* 
106 5040 


7i 


8 

105 



3 i 



To calculate Vn (0) to aix places of decimalsi when n is equal to or greater 
than 20, only aq* /9o) and l3\ need to be tabulated. The following tables 
have been constructed, giving those coefficients for each angle of the 
quadrant : — 


r . 

«(H 

/So 

«!• 

3|. 

0 

1 *0000000 

0*00000 

1 -00000 

0*2000 

1 ' 

1 -0000264 

0*00000 

• 1*00008 

0-2000 

2 

1 *0001016 

0*00002 

1*00012 

0*2001 

3 

1*0002285 

0*00004 

1*00027 . 

0-2001 

4 

1 0004068 

0*00008 

1*00049 

0*2002 

6 

1-0000860 

0*00012 

1-00070 

0 *2008 

6 

1 -0000146 

0*00018 

1 *00110 

0*2004 

7 

1*0012468 

0*00024 

1*00149 

0*2006 

8 

1 '0010270 

0*00082 

1*00196 

0*2008 

9 

1*0020600 

0*00041 

1 -00247 

0-2010 

10 

1 -0026448 

0*00061 

1*00806 

0*2012 

U 

1*0080801 

0-00062 

1*00869 

0-2014 

18 

1-0080076 

0-00074 

1 00440 

0-2017 

18 

1-0048067 

0-00080 

1-00617 

0*2020 

14 

1-0048978 

0 -00100 

1*00601 

0-2028 

16 

1 -0067411 

0*00116 

1*00600 

0*2026 

16 

1 -0006808 

0 *00181 

1*00786 

0*2080 

17 

1 <0078860 

0*00148 

1 *00688 

0*2084 

18 

1-0082800 

0-00166 

1 *00906 

0-2088 

19 

1 -0002401 

0*00186 

1 *01111 

0-2048 

80 

1 -0102476 

0*00206 

1 *01282 

0*2047 

21 

1 -0118087 

0*00228 

1*01860 

0-2062 

22 

1-0124287 

0-00260 

1 -01496 

0-2057 

28 

1-0186880 

0*00275 

1 *01636 

0*2068 

24 

1 -0148168 

0*00800 

1 *01784 

0-2069 

26 

1-0100060 

0-00826 

1*01988 

0-8076 

26 

1 -01742 B 7 

0 00868 

1*08099 

0-2061 

27 

1 -0188164 

0*00862 

1*02267 

0-2088 

28 

1-0202062 

0*00412 

1*02442 

0*2096 

29 

1 -0217676 

0*00448 

1*02624 

0-2102 

80 

1-0288207 

0*00476 

1 -02813 

0-2109 

81 

1-0240488 

0*00609 

1*08009 

0-2117 

32 

1-0200170 

0*00644 

1*08212 

0 *2126 

88 

1-0888608 

0*00680 

1 *03428 

0*2188 
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«»• 

i 


tfi - 

1 0901425 

0*00618 

1 *03640 

0-3142 

1*0810087 

0*00667 

1-08866 

0-2161 

1*0380049 

0*00697 

1*04097 

0-2160 

1 086 S 766 

0-00789 

1 *04837 

0*2170 

1-0879096 

0 00782 

1-04686 

0*2180 

1-0400042 

0-00827 

1-04841 

0 *2191 

1 *0421618 

1 0 *00873 

1-06104 

0*2201 

1*0443815 

1 0*00920 

1 *06876 

0-2212 

1*0466666 

0*00060 

1 -06056 

0-2224 

1 -0490140 

0 *01020 

1 06943 

0-2286 

1 *0614277 

0*01078 

1 ‘06238 

0*2348 

1-0689074 

0-01127 

1 *06542 

0-2201 

1 -0664680 

0*01188 

1 -06866 

0*2274 

1 *0690681 

0 - 0124 () 

1 *07176 

0 *2287 

1 *0617607 1 

0*01299 

1-07606 

0-2801 

1 -0646027 1 

0*01360 

1*07846 

0 -2316 

1 *0678250 

0 *01423 

1 *08108 

0*2380 

1 *0702186 

0*01488 

1 -08561 

0-2346 

1 *0781842 

0*01554 

1 *08018 

0*2861 

1 *0762281 

0*01623 

1-00204 

0-2377 

1*0708362 

0 *01693 

1 *09680 

0*2394 

1 *0826246 

0-01766 

1 10076 

0-2411 

1 -0867894 

0*01841 

1*10482 

0-2480 

1 *0801817 

0-01018 

1*10808 

0-2448 

1 *0026628 

1 0-01997 

1 -11824 

0-2466 

1*0900638 

0-02078 

1-11761 

0*2486 

1*0006861 

1 0 *02162 

1 *12200 

0*2606 

1*1088000 

0 -02248 

1 *12668 

0*2626 

1*1070406 

0 *02887 

1 ‘18188 

0-2648 

1*1108886 , 

1 0*02428 

1 *13620 

0*2669 

1*1148042 

' 0 *02622 

1 -14114 

0-2602 

1 -1188182 

1 0*02019 

1 1 *14619 

0-2616 

t *1220117 

j 0 -02719 

1 -16186 

0*2680 

1 *1271016 

1 0*02821 

1 *16667 

0*2664 

1 -1818845 

1 0-02027 

1-16200 

0*2600 

1 *1867621 

0-08086 

1 1 *16766 

0*2716 

1 *1402861 

1 0 08147 

1 *17834 

0-2744 

1-144808 

0*0326 

1*1702 

0-877 

1*140481 

0-0838 

1 *1861 

0*280 

1*164266 

0 -0350 

1 -1018 

0*288 

1 *169184 

0*0863 

1 *1076 

0*286 

1 *164110 

0-0376 

1*2089 

0*289 

1 -160212 

0*0880 

1 *2106 

0-298 

1 -174416 

0-0403 

1 *2172 

0-296 

1 -170788 

0 *0417 

1 1 -2241 

0-800 

1 *186106 

0*0432 

1 -2312 

0*803 

1 -100716 

0*0447 

1*2884 

0*807 

1-106886 

0*0462 

1*2467 

0*811 

1 -202170 

0-0478 

1 *2683 

0*816 

1*208008 

0*0494 

1*2610 

0-819 

1-814147 

0*0611 

1*2600 

0-324 

1-220827 

0*0629 

1-2771 

0-828 

1-226641 

0-0647 

1-2866 

0-833 

1*288094 

0-0666 

1-2040 

0*888 

1-280688 1 

0-0684 

1-8028 

0-342 

1-246427 1 

0*0604 

1;8117 

0-848 

1 - 268814 ^. i 

0*0626 

1*8200 

0-862 


The fomulee and tables are of oourae especially useful when 0 is a small 
angle. They have been tested by computing for comparatively small 
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Talues of n and large values of 6. Even in these extreme cases the results 
are correot to six places of decimals. 

For the purposes of comparison, a short table of P8(^) has been computed, 
giving in the second colvunn the values of this function when the angle 9 is 
large, both 70 and 71 being required in these calculations. In the third 
column are the values calculated by Tallquist.* 


P8(^). 



Oalculuted from (29). 

Tallquist’H valuw. 

60*" 

-0073638 (9) 

-0-0736889 

66“ 

.. .. -0-241143(9) 

-0-2411438 

70° 

-0-278015 (2) 

-0-2780152 

75“ 

-0-170219 (8) 

-0-1702200 

80“ 

+0-023307 (8) 

+ 0-0233079 

85“ 

+0-201746 (2) 

+ 0-2017462 

90“ 

+0-273437 (6) 

+0-2734375 


In the construction of this table Jo (a6) and Ji(o^) weie calculated from 
Meissers tablea When aO exceeds 15*5, Jo and Ji can be found to seven 
places of decimals from forumlftif derived from the addition theorem of these 
functiona 

* TsUquiBt, ‘ Acta Soc. Sc. ifennicai’ (Helsingfors), vul. 33, No. 4,'pp. 1-8. Tables of 
P, (cos tf) for 71 = 1, 2, 3 ... 8 to ten places of decimals for each degree of the quadrant ; 
A. Lodge, Appendix to Lord Bayleigh’s paper, “ On the Acoustic Shadow of a Sphere,” 
Tables of Zonal Uannonics for 6* intervals in the value of 6 from 0° to 00”, and 
7» 1, 2, 3 ... 20 to seven places of decimals, ' Phil. Trans.,’ A, voL 208, pp. 87-110 

(1904). 

t “ The Addition Theorem of Bessel Functions of Zero and llnit Orders,” ' Phil. Mag.,’ 
vol. 86t September, 1018. 
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Atmospheric Stirring Measured hy Precipitation. 

By Liwis F. Bicuakdson. 

(Communicated by Sir Napier Shaw, F.B.S. Received February 26, 1910.) 

Since on tbe average the water-content of the atmosphere is not increasing, 
the water which descends aa precipitation must have been stirred \ip into 
the atmosphere. So we can compute the eddy-diffusivily from a knowledge 
of the mean precipitation and the mean vertical gradient of mass of water 
per mass of atmosphere. 

Kddy-diifusivity is a statistical measure of the eflect of circulatory motions 
which we cannot, or do not wish to, consider in detail. Since the mean 
values in this paper are taken over the whole globe, it follows (unfortunately) 
that even the largest circulatory motions between tbe pole and the equator 
ate not considered in detail, and that their effect is included with the effect 
of the rising currents in cyclone or anti-cyclones, with cumulus-eddies, and 
with the smaller eddies due to dynamical instability, in producing the 
cottflicients of eddy-diffusivity at which we shall arrive. 


The Oeneral Etfuatwns for Stirring 


In Taylor’s theory of atmospheric stirring,* the density of the atmosphere 
and the stirring coofticient are treated as independent of height. 

Under these restrictions he arrives at the equation 



( 1 ) 


where t is time, h is height, K is the eddy-diffusivity, and inay be either 
the potential temperature, or the vapour pressure, or the horizontal velocity 
in a fixed azimuth. 

The present paper deals with a range of height involving considerable 
variations of density and very large variations in the stin-ing, so that it is 
necessary to find an equation more general than (1). At the same time, it 
will be convenient to arrange to have a simple expression not only for 
fo*'' vertical flux. 

Here we may usefally bear in mind the analogy with the conduction of 
beet in a solid. The total i;ater in a portion of air, or the total entropy in 
it, ate not altered by gently mixing it ; and the same is true of its horizontal 
momentum in a fixed azimuth, if the mixing takes place vrithout the action 


* ‘FhU. Trans.,’ A, vol. S16, p. 3 (191S). 
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of au external horizontal force in this azimnth. If, then, Z stands for any one 
of these three qnantities or for any other quantity which 


Has its total, for a definite portion of air, unchanged by the 
internal reaiTaugement of that portion, 

Or by delay. 


( 2 ) 

( 3 ) 


then the rate of increase of the total Z in the portion must be due to Z 
flowing in over the sides. If we now take the portion to be a horizontal 
layer, and define the “ upward flux ” as 


The ratio of amount of Z rising axMOss a large horizontal 
surface in unit time to the area of this surface, 


) 


( 4 ) 


then rate of increase of Z in the layer dh must be 

—^(upward fliu) dh, 
oh. 


( 6 ) 


If now without the dash, be defined as the amount of Z per unit mass of 
atmosphere, then 

The amount of Z in dh is j(pdh, (6) 

so that = —^(upward flux), (7) 

Now we can defliie a coefficient c such that 

Upward flux ~ (®) 


ami it will then be for observation to show whether c is a constant, as would 
be nice, or whether c. depends on various factors, and in particular on dxfhh. 
But, if e is •going to be useful, it must not have to be infinite when 
dx!^ = 0. Therefore we had better confine ourselves to conditions in 
which 

The upward flux vanishes when = 0. (9) 

Now this implies that 


X 


must be unchanged by the simple transportation of air 
to a different level. 


} 


( 10 ) 


Now ^ is the total Z per unit mass of a definite portion of air. 
mass is unchanged by transport, (10) implies that 

The total Z in a definite portion of air must be unchanged 
by its I'emoval to a different level. 


So, as the 


Fortunately, (11) is satisfied by the same three quantities which previously 
satisfied (2), so that (10) is satisfied when x is either mass of water per unit 
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of atmosphere, entropy per unit muss, or horizontal momentum per unit mass 
(better known as velocity), in a fixed azimuth. (11*) 

If, in place of (8), we had made the flux proportional to c' 3(px)/3A where 
PX, is the total amount of Z per volume instead of per mass of atmosphere 
then, to avoid an infinite value of e', the flux would have to vanish when 
d{px)ISh vanished. That would not be possible for the three given meanings 
of Z, because rising air changes its volume. So it appears that we had 
better keep to the definition (8). 

Inserting (8) in (7), wo have 




“sr ■“aArsr;- (ii«) 

Now the left-hand side of (lln) is equal to p^fhl + xhpldt, and by the 
equation of continuity of mass, 

x3p/3t = — (12) 

where m is the vector momentum per unit volume. 

Let us now suppose that any time change of mean, density of the layer is 
either negligible, as will usually be the case, or else that it is separately 
accounted for. Then (11b) reduces to 

since dp = —ffpdfi. ( 14 ) 

Kquation (13) is in effect identical with one mentioned by G. I. Taylor for 
the case of potential temperature.* 

On the right hand side of (13) there are two variables, p and h, both used 
as measures of height. It would be neater to use only one such measure. 
Therefore, as the dp is indispensable, let us replace the dh from (14). At the 
same time, in order to get a single constant, let us put ^pc =s then 
(13) becomes 

where x “sy have €my one of the meaniugs (11a). Here f is left to be 
determined by observation, but we know beforehand that it is finite when 
dx/Sp = 0 . 

The flux is given by (6), (8), and (14) that is to say, if x is the amount of 
Z per unit mass of atmosphere, then the amount of Z rising across a large 
horizontal surface per orea'per tifua is 

or, equivalently, 

* ‘ Boy, Soc. Ptoc.,’ A, voL 94, p. 140 (1918). 


( 16 ) 
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Jbr ^ reasong already stated, it aj^pears UuU His the quawtity f of equatione 
(15) and (16) which ehvuld be idteerved, tabulated, and remembered, in pre/eretue 
to K of equation (1), which dmdd he regarded only as a depfimg stone whereby 
to reach The relation between K and ( is found by equating the corre- 
sponding expressions for ^/dt, thus 

If { should happen to be indeiiendent of height, equation (17) simplifies to 

f = ( 18 ) 

and in O.G.S. units the coelticieut g*p^ is numerically equal to unity at an 
average height of 2 Idiom, above mean sea level.* 

The physical dimensions of ( are 

(Mass)*, (length)"*, (time)' ^ (19) 

Note on focal Differences of Pressure in a IVind, 

G. 1. Taylurf arrived at equation (1) by considering small portions of air 
which wandered from levels at which they were average samples of the 
atmosphere and arrived at a new level, there to remain by mixing with the 
surroundings. Wlien referring to the diffusion of moiueulum, he provides a 
proof to show that the lomil diflereuces of pressure, wliich Stanton’s observa- 
tions have shown to be of considerable magnitude, do not nevertheless on the 
average ailbct the momentum of a sample dunng its journey. The local 
differences of pressure, therefore, leave equation (1) unaltered both in form and 
in the value of the eddy viscosity. But Taylor regrets that his proof of this 
applies only to motion in two dimensions. 

In the present paper tiie difficulty does nut arise in the same form. No 
attempt is hero made to show theoretically that e is numerically the same for 
all three meanings of “y. That question is left to observation. Taylor, who 
originated this stimulating liypothesis, derived it from the consideration of 
“ the mean vertical distance through which any portion of the atmosphere is 
raised or lowered while it forms part of an eddy till the time when it breaks off 
from it, and mixes with its surroundings.” This distance would be difficult 
to define precisely, as mixing is a gradual process. Consequently, the 
hypothesis seems in need of empirical confirmation, and we come back again 
to observation. 

What has been taken for granted in deriving equation (16X and has now 

* Computer** Handbook, diagram to hue Fart II, p. 06. 

t ’FhiL Trana,’ A, vol. 810 (1810X 
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to 1)0 examined more closely, is that (2), (3), and (9) are satisfied when Z is 
momentum and x velocity, l)oth in the same fixed horizontal direction. Now 
(3) is satisfied because the external forces on a horizontal lamina, due to 
local pressure diffei*euceB, are normal to its surfaces and therefore cannot 
alter its horizontal momentum. Condition (2) is satisfieil because foroes 
between the parts cannot alter the momentum of the whole. In examining 
(9) we must distinguish between the mean velocity v, which hero plays the 
part of x* deviation from the mean. The question is whether, if 

dejdh vanish at any level, can there be an upward flux of momentum across 
that level ? In other words can there be an eddy-8hearing-sta*es8 where there is 
no rate-of-inean-flhear ? The converse, of course, occurs where thei*e are no 
eddies. Or to put the question over again in another way: imagine two 
adjacent horizontal layers each say 100 metres thick and having the same 
mean velocity ; would it be possible for the faster moving portions to sort 
themselves out and to flock together into one layer, leaving the slower moving 
portions in the other ? If molecules did that sort of thing, the occurrence 
would be one of the exceedingly rare exceptions to the second law of thermo- 
dynamics. We may reasonably expect that there is a corresponding law, on 
an enlarged scale so to speak, applicable to the statistical mechanics of eddy 
motion. 

The only other possibility seems to be that portions of air should wander in 
from quite distant regions, giving a part of the vertical flux of momentum 
proportional to and a tenu in either (1) or (15) proportional to 

Fredpitaiion %n the Kilometre next above the Ground. 

To come now from the general to the particular, let Z be mass of water, 
then X is mass of water per mass of atmosphere and, following Hertz, will be 
denoted by /*. The mass of water in the form of vapour rising across one 
horizontal square centimetre per second is given by (16) on the average of a 
large horizontal area. And this must be equal to the average rainfall when 
the horizontal area is extended at that level to covei the whole globe. 
Accordingly we have 

= (mean rate of precipitation). (20) 

The obsei;yatioaal data for insertion in this equation, to find f, have been 
extracted from Hann’s ‘ Lebrbuch der Meteorologie,’ 3rd edition, to which the 
following paged references refer. According to Siiring, /i in fiee air at a 
height of 1 kilom. has an average equal to 76 per cent, of its value at sea- 
level (p. 233). Tho mean value of (i at sea-level has been put equal to 
10*0 X 10^® which is its saturation value at 14*3® C. and 760 mm. Hg. (p. 221). 


jLaf 
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The temperature 14*3° 0. is Dove’s estimate of the mean tempeistare of the 
earth (p. 143). Consequently the average value of bfi/dh in the first 
kilometre is — 2’4x 10“* cm.“>. 

Next, the mean precipitation over the earth’s surface is about 90 om. year~‘ 
according to Murray and Fritzche (p. 363). For insertion in the preceding 
equations, this must be expressed as 2*9 x 10“* grm. cm.”* see.”^ This is 
the precipitation at the earth’s surface. For comparison with the average 
value of d/i/dh in the first kilometre, we should use the precipitation at a 
height of half a kilometre. Unfortunately, there is not much instrumental 
evidence concerning change of precipitation with height, as elevated lain* 
gauges are so much disturbed by wind (pp. 319 to 323). However, as rain- 
clouds have an average height (p. 280) well above the height we are 
considering, and as rain, though colder than the air through which it falls, 
can hardly condense any moisture on to itself, owing to the large latent heat 
of steam (p. 320), and as, further, streaks of rain, descending from clouds, are 
sometimes seen to disappear before reaching the earth (p. 303), the evidence, 
as far us it goes, indicates that the precipitation does not vary much up 
to a height of .'100 metres. The mean density at this height is about 
1'2 X 10“* grm. cm.”*. Inserting the above mean values in the equation (20), 
we get { = 1*4 X 10* om.~* grm.* sec.”* as a mean value for the whole earth 
at a height of half a kilometre. This measure of diffusion is in remarkable 
agreement with the mean deduced by Taylor* from an analysis of tem- 
peratures on the Eiffel Tower ; for Taylor found K = 10*0 x 10*, whence 
on the nssuiuption that { did not vary with height, equation (18) would give 
f = y*p* X 10* = 1'4 .t X 10* e.G.S. units. It is also of the same order as the 
values of ^p* (visco8ity)/(density) found by Akcrblom, Hesselberg, and 
Taylor by analyses of the change of wind with height. Thus Taylor’s 
hypothesis, that the same constant applies to both cases, is so far confirmed. 

To revert to the exchanges of moisture, as the precipitation does not vary 
much with height between 600 metres and the ground, it follows from (20) 
that the product of ^ and must, on the average, be independent of 

height in this range. This statement will not apply to points within the 
vegetation film, because there transpiration will provide a source of dfi/dl 
which has not been considered in fonning the equationa Now, just above 
the vegetation film, —dfildh is sometimes strikingly greater than the mean 
value -f2'4xl0~* cm.~S which has been taken to hold at a height of 
500 metres. For instance. Hill’s results (p. 238) at Allahabad in latitude 
26^* N. indicate an annual mean value of B/ifSh = —66 x 10”* cm.”* 
between 1*2 metre and 14*0 metres above the ground. Again, in the metre 
* 'Boy. Soo. Froo.,' A, vob 94 (1918). 



Atmospheric Stirring Meotmred by Precipitation. 15 

immediately above a grass moor, I have observetl diifdh = — 1500 x 10~* cm."* 
on an almost qalm sunny March afternoon in latitude 49° N., when the 
surface soil was moist. Tliis observation was taken with an aspirated 
wet-and-dry psychrometer. It is, of conrse, only an instance, jierhaps an 
extreme one, but it suggests that the mean value of { iu the first metre of 
hmght may be as low as 1000 or even less, which is interesting, because the 
values of f given by the observation of small floating objects to be published 
presently,* also indicate that ( is much less near the earth than at a height 
of 1 kilometre. 

PrecijyiteUion at a HeiglU of 8‘6 KUormtres. 

Next, it seems desirable to attempt to estimate the stirring coefficient i 
from the precipitation at great heights; for, although the estimate will 
inevitably be a very uncertain one, it ofTers the only indication available at 
the moment of the order of this important quantity. The piecipitation at 
8*5 kilom. probably does not consist of anything except the slow descent of 
the cloud itself. The evidence for this statement is that the size of the 
precipitating particles is observed to decrease witli lieigbt, so that, at the 
highest mountain stations, at a height still much below 8‘5 kilom., there is 
observed nothing larger than drizzle and fine powdery snow (p. 358).t 
Also that such a cloud-name as “ cirro-nimbus " is not to be found in a list of 
cloud-forms (pp. 269 to 273). Wc can calculate the velocity Vh with which 
the cloud descends, by Stokes’ formula, when wc know the size of the ice 
particles. This has been measiirod by Pernter, by observation of coronse, 
and he has found the iliameter to range from 0*3 x lO"’ cm. to 2'0 x 10~* cm. 
(p. 257). It will be convenient to make the following calculations separately 
for these two extreme diameters. Now Stokes’ formula for the steady 
descent of a very small sphere is 

y g (Diameter)^ {(density of sphere)— (density of fluid)) 

18 (Molecular viscosity of the fluid) 

The molecular viscosity of the air at tho temperature 230° A, which provaUs 
at 8‘6 kilom., is about 1'48 x 10"* C.G.S and accordingly, for ice spheres of 
density 0'9, the terminal velodty is Vn = —0*33 x 10"* x (diameter)*, so 
that, for Pemter’s limiting diameters, Vh — —0*08 cm. sec."’ and —1*3 cm. 
sec."’. 

In comparison with these velocities duo to gravity, those due to the 
electric charge and potential gradient are probably quite negligible, for at a 
height of 8*6 kilom. the mean potential gradient is probably only about 

* In ** Weather Prediction by Numerical Process,” Cambridge University Press, 
f Paged references here are to Hann’s * Meteorologie,’ 8rd edition. 
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0'04 volts per centimetre (p. 740), while the mobility of the large atmospheric 
ions has been found by Langevin and Pollock to be less than 10~^ cm.’ 
Bec.~* volt (Kaye and Laby’s tables), and the mobility of charged cloud 
particles would probably be even smaller. 

On the other hand, the vertical velocity of the air may sometimes exceed 
the downward velocity of the particles thi'oagh the air. The vertical 
velocity of the air, or more strictly its product with density, is here treated 
as part of the eddy motion, because its mean value over a level surface, 
including the whole globe, is zero. The air motion, therefore, does not 
affect nur measure of precipitation, at least if horizontal variation of 
density can be neglected. 

Suiing's table for ft, stops at 8 kilom. Taking ft as lO’O x 10~^ at the 
earth’s surface as before, it follows that mean d/i/dA = — 0‘3xl0~* cm.~' 
at 7’5 kilom. (p. 233). However, it is found later that we require dp/dA at 
the height of the centre of mass of cirrus, cirro-stratus and cirro-cumulus 
clouds, a height which is about 8‘5 kilom. Making a short extrapolation 
from Spring’s table, it is found that d/t/dA = — 0‘2 x 10"* cni."‘ at 8-5 kilom. 
Even if this figure were ten times in error, the stirring deduced from it would 
still be of interest. 

The density of the air at 8*5 kilom. has a mean value of about ' 
0'50 X 10~* grm. cm."*.* 

The mass of ice per unit, horizontal area of cirrus, cirro-stratus, and 
cumulus clouds has been estimated in another paperf as from 

0*22 X 10"* to O'O X 10"* grm.-cm."*, 
according as the particle diameter was 

0*5 X 10”® or 2*0 x 10~* cm. 

these being the limits of the range observed by Pernter (Hann, p. 267). It 
will be convenient to follow these limits throughout the argument. The 
corresponding velocities of the particles in still air are, from Stokes’ 
fonnula : — 

Vh= —0*08 or —1*3 cm. -sec.”*. 

Now the cloud, when it occurs, often consists of thin layers separated by 
clear air. So, to find a mean mass of ice per volume, we must take, as the 
thickness of the layer, not the thickness of the cloud itself, but the mean 
range within which it occurs, equal to, say, twice the " probable variation " 
of its height. Now the extreme observed heights fur these three kinds of 
cloud are 20 kilom. and 2 kUom. (p. 281). A quantity which varies at 

* Sir W. N. Shaw, ' Principia Atmoipherica,' Table III. 

* f “MeMurement of Water in Oloada,” infra, p. 1ft. 
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random according to the law of error, as we may suppose the height of the 
cloud to do within this range, oommonly has a '* probable variation ” equal 
to about 1/8 of the total range, which in this case is 18 Rilom. So we must 
imagine the ice as spread out in a total range of height of about 4*5 kilom. 
Thus, in the parts of the sky where timse clouds are present, the mass of 
ice per volume would be* respectively 0*05 x 10"* and 0*20 x 10"* grm, cm."* 
for Pemter's limiting diameters of particles. Next we require the mean 
fraction of the sky of the whole globe, which is covered by cirrus, cirro- 
stratus, or cirro-cumulus. This fraction will be less than the mean cloudi- 
ness observed at mountain stations at heights of 2 kilom. or 8 kilom., for the 
latter includes also the alto-cumulus and alto-stratus, as well as some 
cumulus and special mountain clouds. 

Some mean annual cloudinesses -are set out below: — 


Station. 

Height. 

1 

Latitude. 

j 

Fractional 

cloudinetB. 

1 Reference to Hann. ! 

L.. 1 


_ 

' km. 

s * 


'■ I 

Theodnipaat ... 

Fio du Midi 

3*8 

4«*N. 

0*64 

Page 298 

1 2-9 

42" H. 

0‘48 

1 T. add 

Blaa HiU 


42’ N. 

0*45 

.2 288 1 

Maziean tableland 

* 2-2 

20 *6® N. 

0*48 

; *. 204 

PeruTian tableland 

1 2-4 

18° 8. 

0*87 

» 292 


On the average we shall probably not be far wrong if we take 0*3 of the 
globe's sky to be covered by cirrus, cirro-stratus, or cirro-cumulus. It follows 
then that the mean mass of ice per volume of atmosphere at a height of 
8*6 kilom. is respectively 

= 0*016 X 10"* and 0*060 x 10"* grm. cm."* 

for Pemter’s limiting diameters of particles. Inserting this, together with 
p =s 0*60 X 10"® gnu. cm."®, 3/i/dA = 0*2 x 10"* cm,"\ and Vh, respectively 
—0*08 cm. sec."' and —1*3 cm. sec,”^ in the formula which follows from 
equation (20), namely in 



there results f = 8 or 180 cm."* grm.® sec."* according as we take the smallest 
or the largest ice particles observed by Pernter; for f deduced in this way is 
proportional to the cube of the diameter of the ice particle. There have 
been many uncertainties in this calculation of f at 8*5 kilom., but even its 
upper limit, f = 180, is so very much smaller than the value f = 140000 at 
a height of 0*5 kilom. as to make it certain that f diminishes greatly with 
VOL. XCVI.— A. c 
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height in the upper part of the troposphere. In the stratosphere f must of 
course be so small as not to disturb the equality of temperature. 

Summary. 

The equation for diffusion is investigated in the general case in which the 
atmospheric density and the degree of turbulence must both be regarded as 
varying with height, and it is found that the stirring is best measured by the 
coefficient { in the equation 



in preference to K in “ K^x/dh*. 

Here p is pressure, h the height, and % ^*^7 either entropy* per unit mass, 
or mass of water per unit mass, or horizontal momentum per unit mass 
(better known as velocity) in a fixed azimuth. 

From estimates of precipitation and of vertical gradient of water per mass 
of atmosphere, as means over the whole globe, it is found that f has the 
following mean values : — 

Height. 

8600 metres 3 to 180 om.“* grm.* sec."* 

600 140000 

0'5 Possibly as low as 1000, or even loss. 

The value at 600 metres is in fair agreement with ( as deduced from K 
calculated by Akerblom, Hesselberg, and Taylor for heights of a few hundred 
metres. The values of | at other levels are remarkably smaller. 

* Sfr. W, H. Dines points out in regard to entropj, that the statement (S) is only 
an approximation, for mixing depends ultimately on conduction or radiation, and these 
are irreversible processes which cause the total entropy to incNase. However, when 
the initial difference of temperature between the ingredients is a very eiiiali fraction 
of the absolute temperature of the mixture, as in the case considered, the error 
committed must be very small. Potential temperature does not involve this error. 
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Measurement of Water in Clouds. 

By L. F. Richardson. 

(Communicated by Sir Napier Shaw, P.R.S. — Received February 26, 1919.) 

Since the initial data on which a weather prediction ia to be based must, 
to be adequate, include the water-content of the clouds ; and since observa- 
tions of this are scanty, it will be well to survey what can be done in this 
respect. Three types of cloud can be measured : I. Clouds into which an 
observer can enter. Several observers, notably Conrad and independently 
Wagner, liave measured the water in clouds on mountains by drawing a 
measured volume of atmosphere over absorbing substances. The information 
is summarised in Hann’s * Meteorology,' 3rd edition, p. 306. II. Cloud 
through which the sun's outline can be seen and which also exhibit coronse, 
as they often do. III. Uniform stratus, provided that some way can be 
found for measuring the size of the particles. 

II. Thvn CUmds. 

For clouds through which the sun can be seen shining, it ia remarkable 
that the edge of the sun’s disc, if observed through dark spectacles, almost 
invariably appears quite sharp, free from any blurring. 

I have measured the diminution by clouds of the difference of brightness 
at the edge of the sun’s disc by a special photometer, arranged as follows and 
drawn diagrammatically in fig. 1. An image of the sun is formed on a piece 
of stout white paper by means of a lens fitted with an iris diaphragm. The 
paper is illuminated from behind by an electric lamp, except for a small area 
which is rendered opaque and is brought into coincidence with the sun’s 
image. Thus the lamp produces a constant difference of brightness, opposite 
in sign to that produced by the sun’s image. By varying the iris diaphragm, 
or by the introduction of absorbing soreens, the difference of brightness, due 
to the sun, is made to balance that due to the lamp. The instrument is 
standardised on the unclouded sun at the same zenith distance. To eliminate 
difficulties due to differenoe of colour between lamp and sun, the paper was 
observed through a piece of copper-ruby glass. The instrument could be- 
made convenient and portable. Stray light scaroely disturbed the balance, 
provided the enolosure containing the lamp was black, except for its plane 
white translucent front. 

For the interpretation of the readings we may reason as follows: — ^The 
difference of brightness between the sun and the adjoining sky most be due 

0 2 
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to the light which comes straight throiigh the cloud, and is independent of 
the general glow of scattered light which is superposed on the disc and its 


I • 

I I 



surroundingB alike. The fraction of the incident light which can oome 
straight through must depend only on the size and number of the holes in the 
sieve, to which we may liken the cloud. 

Thus, consider a portion of the beam of light 1 cm,* in cross-section and of 
a length, dl, measured along the ray. Let there be a number, n, of particlqb 
per cubic centimetre, and let the particles bo all of one size, and let A be tiito 
area of the diametral plane of a particle supposed spherical. Then the 
particles in dl remove a fraction Audi of the incident energy from the direct 
beam, by reflexion, refraction, or absorption. DiflVaction may modify this 
result in the case of very small particles, but the ordinary cloud particle has 
a diajpeter some ten times longer than the wave-length of light, and for the 
present, diffraction has been neglected. 

ISo if I be the difference of brightness at the sun’s edge in the direct beam 
at any point 

dl = -lAwf/. (1) 
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If kn be oonstant, we have on integraliug 

log (I/I*) = -A«/, (2) 

where I is the length of the ray passing throi^h the cloud, and I* is the initial 
difference of bn'ghtnese. 

Now, by the geometry of the sphere, 


. r volume of particles p er volnme of atmosphere l 
” * \ (diameter of particle) S' 


The product of the right side into / should therefore remain constant if 
I/I* remains fixed. Now l/I* is some sort of measure of the mental sensa- 
tion of contrast of the object with its surromidings, which will reach a 
small, more or less fixed, value when I approaches the " distance of visi- 
bility ” of a terrestrial object seen through a mist. Thus the above equation 
appears to be in harmony with the statement of W. Trabert* that the 
distance of visibility is proportional to the diameter of the particle, for a 
fixed water-content presumably. The equation also harmonises with Aitken’s 
obeervationf that the product of the distance of visibility into the number 
of ‘dust particles per volume, is nearly constant at a fixed humidity, but 
increases if the particles grow in size by the condensation of vapour upon 
them. Our equation finds further support in the observations of Conrad 
and Wagner^ on the amount of water in certain clouds, when the data are 
compared with the diameters of the cloud particles measured by the same 
obseirvera§ For the mean of their observations may be summarised in the 
following formula : — 


«= 2*9.... 
(3a) 

If we may insert this number 2'9 into formula (3) and (2), it would mean that 
Conrad and Wagner considered an object just invisible when I/I*, the 
difference of brightness between it and its surroundings, fell to s"*** * s ^ of 
its value in absence of mist. This seems a not improbahle ratio for a 
terrestrial object. 

Now if the cloud is a horizontal layer it will be convenient to put 
ss sec dA where dh is the change of height corresponding to dl, and is 
the sun’s zenith distance. 

With this substitution equation (1) becomes 


(Distance of visibility) x (volume of water per volume of cloud) 
(Diameter of cloud particle) 


dl/I — Aasecif.dA. 


( 4 ) 


* Hann’s ' Mstsorology,' Srd edit., p. SfiO. 
t Hann'e ‘ Meteorology,’ p. 19. 
i Hum, p. 306. 

S Haan, p. 306. 
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On substituting the value of An from (3) and integrating across the vertical 
thickness of the cloud, (4) yields 



Now if the particles are all of one size, their diameter may be taken outside 
the integral in (5), which then comes out, no matter in what way the density 
of the cloud may vary with height, giving 



4 sec if 


(total volume of particles per horizontal area of cloud) 
(diameter of particle) < 


If the particles are of water, not ice, this is the same as 


( 6 ) 


logt r = —4 sec {I’x (equivalent rainfall measured in diameters of a particle), 
lo 


( 7 ) 

which puts the result in its simplest form. Here I is the contrast of bright- 
ness at the sun’s edge when semi through the cloud, and lo is the contrast for 
the unclouded sun. 

If the cloud is a mixture of particles of different sizes, represented by their 
diametral areas Ai, As, As, ..., and if ni, ns. ns, ..., are the respective 
numbers of these particles per volume of atmosphere, then (1) becomes 


(fl s — 1 (Aini+Asns+ A8ns+...)<if, (8) 

and the second member of (6) is made up of a corresponding series of terms, 
the total volume of each size of particles per horizontal area being divided 
by the diameter and the quotients being added. 

It is conceivable that observations of corona;, if sufficiently thorough, 
might enable us to disentangle the terms due to the different diameters. But 
in the present paper it is assumed that the droplets are all of one size. 

My observational results are as follows : — 

One noticed, by naked eye, a sensible dimming ef the sunlight when 
I/Io = 0*7. as it is for the thinnest cirrus. At the other end of the scale, 
the sun’s disk was just discernible through stratus, when I/Io = 1/10,000. 

Thus, fur the clouds cirrus, cirro-stratus, and cirro-cumulus, the average 
value of the volume of particles per horizontal area appears to be of the 
order of the radius of the particle. The range of values for the diameter 
found by Pernter, from observations of coronm, was 0*5 x 10~’ cm. to 
2*0 X 10~’ cm.* Inserting these, together with the density of ice,we get for 
the mass of ice per horizontal square centimetre 


0*22 X 10"* to 0*9 X 10”* grm.-cm.“*. 
* Hann’a ‘Meteorology,’ p. 857. 
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-loot?. log. (I/I,) - 

DaMfiptiun of cloud. 

Volume of partioloB per horizontal area 
(diiuneterof particle) 

Famtesfe oinruB 

0-07. 

Very thin oirruB 

0-8, 0-8. 

Oi or ci*»tratuB 

0-04. 

Very thin oi-stmtus 

Oi-BtratuB, thin 

1 0 -00, 0 -2, 0 % 0 -3. 0 *6, 0 % 0 -8, 0 '6, 0 4, 
1 0*4, 0-8. 

Oi-stmtuB (typical P) . 

Ci-cuihuluB 

^ 0-6. 

Oi-oumuluB -f oi-BtratuB 

0 -8, 0*9, 2-1. 

Alto-cumului 

0-6. 

StratuB, BUD muoh dimmed, but 
Btill obTiouB at ( > 4U* 

2-5. 

StratuB, Bun’B disk Just Tisible 
at C - 49* 

4-1. 



As a caution, it must again be noted that diflraction ought to be con* 
sidered before this result is relied upon. 


TIT. Thick Stratus. 

For uniform stratus it is customary to make a very rough eye estimate of 
the water-content expressed in such words as " thin, heavy, dark, ugly, 
lowering.” Can photometric measurements yield a corresponding numerical 
quantity ? 

The apparatus which 1 have used for this purpose was made as follows : 
A wedge of blotting paper was fixed inside a blackened cigar box, where it 
could be observed through a small bole covered with red gelatine. The two 
sides of the wedge were illuminated by the light passing through two 
adjustable iris diaphragms. The diaphragms were covered by pieces of 
white paper. One piece of paper was illuminated by a small electric lamp, 
which served as an intermediate standard. The other piece of paper was 
illuminated either by the unclouded sun, which served as the absolute 
standard, or alternatively by a small definite solid angle of stratus doud. 
The iris diaphragms were adjusted until the two sides of the wedge ap|>eared 
equally bright. In this way the light from a small solid angle of sky was 
found. In calculating the light from the whole sky, there is a trap of 
which it is well to beware. The solid angle of a hemisphere is 2 vr, but the 
light falling on a horizontal area from a uniformly bright sky is only w, not 
2w times the light from unit solid angle, on account of obliquity. For 
if is the zenith distance, the solid angle between ^ and is 

2ff8iQ(. and the projection of the horizontal area normal to the same 
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direction is proportional to cos So the light falling on the horizontal area 
is proportional to the brightness of the sky at f multiplied by 2^ sin {fcos f . d^, 
which is equal to ~~iwd(ooa2^t the integral of which from^asO to 
f = i w is IT. 

This also shows that a correct way to average the observations is to plot 
them as a function of cos and to find the area under the curve, for this 
procedure gives proper weight to the different zones. The light falling on 
an area of ground must be equal to the light leaving an equal area of cloud, 
if the cloud is uniformly bright and if the scattering of the intervening air 
be neglected. Again, neglecting scattering, the light falling on the upper 
surface of the cloud is proportional to the cosine of the sun’s zenith distance, 
which can be found from the date and the time. [Scattering can be allow'ed 
for by reference to the Tables of L. V. King,* based on the Smithsonian 
observations.] In this way I found that a strato-nimbus cloud of ordinary 
appearance transmitted a quarter of the red light falling on its upper surface. 

A preliminary interpretation of such a result may be developed from 
Schuster's theory of “ Badiation through a Foggy Atmo8phere.”t 

Following Schuster, let us divide directions into two large groups, in our 
case by a horizontal plane. 

Let £ be the sum of all radiation which has a downward component. 

E' the sum of all radiation which has an upward component. 

Let dA, as usual, be an element of length drawn vertically upward. As a 
rough allowance for the variety of directions of the rays, we may put the 
path of the ray as ^2dh, corresponding to a slope of 46^. Then if 0 is the 
fraction of the radiation which has its vertical component reversed in sign 
by the scattering in unit length of ray, we have 




(9) 



(10) 

whence 

rf(E-E')_o 

(11) 

and 


(12) 


Now, at the lower surface of the cloud, the upward radiation bears to the 
downward radiation a ratio equal to the reflectivity of the earth, vegetation, 


* • Phil. Trans,,’ A, 1913. 
f * Astrophys. Jour./ voL 81, No. 1, Jan., 1905. 
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or sea. Patting 6 tor this reflwtivitjr, and letting subscript i distinguish 
values at lower surface of the cloud, we have 

BE< = Ei'. (13) 

K.+E,' = E,(1+B); E.-E.' = Ei(l-B). (14,15) 

But, by (11), E— is independent of height, so that in general 

E— E' = Ei(l— B), (16) 

E+E' = 2E-{E-E') = 2E~E,(1~B). (17) 

■Consequently equation (12) becomes, since E< does not depend on k, 

^2E = J0E.(l-B). (18) 

Tntegraling upwards from the lower 8urface> 

E = v/2 . Ei(l— B)| CdA + oonst. (19) 

^nd the oonstaut of integration must be 


So that at the top of the cloud, denoted by a subscript zero, 

' Eo» v'2.E,(^l+(l-.B)j^CdAj.. (21) 

Again, at the tof of the cloud the downward component of direct sunlight is 

EjasScOBf, (22) 

where f is the sun's aenith distance and S the intensity for a zenith sun. 

NowEi/Soos^is the fraction of the incident light which is transmitted 
by the stratus cloud, and is a quantity which can be observed. 

.pother quantity required for equation (28) is B. the reflectivity of the 
ear a sur aoe. ^ This has been observed by a simple photometer consisting of 
w te wedge in a blaok box, the sides of the wedge being illuminated by 
^te dian^rioally oppoeite directions, admitted to the box through 
a^ustable ms diaphragms, one opening to the earth, the other to unifom 
e mtus. In thu way I found, for directions near the zenith and nadir, the 
0 lomng latiM of brightness of ground, to brightness of stratus, for red light. 
Fresh snow, O-flSj dry chalk in Eastern Champagne, France, 0*2 ; sea-sand, 
damp but not glistening, Seaview. Isle of Wight. 013 ; grass, 0'16, 0-06 ; sea, 
Portsmouth and the Isle of Wight, (m, } stubble after hay 
««t, ’04 ; green oats on chalk, (hOS ; loam, damp dark brown, 0-03 ; dark 
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green buehee, O'Ols. Except in the cssee of snow and water theee nambere 
may be taken as first approximations to B. For snow and water the 
refieotivity depends notably on direction, and the instrument which has just 
been described does not enable us to deal effectively with that variation, 
because it oontaius no reference standard. 

Of the quantities in equation (2.S) it remains to consider | Odh where C is 

the fraction of the radiation which has its vertical component reversed in 
sign by the scattering in unit length of ray, and where the integration is taken 
across the vertical thickness of the cloud. 

To find C we need in the first place the fraction of direct sunlight turned 
back by a single drop of water. As previously we have only considered two 
groups of directions called "upwards” and " downwards " for short, so here 
we only need a division into “ forwards " and “ backwards,” the division being 
made by a plane through the drop at right angles to the incident sunlight. 
However, it has not been found possible to obtain a oonvincing answer to the 
question : what fraction of the light is turned backwards ? without exploring 
the distribution of light in detail. This is not to be regretted, for the detail 
will be required in any future thorough treatment of the problem, in which 
directions are divided into infinitesimal groups instead of into two hemi- 
spheres. 

It will be convenient to express the intensity of the scattered radiation by 
a quantity which depends only on the angle between the incident and the 
scattered radiation, and which has unity for its mean value. Such a quantity 
is defined by 

Now ^ is independent of the unit chosen for candle-power, and therefore 
we may, if we like, interpret candle-power to mean r* times the energy per 
second falling normally on unit ai-ea placed at a great distance, r, from the 
drop. Then, since the area of a sphere of this radius is dwr*, it follows that 
the mean spherical candle-power is equal to the whole energy falling on this 
large sphere, divided by dw. And since the drop is tranqmrent, the total 
energy scattered on to the large sphere is equal to the total energy striking 
the drop. Thus we reach a new expression for mote suited to oaloolation 


(candle-power of drop in any direction) 
(mean spherical candle-power of drop) * 


'energy per second scattered on to unit area normal* 

to ray at a distance r 

(total energy per second on drop) 


x4«t*. 


The distribution of is shown in figs. (2) and (8). The polar di^(ram, 
fig. (2), represents a solid of revolution rather like a prolate spheroid with 
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Pio. 2. — Polar Diagram of Candle-power of a Sphere of Water Illuminated by Parallel Light. 
Befractive index 1*332. Diffraction neglected. 


The unit is the mean-epherioal-candle power. The line represents the distribution for 
unpolarized light ; the crosses for light polarized so that the magnetic vector is in the plane of 
inddenoe, the drcles when the electric vector is in the plane of incidence. 
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two conical ahells attached to one end. It shows that the scattered light does 
indeed mainly go forward or backward rather than sideways, thus so far 
justifying the division of directions into two hemispheres. The baokwardly 
directed light, which is too small to show on this scale, except at the 
infinities, is exhibited in fig. (3), in which the abscissa is proportional to area 
on the sphere at infinity. 

If there were a uniform stratus cloud so thin that its droplets did not hide 
behind each other, then its brightness ought to be proportional to yft, multi* 
plied by the secant of the zenith distance of the portion of cloud observed. 
In this connection it is interesting to note that the polarisation at fiO*’ from 
the sun, for a single drop, is such that yfr =: 0'0543 when the magnetic veibtor 
lice in the plane containing the sun, the cloud, and the observer ; and by 

SB 0*0028 when the electiio vector is in this plane. Here is proportional 
to the intensity of the light, and there is of course no relation between the 
phases of these polarisations, so that the light is not quite plane-polarised. 

Now, as to the method by which these diagrams and numbers have been 
computed. A ray of light striking a sphere of water at an angle of incidence, 
«, is divided into two, one part reflected, the other entering the drop at an 
angle of refraction here called fi. 

The entering ray is further subdivided by repeated impacts on the surface, 
at each of which the angle between the ray and the normal to the surface is 
the same, being x for the external ray, for the internal. Now it is known* 
that if incident light is polarised in the plane of incidence it remains so 
after reflection or refraction by water. The same is true, for light polarised 
at right angles to the plane of incidence, but not for polarisations in inter- 
mediate planes. The reflectivity depends upon the polarisation, being, 
according to Fresnel's fonnulte 

respectively, according as the magnetic or the electric vector is in the plane 
of incidenoe. If then either of these vectors lie in the diametral ^ane of the 
sphere at the point where the ray first strikes it, the reflectivity will remain 
the same at each successive impact, and the polarisation of the emergent 
portions of the ray will have the same relation to the diametral plane in 
which the ray lies. For this reason these two polarisations must be oomputed 
separately. The desired result for unpolarised light is obtained at the end of 
the process by taking the mean. 

To simplify the treatinent of the infinities which represent the rainbows, it 


* Droda’a ‘Optics,* Ofaap. II. 
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ia convenient to imagine the aun replaced by an ideal star, infinitely small 
and bright. 

The angle of incidence, », may be used as a measure of pontion on the 
water>aphere. The portion of the sphere included in da, catches a fraction, 
sin 2« . da, of the whole energy which strikes the sphere. This energy is 
distributed among various rays, deviated from the incident direction through 
angles 7. The area of the portion lying within <{7 of a very large sphere of 
radius r is 27rr^ sin 7 . dff. Thus, if all the light falling on da went to this 
single portion dy, then ^ would be equal to 

28in2«. <i« ^27\ 

, sin 7 . «f7 ’ ' 

Actually is the sum of a number of such terms, one for every fraction 
of the ray, and each multiplied by a for every reflection, and by (1— o-) for 
every refraction which this portion of the ray has undergone, where a is the 
reflectivity corresponding to a and to the polarisation. 

The deviations, 7, of the successive fractions are easily shown, to be 


Once reflected 

Eefracted, refracted 

Befraoted, reflected, refracted 

Refracted, twice reflected, refracted ... 


7i = 2«— IT, 

7 a = 2(a—0). 

73 s 2(«— ;8)+w— 2/8, 


W28) 


74 = 2(«— /8)+2(w— 2i/9). J 


The light more than twice internally reflected has been neglected. This is 
justifiable, because its intensity would be multiplied by 0^(1— o’)*, or by 
smaller quantities, none of which become appreciable except over a zone 
which catches very little incident light. 

Now, when we attempt to count up areas under the curves in fig. 3, in 
order to find the radiation going backwards, we are baffled by the presence 
of the infinities. But the difficulty about infinite candle-powers may be 
entirely avoided by ‘replacing integrations over the sphere-at-infinity by 
corresponding integrations over the surface of the drop. Thus, the light 
turned *' backwards ” is made up of — 

(i) Light once reflected at angles of incidence between 0° and 46*’. This, 
expressed as a fraction of the whole light striking the drop, amounts to 

Xv .d (sin af, (29) 

'<^*0 

because (sina^ is proportional to the whole amount of light striking the 
drop for angles of incidence between 0 and a. The reflectivity, o, computed 
troxa formulK (26) and (26), runs as follows, for a refractive index of 
1’832 
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An^la of 
incmnoa. 

Miagnafeio ractor ia 
pUna of tncldanoa. 

Kiacfcrio raotor in 
plana of inddanoa. 

(f 

0 0903 

0-0908 

6* 

0^6 

0-0900 

icy 

o-osia 

0-0198 

ao» 

0*0344 

0-0168 

30” 

0-0808 

0-0119 

40® 1 

0 0439 

9-0058 

46® 1 

0 '0528 

0-0028 

60® 

0*0666 

0-0006 

63® 6 *3' 

0 0779 

0*0000 

SO® 

0-1147 

0-0048 

W 

U *2191 

0*0478 

80® 

0-4664 

0-8866 

86® 

0 -6733 

0-4088 

90® 

1 1-0000 

1*0000 


On plotting these as a function of (sin oif, or what is equivalent and more 
oonyenient» as a function of cos 2 a, since ( 2 ( 8 ina)*s=: (cos 2 a), it is 

found that the integral (29) comes to 0‘0111 for the mean of the two 
polarisations/ That is to say, for unpoUrised light ; for the reflectivity is not 
the ratio of the vectors after and before reflection, but the ratio of their 
aquares. 

(li) The primary rainbow and other light once reflected inside the drop. 
All this goes backwards.*' The intensity is reduced in the ratio tr at the 
reflection, and in the ratio (l^o-) at each of the two refractions. So this 
part, as a fraction of the whole light incident on the drop, amounts to 

1 o'(l— o')*<i(ein«)*. (30) 


(iii) The secondary rainbow and most of the other light, which is twice 
reflected inside the drop, but not quite all of it, for one of the equations (28) 
shows that 74 is less than 90® when a lies between 0 ® and 39®. Accordingly, 
this backwardly directed part, as a fraction of the whole light incident on the 
drop, amounts to 

J (31) 


(iv) The tertiary rainbow is directed forward. !nie higher rainbows are 
negligible. 

Now adding integrals (30) and (31), we get 

ir(l + dr)(l-<r)»rf(sin<*)»- 4r>(l-<r)»<f(8m«)». (32) 

JasO 

The first integral in (32) has been evaluated as an area on a diagram for 
the two polarisations separately; with the result that the mean for 
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iinpolariaed light is 0*0491. The second integral in (32) appears as a small 
eorreotion, which reduces the total from 0’0491 to 0*0488. 

Adding to 0*0488 the integral (29) in amount 0*0111, it follows that a 
fraction 

0*0599 


of the sunlight striking the drop is scattered into the hemisphere which we 
call the backward direction. 

We are now in a position to evaluate JCdA, which is required for equation (28). 
Here 0 is the fraction of the radiation turned backward by the scattering in 
unit length of ray. But the whole radiation incident upon drops in a 
length dl of ray is equal to the intensity of radiation multiplied by Arull, 
where A is the area of the diametral plane of a drop, and n the number of 
drops per volume. Therefore 

C = 0*0599 An. 


Then lOdh taken across a cloud = 0*0699 which, as before, is equal to 

#• X 0*0599 X (volmpo of liquid per horizontal area of cloud) 

* (diameter of particle) ’ ' ^ 

and from (23) this is equal to 


V Jw J 


which gives us what we require. 

For instance, for a strato-nimbus from which rain fell on the afternoon of 


24 May, 1918, 1 found by photometer measurements with red light of 
wavedength 0*6 to 0*8 microns, that SoosjyEt was equal to 4*0, the sun’s 
elevation being such that cos ^ was 0*75. The reflectivity of the grass land 
was of the order of 0*15. Inserting these numbers in the fonnulse, we find 
that the volume if liquid per horizontal cm* of doud amounted to 24 diamelere 
of the dord-dropUie. 

This figure is greater, as it should he, than the largest number of 
diameters, namely, four, determined by the “ contrast ” method for a stratus 
which just allowed the sun’s disk to be seen. 

Possible developments are the improvement of the above treatment by 
taking a less crude, but still finite, division of directions in space ; or else by 
proceeding to infinite subdivisioit by means of Fredholm’s integral equation,* 
having a kernel involving the function ^fr, which is shown in figs. 2 and 3. 
A method for measuring the diameter of the cloud-droplets is also needed. 


* ' Cambridgo Tracts in Mathematics,’ No. bjr Maxime BOcher. 
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Magnetic Storms of March 7-8 and August 15-16, 1918, and 

their Discussion. 

By C. Chrbe, So.D., LLD., F.B.S. 

(Beceived March 4, 1919.) 

§ 1. A recent paper* described the records obtained at Kew and Edrdalemuir 
ObservatorieB of a world<wide magnetio storm which occurred on Decem> 
ber 16-17, 1917. The outstanding feature was the much larger size of the 
disturbance at the more northeni station. This seems a general fact, of 
which the two magnetic storms discussed in the present paper afford further 
evidence. They were two of the principal storms of 1918. Their joint 
discussion affords an opportunity of emphasising the variety in the phenomena 
exhibited by storms of the same class. The results differ so much from some 
which Dr. S. Chapmanf has given in a recent paper as representative of 
world-wide magnetic storms, that it may not be amiss to explain that the 
two storms were selected before the appearance of Dr. Chapman’s paper. 
The storm of March 7-8 was suggested by the kindness of the Director of the 
Meteorological Service of Canada in sending me, unasked, copies of the 
D (declination), H (horizontal force), and V (vertical force) curves from 
Agincourt (near Toronto). Eskdalemuir curves for that date and also for the 
second storm, which occurred on August 16-16, were kindly supplied by 
Dr. Crichton Mitchell. The Eskdalemuir magnetographs record K (north 
component) and W (west component), instead of H and D as at Kew and 
Agincourt. The simplest way to a comparison was to calculate H and D 
changes at Eskdalemuir from the observed N and W changes. 

The two storms are undoubtedly of the kind discussed by Dr. Chapman, 
according to whom* "apparently all great world-wide magnetio storms 
commence simultaneously to within a few seconds, over the whole earth, 
although small local fluctuations may sometimes mask the commencement at 
particular stations." All I tliink we can really say is that the particular 
form of disturbance known as a "sudden commencement," or which 
precedes a considerable munber of world-wide storms, appears simultaneously 
at all stations, to the degree of accuracy with which time can be measured on 
ordinary curves. This conclusion has been reached independently by several 
recent investigators, including Dr. Chapman and my8elf.§ Accuracy, to 

♦ ‘ Roy. Soc. Proc.,’ A, vol. 94, p. 526. 

+ ‘Roy. Soc. Proc./ A, vol. 96, p. 61. 

I Loc, citi p. 62. 

§ * Proc. i^ya. Boc./ Londoa, vol. 23, p. 49 ; vol, 26, p. 137. 
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half-a>miuute in time measurements is a high claim, and the instant at which 
a movement becomes visible is not wholly independent of the sensitiveness of 
the instrument. If Dr. Chapman is correct in stating that all world-wide 
storms commence simultaneously, we must I think suppose that all have Sc’s. 
If so, these must be " masked " more often than not The existence of an Sc 
is important in relation to the question whether storms recur after a definite 
interval. When Mr. W. Maunder* clmmed to have established a 27'8-day 
recurrence period, this aspect of the case was dealt with in a review of his 
paper which I contributed to “Terrestrial Magnetism.”'}' Of the 276 storms 
in Mr. Maunder’s list for the perio<l 1882 to 1908 only 77, or 28 per cent., 
were credited by him with an Sc. In many cases of world-wide storms 
disturbance seems to originate gradually. The storm of December 16-17, 
1917, is a case in point On that occasion the growth of disturbance was so 
rapid that I concluded “ its commencement may be accepted without hesita- 
tion as occurring between 8 h. and 9 h.” Often, however, differences of several 
hours occur in the estimate of the time of commencement made at different 
stations. Also, an Sc is only sometimes immediately followed by large 
disturbance. Often a comparatively quiet time intervenes between the Sc— 
which possesses at most stations a characteristic form — and the large 
movements, which in the absence of an Sc would be recognised as a storm. 
In some cases there is room for doubt whether there is a real connection 
between the Sc and the subsequent storm. There is all the more reason for 
hesitation on this point because, in a considerable number of cases, the So 
itself is the principal movement. It is followed in some instances by what I 
have described as a “ crest.” In low or mean latitudes the Sc is mainly an 
H movement and is seldom visibly oscillatory, H undergoing a considerable 
rise in the course of a few minutes. The “ crest” consists essentially in the 
maintenance of the enhanced value of H, the curve presenting a nearly level 
ridge for a considerable time, which may autount to several hours. A rapid hJl, 
somewhat like an inversion of the original So, then ensues, ahe! there may be 
no further disturbance worth mentioning. 

If an So were always the immediate precursor of large movements, and if 
these took an invariable or nearly invariable course, similar stages in the 
development being reached after definite intervals, there would be much to be 
said for Dr. Chapman’s “ stor^ time,” or time measured from the beginning 
of the storm. If, however, as I suspect to be nearer the truth, the sequence of 
e^nts is by no means uniform, even in storms having Sc’s, the deduction 
after Dr. Chapman’s method of mean results derived from a number of storms 

« < Monthly Notices, B. A SV voL 66, p. S. 

t ' Terreatriol Magnetism and Atmospheric Electricity,' voL 10^ pi 9. 

VOL. ZOVL— A O 
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superposed according to “storm-time,*' may give origin to data of uncertain 
physical significance. It may be a case of combining essentially heterogeneous 
materiaL 

In omineotion with the discussion of the magnetic I'esults of the Antarctic 
Expedition of 1911-12, I have studied the records of many magnetic storms 
at ei^t or ten stations, and, during the last 20 years, records of inany storms 
at E[ew, Falmonth, and Eskdaleinuir have come under my notice. There are 
certain features which tend to be common, including the well-known 
depression in H, most usually experienced so<;ner or later in large storms, 
and the modification and great enhancement of the diurnal variation in 
y — first described, 1 believe, in the case of Kew Observatory — ^but the 
phenomena, while markedly influenced by local time, have been very variable 
as regards “ storm time.” 

§ 2. The two storms now to be discussed, unlike tliat of December 16-17, 
1917, have prominent So's ; also laige disturbance immediately followed. I 
have preferred, however, to refer them to ordinary G.M.T. hours, principally 
for reasons already stated, but partly for the practical reason that the 
time-breaks in the curves favour that course. 

The curves of December 16-17, 1917, were measured at 4-minute intervals, 
mainly with a viow to a special enquiry into Bidlingmaier's “ Idbignetic 
Activity.” The labour involved in 4-minute measurements is great, and 
when there are largo short-period oscillations, as in the two storms of 1918, 
individual measurements are apt to be uncertain, as a difference in the 
setting of the scale equivalent to 1 minute of time may answer to a large 
difference of onlinate. Accordingly, on the present occasion 1 have estimated 
mean hourly values, using a scale in the way originally introduced at 
Potsdam. This method has been used when measuring electric potential 
curves at Kew for a number of years, with satisfactory results. In careful 
hands it gives wonderfully consistent results, even with highly oscillatory 
curves. 

The mean hourly values daring the two storms are given in Tables I 
and II as differences from certain standard values. Details as to the ranges 
during the So’s and the whole disturbance, and as to instantaneous and mean 
values for certain specified times, are given in Tables III and IV. All 
declination data are given in terms of the equivalent force. The difficulty 
of settling standard or normal values was discussed in my previous paper. 
As my information for Aginoourt and Eskdalemnir was confined to the 
curves received, and uniformity of procedure was desirable, I have accepted 
08 the normal value in each case the mean from 2 h., 8 h., 14 h., and 20 h. 
LH.T. during the 24 hours preceding the storm. The mean from these 
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Table I. — Mean Hourly Values, March 7-8, 1918- 


Hour, 

a.M.T. 

Eskdalftmuir. 


Kew. 


V. 

Agincourt. 

N. 

W. 

U. 

D, 

V 

H. 

D. 

U. 

D. 

V. 


7. 

7- 

7- 

7* 

7* 

7- 

7. 


7. 

7. 

7. 

7- 

20.6 

- 4 

- 6 

- 6 

- 4 

+ 3 

+ 3 

+ 2 

+ 

6 

+ 6 

+ 16 

0 

ai.6 

-t- 23 

+ 1 

+ 22 

- 6 

0 

•h 28 

0 

+ 

5 

35 

+ 16 

+ 1 

22.6 

+ 6 

- 16 

0 

- 17 

- 4 

+ 12 

- 9 


0 

+ 38 

+ 10 

+ 2 

23.6 

- 22 

- 61 

- 36 

- 42 

+ 10 

- 26 

- 31 

+ 

3 

12 

+ 21 

+ 6 

0.6 

- 80 

-101 

-106 

- 73 

- 62 

- 49 

- 68 


14 

+ 76 

+ 46 

+ 07 

1.6 

-149 

-187- 

-197- 

-136 

-206- 

- 85 

-107 

— 

74 

+ 95 

+ 4 

-100 

2.6 

-263- 

-269- 

-827- 

-170 

-206- 

-186 ; 

1-176 

— 

142 

+ 206 + 

+ 39 

-179 

86 , 

-164- 

-166 

-206- 

-110 

-134 

-148 1 

I-ICU 


94 

-107- 

- 20 

-130 

4.6 1 

-159 

- 16 

-167 

+ 31 

- 98 

-112 

+ 32 


43 

-217- 

- 68 

-121 

66 1 

- 62 

1- 32 

- 69 ; 

- 16 

- 39 

- 80 , 

- 12 


18 

- 37 

- 27 

+ 21 

6.6 I 

- 67 1 

- 86 

- 66 

- 17 

- 6 

- 77 1 

- 9 


3 

1- 83 

+ 13 

+ 17 

7.6 ' 

- 67 

- 4f) 

- 76 j 

- 18 

+ 0 

- 77 1 

- 11 i 


3 i 

;-181 

+ 76 

- 28 

8.6 

- 76 

- 86 

- 82 1 

- 11 

+ 9 

- 80 

- 6 

+ 


1- 90 

+ 18 

- 6 

95 ! 

- 77 > 

1- 32 

- 83 1 

- 8 

•1- 11 

- 83 ; 

- 3 'I 

1 + 

18 ! 

61 

- 6 

+ 7 

10.6 

- 79 

- 27 

- 83 

- 3 

+ 15 


1 + 9 

+ 

19 

1- 63 

+ 6 

+ 14 

11.6 

- 86 

- 19 

- 87 

+ 7 

+ 21 

- 94 j 

1+ 14 1 

l-l- 

21 

- 66 

- 1 

+ 17 

12.6 ; 

- 76 

- 14 

- 77 

+ 0 

+ 24 

- 88 1 

!+ 18 ! 

! + 

26 

- 63 

- 9 

+ 20 

18.6 ! 

1 

- 71 

- 13 

- 72 

1 

+ 9 

+ 27 

- 83 

+ 17 

+ 

29 

- 66 

- 13 

i 

+ 20 


Table IL — Moan Hourly Values. August 15-16, 1918. 


Hour, 

a.M.T. 

N. 

1 

w. 

Sskdaleiuui 

1 

I* 

1 

1 

V. 

1 

ir 

I). V. 


7- 

7- 

I 

1 7. 


7- 

1 

7. 

! 

1 7. 

7- 

14.6 

- 20 

+ 20 

' - a 

1 + 34 

- 7 

- 10 

+ 39-2 

15.6 

+ 10 

+ 18 

+ 16 

+ 14 

— 7 

+ 18 

1 + 40 

1 + 6 

16.6 

+ 28 

+ 68 

+ 47 

1 + 67 

- 10 

+ 47 

+ 66 f - 3 

17.6 

+ 97 

+ 7a 

-t-lM 

‘ + 4U 

0 

+ 87 

+ 37 

+ 22 

18.6 

+ 184 

+ 122 

+ 212 

, + 62 

+ 22 

+ 162 

+ 40 

+ 70 

19 6 

+ 90 

+ 40 

+ 98 

i + 12 

+ 83 

+ 47 

1 - 3 

+ 80 

20.6 

+ 140 

+ 66 

1 +160 

i + 11 

+ 136 + 

+ 25 

- 2 

+ 102 

216 

- 9 

- 6 : 

! - 10 

1 " 2 

+ 36 

- 9 

- 9 j 

+ 51 

226 

- 60 

- 66 1 

1 - 77 

I - 46 

- 48 

- 37 


+ 14 

28.6 

+ 6 

- 39 

- 

- 39 

- 12 

- 21 

- 36 i 

+ 11 

0,6 

- 8 

- 42 

- 15 j 

- 39 

+ II 

- 26 

- 33 : 

+ 13 

1.6 

- 10 

- 28 

- 18 

- 24 

+ 17 

- 29 

- 18 i 

+ 18 

2.5 

- 62 

- 9 

- 62 

+ 10 

- 6 

- 40 

+ 10 t 

+ 10 

3,6 

- 83 

- 16 

- 84 

1 + 9 

- 81 

- 42 

+ 12 1 

- 2 

4.6 

- 66 

- 19 

- 50 

- 2 

- 67 

- 46 


- 10 

6.6 

- 21 

- 10 

- 28 

- 8 

- 33 

- 22 


- 2 

6.6 

- 16 

- 20 

28 

- 23 

- 8 

- 22 

- 17 1 

+ 6 

7.6 

- 18 

- 20 

- 21 

- 24 

+ 7 

- 21 

- 22 

14 


four hours in the average day comes very near the mean for the day in all 
the magnetic elements. Greenwich time was accepted as local time for Kew 
(51^ 28' N. ; 0° 19' W.) and Eskdalemuir (55*^ 19' N. ; 2P 12' W,), and time 

D 2 
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of 76® W. aH local time for Aginoourt (43® 47' N. ; 79® 16' W,). This 
procedure was less satisfoctory for the August than the March storm, 
because August 14 was slightly disturbed, and the afternoon Y-trace at 
Eskdaletnuir was more affected than is usual with so comparatively trifling 
a disturbance. The Sc on March 7 began about 21 h. 10 ro. G.M.T., and that 
on August 16 about 16 h. 60 m. The first hours included in Tables I and IT 
entirely precede the storm, and anyone who prefers the values from these 
hours as standards can easily make the necessary changes in the Tables. 
The mean value of H for the hour commencing at the Sc will be found in 
Table IV by anyone desiring a more exact comparison with Dr. Chapman’s 
results. 

An unfortunate feature on both occasions was loss of trace at Eskdaletnuir. 
There was also loss of H*traco at Agincourt, where the oscillations were so 
large that the trace went off the sheet on both sides. The absence of the 
trace from the Agincourt sheet was short, except between 2h. 10 m. and 
3 h. 10 m. Q.M.T. on the plus side, and between 3 h. 30 m. and 4 h. 16 m. on the 
minus side ; but during these intervals the marginal values — which had to bo 
accepted as the true values — may have been considerably exceeded. This is 
indicated by the + sign attached to the entry under 2.6 h., and by the 
— sign attached to the entries under 3‘6 h. and 4'6 h. in Table I. The values 
for the adjacent hours are slightly affected, but are probably nearly correct. 
At Eskdolemuir, on August 16, the V-traoe was off the sheet on the plus side 
between 20 li. and 21 b., but only for a short time, and the excess over the 
marginal value was probably small ; still, the entry in Table II is an under- 
estimate. On March 7-8 the loss at Eskdalemuir was more serious. It 
happened to be the second day’s trace, so the curves naturally started below 
the middle of the sheet, and all three elements had, unfortunately, an 
exceptionally large fall. Tlte N- and W-traces were off the sheet on the 
minus side several times, and for over an hour continuously in either case. 
The Y-trace was off only once, but then for two hours. Thus, in accepting 
the marginal value, a very considerable underestimate was probably made of 
tlie depression, and so of the range of force during the storm. The hourly 
values in Table I, to which the minus sign is attached, ought probably to be 
very considerably lower. 

A general idea of the sequdiioe of events is most easily derived from fig. 1. 
There is a sensible reeemblanoe between the H-curves for March 7-8 at Eew 
and Eskdalemuir and the H-curves in Chapman’s fig. 1. There is the 
characteristic rise in H for the first hour or half-hour of the storm, and then 
a marked fall. But whereas the rise in the mean value for the first hour is 
not BO very much larger than Chapman’s, the subsequent fall is enormously 
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greater, and takes place in shorter time. Chapman,* it is true, remarks on 
on ''increasing lateness of the epoch of minimum horizontal force, with 


March 7-8. 1918. August 15-16. 



Fig, 1. — Times are O.M.T. 


A Aginconrt. K * Kew. E = Eskdalemuir 

H » Horizontal Force. D » Declination. V = Vertical Force 

diminishing storm intensity/’ which implies an acceleration when dis- 
turbance is large. 

The question as to whether mere size affects the phase of magnetic storms 

* Loc. p. 72. 
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arose incidentally in the discussion of Mr. Maunder's results already referred 
to. He had divided storms into four classes according to size. Taking liis 
classes in descending order of magnitude, and accepting his figures, I found 
the respective average durations to be 29'1 h., 34‘4 h., 33'9 h., and 26'2 h., 
and concluded, “ if we exclude the very largest disturbances; whose number 
is very limited (16 out of 276), we have apparently a distinct tendency for 
the duration to be least in the weaker stonns.” This is not necessarily 
inoomiiatible with Chapman's conclusions, but it is decidedly against any 
marked acceleration of phase with increase of intensity. Unless Chapman 
himself had supposed the acceleration to be small, he would hardly have 
derived his results, as one infers he did, from the superposition of storms 
iijespective of their size. 

While the Kew and Esktlalemnir H diagrams for March 7-8 have a 
resemblance to Chapman’s fig. 1 , it is otherwise with the Agincourt 
H diagram for the first part of the storm. We have, of course, the usual 
rise during the Sc, but, instead of falling, the general trend in H is 
upwards. The mean value for the sixth hour “ storm-time ” exceeded that 
for the first hour storm-time by at least 170 7 . The maximum at Agincourt 
oocurred practically simultaneously wit!) the minimum at Kew and 
Eskdalemuir. 

Chapman seems to regard the pole of the zonal harmonic of the first 
order in the Qaussian potential as decisive in the phenomena of magnetic 
stonns. It is obviously fundamental in the Birkeland-Stormer theory, 
because the paths of the electrical ions or corpuscles ooming from the sun 
are determined by the earth’s magnetic field, and at distances from the 
earth large compared with the earth’s radius, the first order terms in the 
potential will naturally predominate. But when we come to the actual 
distribution of electrical currents in aurora, at heights of the order of 
100 Idiom., there is no such obvious reason for the supposed preponderance 
of the first order terms. Be this as it may, the interesting point at the 
moment is that, if we accept Chapman’s position (80° N., 70° W.) for the 
magnetic pole (from the zonal harmonic), we find for the magnetic latitudes 
of Agincourt, Kew, and Edrdalemuir the respective values 53*6°, 53*9°, and 
67*9°. Thus Agincourt and Kew have practically the same magnetic 
latitude. Consequently, in accordance with Chapman’s views, we should 
naturally expect the disturbance phenomena at the two places to be similar. 
There is, of course, five hours’ difference in the local time, and it may be 
suggested that the difference in the H variations represents Chapman’s 
local storm variation,” by which he means apparently the difference 
between the diurnal variations characteristic of disturbed and ordinary 
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daya I have showit, however, in the case of Kew**— and other European 
stationa agree — that the type of the diurnal variation in H on disturbed 
days makes no very great departure from that for ordinary days, and the 
changes during the six hours commencing at 21 h. are small. Thus the true 
explonatitm of the difference remains to be found. 

§ 3. Dr. Chapman’s statementf as to the later phenomena in H — “ A period 
of recovery then follows, and lasts for several days. Both the decrease and 
the recovery proceed most rapidly after their initial stages, and gradually 
slow down is I think a fair statement of the average facts ; but the recovery 
is not very marked in fig. 1, and is irregular, os is usual in individual oases. 
His further statement^ " This recovery shows itself in the non-cycUc varia- 
tion on quiet days ” is I think premature. This explanation of the large n.c. 
rise in H on quiet days naturally suggests itself, and was in fact pointed out 
in my first paper§ describing the phenomenon. But in a subsequent papetB 
1 mentioned a second possibility, which so far as I know has not yet been 
disproved. The phenomena are rather suggestive of what, happens with a 
permanent magnet, especially if of steel of poor retentiveness and recently 
magnetised, when subjected to a magnetic, mechanical, or thermal shock. 
There is an- immediate loss of magnetic moment, with a tendency to recovery 
during a subsequent rest. The loss is determined partly by the magnitude 
of the shook, partly by the recent history of the magnet. The rise of 
moment during the rest may be a consequence of the fall occasioned by the 
shock. On the other hand, the fall consequent on the shock may arise from 
the moment of the magnet having been previously raised above a reasonably 
stable position. It is conceivable that, owing to the earth’s rotation, or some 
other property, the horizontal intensity has a tendency to rise above what is 
altogether stable, a tendency which manifests itself in the n.a change in 
quiet days, and that the decrease characteristic of magnetio storms is a shock 
effect, really the consequence of this.T The two explanations are not neoes- 
sarily exclusive ; each may be partly true. At present I can only say that 
conclusive evidence one way- or another is not so easily got as mi^t be 
supposed d pi'iori. The two storms under consideration are well adapted to 
illustrate the difficulties. The observed n.o. H changes on all the early days 
in March to which “character” 0 was allotted at Kew were as follows: 

* * IliiL Trans.,’ A, voL SIO; iqn 889^ 286 and 890. 

t Zoe. eit^ p. 68. 

I Zoo. eH., p. 66. 

$ * British Association Beport tor 1886,’ p. 809 (specially p. 818). 

II * British Association Beport for 1886,’ p. 831 (sperially p. 887). 

T Sinee this was written I have found a very similar suggestion in g 189 of BaUonr 
Stewart’s article on Terrestrial Magnetism in the 'Eneyclopwdia Britannica,’ 9th edition. 
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+7Yon 5th, —2y on 6 th, +167 on 9th, —67 on 13th, and +67 on L4th. 
We thus get + 2‘6 7 as the mean from the two quiet days preceding the storm, 
and + 4 ‘S 7 as the mean from the three days which followed it During the 
10 th, 11 th, and 12 th, all days of “ character ” 1 , there was a total n.c. rise of 
+ 297 . The 15th and 16th were days of “character” 2. The depression, 
about 447 , existing at 24 h. on March 8 was thus practically accounted fur 
before the next large disturbance began, but the greater part of the apparent 
recovery took place on days of “ character” 1 . 

On August 16 we have regarded the storm as practically ended by 8 h,, 
because that is what is naturally suggested by the appearance of the curves 
between 5 h. and 8 h. But shortly after 8 h. a very rapid fall took place in 
H at Kew and in N at Eskdalemuir. By 10 h, H at Kew had fallen to 
153 7 below what we have accepted as standard value. If we regarded this 
as part of the storm which commenced on the 16th, it would raise the H 
range at Kew from 338 7 to 436 7 , and diminish .the lowest mean hourly 
value from —497 to —132 7 . But this fall* in H was followed by so large 
and rapid a rise that practically no depression remained by the end of the 
day. There was a very quiet time on both the 15th and 17th from 1 h. to 
5 h., and if we derive mean values of H from these four hours we find the 
value on the 15th only 4*57 in excess of that on the 17th. There imme- 
diately followed— a very unusual feature after large storms — seven con- 
secutive days to which “ character ” 0 was awarded at Kew. The successive 
n. 0 . changes were -^■ll 7 , + 87 , - 1 - 87 , — 87 , + 87 , — 87 , and -r 87 . This 
represents a net rise of 327 , or 277 in excess of the apparent depression 
remaining on the morning of the 17th. The mean of the n.o. changes from 
these seven days is about the average for quiet days. In calculating these 
n. 0 . changes mean ordinates from 60 minutes centering at the hour were 
accepted for the respective midnights, and it was assumed that there was no 
real change in the base value of the curves after making due allowance for 
the temperature changes in the maguetograph room. In view of facts such 
as the above, one can only recommend caution in accepting as 6 nal any 
conclusions as to the cause of the dominant n.c. change in H on quiet days. 

§4. Beverting to fig. 1, the very close resemblance between the D changes 
at Kew and Eskdalemuir should be noticed. As Table III shows, D had a 
very much bigger range at Agifloourt on March 7-8 than at Kew or Eskdale- 
muir, but the oscillatioiis at Agincourt were much more nearly about a mean 
value, and it we had before us only mean hourly values we should greatly 
underestimate the disturbcmce. It is noteworthy that the extreme easterly 
position at Aginoourtin fig. 1 synchronises with the extreme westerly position 
at Kew and Eskdalemuir. 
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On March 7-8 the V curves at Kew and Eskdalemuir show the depres- 
sion characteristic of the early morning hours during magnetic storms, while 
on Augirst 15-16 they show the elevation characteristic of the afternoon. 
It appears, however, decidedly later in the day than usual.* On March 7 
the afternoon elevation is practically absent^ at Kew and Eskdalemuir — 
possibly on account of the late hour when the storm began — and is but 
poorly represented at Agincourt, though the storm began there near 16 h. 
L.M.T. A somewhat unusual feature — represented, however, in the storm 
of December 16-17, 1917 — is the double bay in the Eskdalemuir V-trace in 
the night of August 15-16. 

Mean hourly values by themselves may give an inadequate idea of the 
activity of the disturbance. Table I, for instance, might almost suggest 
that on March 7-8 declination was less disturbed at Agincourt than Kew. 
The figures for the hourly ranges in Tables Y and VI will help to a truer 
conception of the facts. During the most active part of the storm, from 
Oh. to oh. G.M.T. on March 8, the hourly ranges were enormously greater 
at Agincourt than Kew. H at Kew is 15 per cent, higher than at Agin* 
court, so the excess in the angular movements at Agincourt was even 


Table V. — Hourly Hanges. March 7-8, 1918. 
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7- 
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6 
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— 
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6 

1 
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82 

28 

7 

60 

24 


110 

50 

18 

22-23 

73 

06 

16 

77 

59 


68 

48 

12 

23-24 

29 

36 

19 

HO 

24 

— 

43 

20 

11 
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76 
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82 
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1-2 
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97 
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96 

300 + 
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— 
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1U2 1 

' 46 
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S-4 

196 + 

166+ * 

130 + 

71 

220 1 

! 88 

672 + 

629 

310 

4-6 

241 

162 

67 

107 

88 

— 

494 + 
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6-6 

98 

1 77 

64 

36 

40 

— 
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66 

86 
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1 69 
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36 

82 

— 

01 

48 

27 
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0 
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I 49 

6 

24 < 
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— 
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48 
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O-IO 

40 

40 
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— 

48 

86 

14 
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18 

66 
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69 

37 
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41 

82 

8 

21 

16 

— 

48 

88 

17 
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26 

17 

6 

18 

8 

— 

22 

24 

7 
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12 

8 

16 

11 

1 r 

24 

12 

7 


* The usual hour of the maximum in V on disturbed days at Kew Observatory is 
from 17 h, to 18 h. See * Phil. Trans./ A, vol SIO, pp. S64-S86. 
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Table VI. — Hourly Kanges. August IT)-] 6, 1918. 
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13 
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31 
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32 
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14 
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30 

16 
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11 
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31 

37 
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16 
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36 

IB 

11 

7-8 

26 

88 

8 

lo 

1 
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greater than Table V suggests. The total range there was approximately 
2° 6', and the lowest instantaneous value was nearly 80' below what we have 
accepted as standard. The deduction of maximum and minimum hourly 
values for H and D from N and W curves is hardly practicable, so N and W 
data had to be given for Eskdalemuir in Tables V and VI. Owing to the 
loss of trace already mentioned, some of the ranges in the Tables are under- 
estimates, and no value at all could be assigned for V at Eskdalemuir 
between 2 h. and 3 h. on March 8, because the trace was off the sheet all 
the time. At Kew the artificial disturbance in V forbids the deduction of 
hourly ranges imless the natural disturbance is large. Valnts for that 
element are thus confined to the four most disturbed hours of March 8. 
They are mainly intended to show the comparative insignificance of the dis- 
turbance at Kew. 
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§ 5. Measuraments were made of eome of the most rapid rates of change 
with the following results ; — 


March 7-8 — 

Eskdalemuir N +57 ( 1 ). +16 (5). -57 ( 2 ), ±21 (14), +41 ( 6 ). 

T23(7); 

W +27(1), -23(6), T40 (6), +16(8); 

„ V -10(10), +13(7); 

Kew H +41 ( 1 ), +12 (5), -10 (16), ?19 ( 6 ); 

D -7(16), -8(11), T17 ( 6 ); 

Agincourt H +68 (9), -47 (7i), -89 (7^. +26 (10); 

U -34(15), +52(9), T 115 ( 8 ); 

V -28 (9). +22 (7), -24 (12). +23 (19), +57 ( 8 ). 

August 16-16 — 

Eskdalemuir N +184(l),-258(l),+24(ll),f43(12),-16(ll), 

+ 15 (24). -22 (10). +40 (3). -136 (2): 

W +134(1), -145(1), -88(3). +21(9); 

Kew H +139 (1). - 183 (1), + 14 (11), - 9 (U), + 11 (23), 

-14(14); 

D +56(1), -67 (1). +12(9). 


The figure tiutside the bracket gives the rate, the unit being 1 7 per minute. 
The figure inside the bracket gives the duration in minutes of the interval 
during which the change occurred. The plus sign signifies a numerical rise 
in H, N, W, and Y, or westerly movements in D, the minus sign the reveiae. 
The double sign implies an oscillation, the upper sign applying to the first, 
the lower to the second movement. For instance, ±21 (14) means that the 
element first increased and then diminished, the times taken to rise and fall 
together amounting to 14 minutes ; 21 represents the result obtained when 
the numerical siun of the two movements, expressed in terms of 1 7 as unit, is 
divided by 14. Sates from very short intervals, «jg„ +57 (1), have a large 
probable error, as no very exact time measure of so short an interval is 
possible. The time of an oscillation, especially when the to-and-fro move- 
ments are nearly equal, oan be measured more accurately than that of a 
unidirectional movement. In some oases estimates have been given for the 
separate movements, as well as for the total movement during an oscillation. 
Most of the estimates were based on measurements made on actual turning 
points of the curves, but sometimes, where the rate of change fell off markedly 
near a turning point, the most rapid portion only of the movement was con- 
sidered. On August 15-16 the very rapid rises of force from 1-minute 
intervale refer to the rising movement in the So, while the very rajdd frdls 
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from 1 •minute intervals refer to a remarkable movement which occurred 
nearly 1 h. 40 m. after the Sc. 

A remark by Dr. Chapman* “ The irregular and rapidly chau^ng magnetic 
variations during a storm are of generally local character ” is, I think, true uf 
most very large rapid oscillations. At all events it is usually in such cases that 
outstanding differences are seen between Kew and Eskdaleinuir, or between 
Antarctic and ordinary latitudes; but it does not apply to Sc movements 
except in a limited sense. The cause of these movements is operative from 
pole to pole, and is so effective even near the equator that Prof. Birkelaiid 
mistakenly supposed them to be principally developed there. At the same 
time, the great difference in the amplitude at stations so near together as 
Kew and Eskdalemuir, and the much greater relative development of the first 
or falling movement of the oscillation at Eskdalemuir and Agincourt, as 
compared with Kew, show that the immediato cause must be laigely 
dependent on the geographical position of the station. 

§ 6 . The principal use made of Tables Y and VI was in calculating 
Bidlingmaier’s “ Magnetic Activity.” This is defined for a particular station 
as the mean value of (l/ 8 ir)(a‘+y 9 *+y), where a, 7 denote the departures 
of the three rectangular components of magnetic force from their standard 
values. It consists of two parts, called Ai and A 2 in my previous paper.f 
Ai represents what the ” activity ” would be if during each hour eaeh element 
remained constantly at its mean value for that hour. As is the contribution 
to the " activity ” from the variations within the hour. In my last paper I 
calculated As from the formula 

As = (l/ 8 w)(l/n)V, (1) 

where the « values of 1 ; represented the departures from the mean value for 
the hour of the values obtained from measuring the curves at intervals of 
60/» minutes. Bidlingmaier’s original proposal was to derive As from the 
hourly range, through certain arbitrary relations based on measuvements of 
the Wilhelmshaven curves. In a discussion} of this proposal I pointed out 
that Bidlingmaier’s relations, if accepted, would have the undesired effiact of 
making the calculated value of As depend on the sensitiveness of the magneto- 
graph, and that the only obvious way of avoiding this was to assume 

(1/niV « CB», (2). 

where B is the hourly range and C a constant Fh>m an examination of 
term-hour curves from a large number of observatories I found that when B 

* ' Monthly NotioM^ B. A S.,’ voL 69, 74. 

t ‘Boy. Soe. Proc.,’ A voL 94, p. 640. 

} ‘Toimtrial Magnetism and Atmoqtheric Electricity, vol. 29, p 67. 
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was derived from the largest and least hourly ordinates resulting from 
measurement of the curves at 5-minute intervals, the best value for C lay 
between 0'09 and 0*10. In a paper in the same number of 'Terrestrial 
Magnetism,* Mr. U. L. Hazard* arrived independently at a very similar 
result from a study of Cheltenham curves. He proposed 0*10 as the value of 
C. I found that the appropriate value for C fell when the range was 
(Ictived, not from measurements at regular time intervals, but from the 
actual maximum and minimum ordinates within the hour. In calculating 
Aa from Tables V and VI, I have taken 0*09 as the value of C ; ijt., I have 
assumed. 

Aa = (l/8w)(0*3Ry. (3) 

The difficulty of lixiug a normal value in calculating Ai was pointed out in 
my last paper, where two calculations were made. One set of results, 
described aa Ai, accepted for the normal the mean value from a quiet jioriod 
of 24 hours preceding the storm ; the other set, described as A'l, accepted the 
mean value fur the 24 hours of the stonn day itself. The latter choice was 
impossible in the present case owing to loss of trace. Thus only one sot of 
values was found for Ai, which accept the normal values already explained in 
connection with Tables I and II. 

In the case of the hourly values in Tables VII and VIII, Aj and A» ate 
not given separately, but only their sum. But the mean values at the foot 
include separate values for Ai and Aa as well as for Ai+Ag. These means 
are in each case derived from the 17 lust hours incliideil in the Tables, the 
hour preceding the storm being left out of account. Apparent inconsistencies 
of 1 unit in the lost place are due to tiie fact that the calculations wore carried 
to one figure Ijoyond the last retained. The trace being off the sheet from 
2 h. to 3 h. on March 8 at Eskdalemuir, 0 Imd to be assigned as the con- 
tribution from V to Aj. The other entries to wliicli a + is attached also 
suffered from loss of trace. Probably Aj suffered more than Ai as a rale. At 
the same time, the percentage of the total "activity” for the horizontal plane 
at Eskdalemuir due to Aa in Table VII is practically the same as at Kew, 
where there was no loss of trace. This percentage is only 9 at these two 
stations as compared with 37 at Agincourt. In Table VIII the percentage 
contribution from Aa is considerably larger at Kew and Eskdalemuir tluin it 
was in Table VII, being 28 for the horizontal field at Eskdalemuir and 19 at 
Kew. The contribution from V is substantial in both Tables, though much 
less important relatively than in the storm of December, 1917. 

The contribution from V to Ai at Kew on August 15-16 is not giv^n in 
the Table. The mean from the 17 hours was actually 61, bringing up the 
'* * Terrestrial Magnetism and Atmospheric Eleetrioity,’ vol. 2S, p. 84. 
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Table VIII. — “ Magnetic Activity,” August 15-16, 1918. (Unit 1 x 10~“ erg 

per cubic centimetre.) 
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! 

Hour. 1 
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JSakdulemuir. 



Kew. 


N. 

W. 

1 

! 

N + W. 

N + W + V. 

H. 

D. 

H + D. 

14-15 

17 , 

84 

2 

51 

\ 

1 68 

5 

61 

66 

15-10 1 

121 

77 

3 

100 

‘ 201 

79 

no 

leo 

16-17 i 

40 

180 1 

4 

238 

248 

94 

122 

216 

17-18 

628 , 

290 

6 

913 

919 

422 

71 

402 

16 19 1 

1707 

680 

26 

2893 

' 2418 

1006 

69 

1166 

19-90 ' 

383 

80 

280 

433 

722 

94 

10 
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36 

13 

48 
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10 
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218 
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11 

78 
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12 
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74 

7 

81 
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16 
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34 
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mean value of Ai from H, I) and V combined to 203, or almost exactly half 
the corresponding result for Eskdalemuir. If we confine ourselves to the 
horizontal field, but take the complete activity Ai+Aj, the Kew mean value 
was 62 per cent, of the Eskdalemuir value for the 3(brch storm, and 41 per 
cent, of the Eskdalemuir value for the August storm. The former per- 
centage would, however, have been decidedly less but for the loss of trace at 
Eskdalemuir. These percentages are both less than in the corresponding 
case for December 16-17, 1917, but the higher is near the percentage 
obtained on that occasion when the contributions from V were included. 

The mean “ activity ” at Agincourt on March 7-8 is only a little less than 
that for Eskdalemuir, whether V is included or not; but the Agincourt 
figures probably suffered less through loss of trace than those for Eskdale- 
muir. The mean “ activity " (or the August storm was decidedly less than 
that for the March storm at both Kew and Eskdalemuir. On these, as on 
many other occasions, the relative amplitudes of the disturbances were in no 
way proportional to the amplitudes of their Sc's. 

In any comparison with the " activities " calculated for December 16-17. 
1917, it is thp Ai not the Ai' figures that should be taken for the latter. If 
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we include V the mean activity’* at Eskdalemuir for the 17 hours of 
March 7-8 was only a shade larger than that for the 24 hours of 
December 16-17. If we take only the horizontal components the mean 
activity” for December 16-17 was very considerably less than that for 
March 7-8 at both Kew and Eskdalemuir, though still larger than that for 
August 16-16, 1918. The largest mean hourly ‘'activity” in any of the 
Tables is that for 2h. to 3h. on March 8 at Eskdalemuir. Through an 
underestimate, owing to loss of trace, it is 44 per cent, larger than the highest 
value observed on December 16-17, 1917. 

Some conclusions can be drawn from the Tables as to the suitability of 
'* magnetic activity,” for the purpose for which it was primarily intended, 
viz., to supply a daily numerical measure of the disturbance at individual 
stations to replace the magnetic “character” figures 0, 1, 2 in the inter- 
national scheme on which the selection of quiet days at De Bilt has 
depended. The chief use of these quiet days is for the calculation of the 
r^lar diurnal inequality, and if, as I have suggested, selected disturbed 
days should also be assigned for that purpose, or if for any reason inequali- 
ties should be wanted for several categories of days, it would be particularly 
important that the criterion employed should discriminate effectively between 
days having different types of diurnal inequality. Activity of oscillation 
which did not affect the mean hourly value would obviously be much less 
fatal to inequalities intended to represent moderately quiet days than would 
deflections raising or lowering the mean hourly value. On the other hand, if 
there are large oscillations, the effect on the mean hourly value must 
inevitably depend sensibly, however the curves are measured, on when the 
hour happens to fall. Days, in short, when there are large short-period 
oscillations provide unusual opportunities for the entry of “accidental” 
features into the diurnal inequality. The fact that Ai is in general so much 
larger than A% is obviously a point in favour of “ magnetic activity.” It is 
also in its favour that on occasions when the oscillations are exceptionally 
large within the hour, as in the case of D at Agincourt on March 7-8, the 
contribution from As becomes so large as to be vitally important. While 
recognising the advantageous features of “ magnetic activity,” I am doubtful 
whether they are an adequate oflbet against the large amount of labour 
entailed even with the simpliflid approximate way of calculating As adopted 
here. I am still inclined to think that the use of absolute daily ranges, in 
the way which I have suggested elsewhere,* might as an international scheme 
give equally satisfactory results in a much simpler way. 

§ 7, Some reference is needed to a criticism of “ magnetic activity ” under 
* ' Terrestrial Magnetism and Atmospheric Electricity,’ vol. 2S, pp, 80-83w 

VOL. XCVI. — A. K 
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another name recently made by Dr. Chapman.* Starting with the Bfax* 
wellian energy integral, 

(l/87r)JJJ(«*+y9*+7*)d*rfy&. (4) 

he shows that if we write «o+5« for «, etc., the integral consists of the 
following three parts : — 

i.e., the space integral of Bidlingmaier’s magnetic activity, wliioh he calls the 
" self-energy integral *’ ; 

(l/4ir) jjj(eii^»+/3oS/3+yoh)^<^y<^^y (8) 

which he calls the “joint-energy integral”; and 

( 1 / 8 tt) JJJ (flio* + /9o* + 7o*) dy dz. 

The last part, as a constant, he leaves out of account. Speaking of the first 
two parts, he says: “The latter (».e., the ‘joint-energy integral') has usually 
been neglected on the ground that the permanent and disturbance fields 
being independent, on the average there will be no net gain or loss due to 
their superposition.” This he holds to be unjustifiable, and concludes that 
the “joint-energy integral ” is “the most important part of the whole excess 
energy."t 

Later,^ he says, after remarking on Lord Kelvin’s estimate of the energy 
of a magnetic storm, “ The other calculations which have been made liave 
usually much underestimated the energy . . . the importance of the joint- 
energy integral was missed.” 

As Chapman gives no references, and does not explicitly tuention 
“ magnetic activity," I am uncertain whether hd had in view the calcula- 
tions of it made by myself and others, or whether he was referring to some 
attempts which I have not seen to calculate tlie energy of a magnetic storm 
from the “ magnetic activity ” alone. 

“ Magnetic activity ” has the dimensions of energy, and in my first paper 
which was devoted to the method of calculating Aj, the word energy was 
used freely, but hardly in a way that could lead to misconception. In my 
paper in the ‘ Proceedings,’ I was careful to use the term " magnetic activity,” 
and pointed out that the Maxwellian integral "is supposed to be taken 
throughout the whole of the magnetic field. It takes, moreover, as point 
of departure a total absence of force. In the present case we know the 

* ‘ Monthly Notices, B. A. S.,’ voL 79, p. 70. 
f Loc, oit., p. 78. 

Loe, tit., p. 80. 
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absolute values ... at a fixed point . . . ; but the intensity of the field never 
vanishes.” In short, I regarded BidUngmaier’s use as really distinct from 
Maxwell’s, the latter’s integral having simply suggested the final form 
adopted by Bidlingmaier, and particularly his use of the factor (IfSir). 
The question now mooted by Chapman was raised during the ducussion of 
my paper. To emphasise the difference from Maxwell, and the fact that 
only relative results were aimed at, I at one time thought of dropping the 
factor l/8ir. The idea incorporated in “magnetic activity” was, however, 
Bidlingmaier’s, and dropping a factor which he used would inevitably have 
caused confusion. Also, the use of the factor made the numerical results of 
more convenient magnitude. I had considered the integral (6), but saw no 
way of utilising it satisfactorily, believing that “ any complete estimate of 
the expenditure of energy during a magnetic storm is probably impossible.” 
This is an opinion I still retain, though I admire the mathematical powers 
exhibited in the calculation which Dr. Chapman has since actually made of 
the energy of a magnetic storm.” 

Even if the integral (6) should prove, as Chapman believes, of primary 
importance for the calculation of the energy of a storm, the quantity 
integrated seems useless as a criterion of the magnetic character of a . day. 
This is more easily seen if we write the Maxwellian integral in the form 

(l/Sw) JJj (p*— po*)<fo:rfy<fa+(l/8ir) JJJ f^icdydz, (7) 

where p* = **+/8*+7*, 

and po is the accepted standard value. 

The first int^ral represents the sum of Chapman’s “ self-energy ’’ and “ joint- 
energy ” integrals. If, with a view to characterising the days at a particular 
station, we took out mean daily values of p^—po* the result would be some- 
times positive, sometimes negative, the sign even often depending on whether 
V was excluded or not. During some highly disturbed days, owing to con- 
tributions from different hours cutting out, the resulting mean value would 
resemble that of a perfectly quiet day. In an international scheme, unless 
we treated results from individual stations as numerical, not algebraic 
quantities, we should have one station neutralising another. And as the 
distribution of stations is perfectly haphasard, so too would be the fiiutl result. 
The consequences of uncertainty as to the appropriate values for o^, fit, jtt 
pointed out in my previous paper in the case of “ magnetic activity,” would 
be much more serious in the case of the “joint-energy” term. An error 
of liy in the standard value adopted for any one of the elements would, in 
the ordinary' day, swamp the contribution of the “magnerio activity” term. 
7or the practical purposes of discriminating betyreen different days the 

« 2 
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Buperiority of Bidlingmaier’s “magnetic activity” taken by itself serau 
hardly open to donbt. 

If we aim at calculating the energy expended in a magnetic storm* I am 
disposed to agree with Dr. Chapman that the integral (6) must be taken into 
account, unless adequate reasons for neglecting it can be advanced. I do not, 
however, think that we have at present the knowledge requisite for dealii^ 
with the integral. The numerical results reached by Dr. Chapman seem to 
me to be determined mainly by what I cannot but consider the accident of 
the particular assumptions which he has made in order to obtain a definite 
mathematical problem capable of solution. A discussion of the more mathe- 
matical of these assumptions would be out of place here, but some remarks 
on the final physical assumption may be useful, especially as a possible use of 
the “ magnetic activity ” is siiggested. 

The value ultimately found by Chapman for his “joint-energy integral" — 
in comparison with which his value for the " self-energy integral ” appears 
negligible — is* 

where a is the earth’s radius, the mean value round the earth’s 
equator of that part of the maximum depression of H due to external 
electric currents, and S,H the corresponding depression arising from internal 
currents. The relation between SoH and AH is obviously of fundamental 
importance. The following is the only explanation I notice of the choioe 
made : “ It will be assumed that one-quarter of this variation of 8Ho) ia 
of internal and three-quarters of external origin. This division between the 
two sources is in general accordance with that which, in a study of the 
diurnal magnetic variations, I have found to hold good in their case.”f 
No reference is given, but I presume reference is intended to Dr. Chapman’s 
recent paper.:^ Bcferting to that souroe, the following is the clearest statement 
I can find :§ “ The general result that the external field is about 2\ times as 
great as the internal field, at the earth’s surface, lies between the conclusions 
of Schuster (... 4, approximately) and Fritsche (... 1-5 approximately); 
van Bemmelen obtained still lower values.” 

Passing by the fact that the difference between the ratios 3 : 1 and 2*5 : 1 
would answer to a difference of 25 per cent, in the calculated value of the 
energy, the large difference between the results of different investigators, and 
the far from good accordance of many of Dr. Chapman’s observed and 

* hoc, ctt.f p. 77. 

t £oc, tfiV., p. 77. 

X ‘Phil. TrwQB.,* A, vol. 218, p, 1. 

§ Loe, p. 36. 
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oaloulated values, suggest that the potential theory is not at present capable 
of giving very exact information as to the character of the regular diurnal 
variation, even within that portion of the earth’s surface represented by 
Dr. Chapman’s observations. All but four of his stations lay between 
53° N. and 44° S., the two extreme being Pavlovsk 60° N., and Laurie Island 
61° S. A less favourable opinion has been recently expressed by Miss A. 
van Yleuten* after an independent investigation of the problem, similar in 
comprehensiveness to Dr. Chapman’s. 

But, so far as I am aware, the results of all the investigators mentioned 
above, and one or two others mentioned by Miss van Vleuten, have referred 
to the regular diurnal variation on ordinary or quiet da 3 rs. Even in com- 
paratively low mi^etio latitudes, e.g., at Kew and Aginoourt, the diurnal 
inequality in Y is largely increased and modified on disturbed days. This is 
significant, in view of the explanation suggested by Dr. Chapman in the 
'Philosophical Transactions,’! of why van Bemmelen’s value for the ratio 
between the external and internal fields approached unity. In really high 
magnetic latitudes, judging by Antarctic results which there is no reason to 
suppose abnormal, the regular diurnal variation on highly disturbed days is 
almost of a different order of magnitude from that on quiet days. Until we 
have high latitudes adequately represented, we cannot judge whether a 
potential will give the regular diurnal variation there either for quiet or for 
disturbed days. Still less can we judge whether, if potentials apply in both 
oases, the ratio between the contributions from the external and internal 
fields will be the same for the two. 

Finally, even if we knew that a potential gave the regular diurnal 
variation all over the earth on disturbed days, we should not be justified 
without further enquiry in assuming that the ratio between the external and 
internal fields deduced from it applied to disturbance as a whole. 

It seems to me that the assumption 

s 3.H 

would be no more arbitrary, and even more simplifying, than the assumptions 
actually made by Dr. Chapman. At the present moment, and I suspect for 
some time to come, any positive disproof of such a hypothesis would be very 
difficult. 

If we made this assumption, and accepted Dr. Chapman’s mathematical 
formula, only the " self -energy ” would survive in the energy integral, and 

* 'Koninklljk Nedsriandaeh Msteorologisch Instituat,’ Na lOS (specially p. 111 )l 

f Loe. eit., p. 14. 
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the final leeult would depend simply on (8oH)* x (volume between earth and 
external current sheet). 

If we supposed the maximum mean hourly value from N, W and V 
combined at Eskdalemuir in Table VII to be the mean value for the space 
between the earth and a concentric surface at the supposed altitude, 
100 kilom., of the overhead currents, we should obtain for the space integral 
of the “ magnetic activity ” throughout this volume 0‘4 x 10^ ergs, the precise 
value obtained in Dr. Chapman’s equation (20) for his “self-energy integral." 
This is, of course, a pure coincidence. 

$ 8. The phenomena described in the present and my previous paper are 
not favourable to the view that any very simple general theory of magnetic 
storms is likely to add directly much to our knowledge. In the storms we 
have discussed the large increase in the disturbance as we travel the com- 
paratively short distance from Kew to Eskdalemuir suggests a principal 
source much nearer than the pole of the zonal harmonic of the Oaussion 
potential, while the large difference between Kew and Aginoourt is far from 
suggesting symmetry round the axis of the harmonic. Something may, I 
think, he learned from the consideration of auroral phenomena. Magnetic 
and auroral phenomena do not, it is true, show a strictly proportional 
development. Those who have compared magnetic records from high latitudes 
with aurora have found that times of brightest aurora and times of largest 
magnetic disturbance by no means always coincide. It has been inferred that 
blight aurora is dependent on the concentration of electric current at a height 
where the atmospheric conditions favour luminosity. These currants no 
doubt cause magnetic disturbance, but their infiuence may be less than that 
of other currents, whether at a lower altitude or more generally distributed. 
Still, when a large magnetic disturbance occurs, aurora generally proves to 
have accompanied it, and for aurora to be seen in southern England unaccom- 
panied by a magnetic storm is almost, if not quite unprecedented. Whilst 
the well-known diagram of auroral frequency, due to Fritz, may well want 
revision in view of more recent knowledge, its main indications are presumably 
reliable. They indicate a zone of maximum frequency whose largest diameter 
is from 30° to 40°. When we superpose magnetic data from a large number 
of storms, commencing at all hours of the day, we may get phenomena 
roughly symmetrical round the centre of the auroral zone, but any such 
symmetry seems improbable on a given occasion. Aurora itself certainly 
diows no such symmetry. At a given instant it is usually oonoentrated in a 
particular part of the heavens, and in the northern hemisphere often extends 
much to the south of the auroral zone. Supposing magnetic disturbance 
mainly due to the concentration of electric cunento in one definite region of 
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the auroral zone, it is the distance from that region, not from the centre of 
the zone, that is likely to be the all-important thing. It will make all the 
difference to a particular station whether the concentration of current is on 
the near or the remote side of the zone. From this point of view, the most 
promising way of extending our knowledge is to compare individual records 
from a series of stations lying roughly on a north-south line, and so not 
difforing much in local time. A station in the extreme north of Scotland or 
in the Orkneys or Shetlands would seem likely to add much to our knowledge. 


On the Inter-crystalline Fracture of Metals under Prolonged 
Applicalion of Stress {Preliminary Paper). 

By Walter Rosbnhain, B.A., D.Sc., F.R.S., and Sydney L. Abchbuit, F.I.C. 
(both of the National Physical Laboratory )l 

(Beceivod March 13, 1919.) 

[Plates 1 - 3 .] 

The authors have recently made a series of observations on some cases of 
inter-crystalline fracture in various metals, occurring as the result of the 
prolonged application of stress. In explanation of these phenomena tliey 
have formulated an hypothesis which appears to afford a satisfactory account 
of the present observations and to correlate them with other well-known 
phenomena whose exact nature has, however, hitherto remained obscure. In 
putting their observations and hypothesis on record at the present stage, the 
authors are well aware that much fuller experimental investigation of the 
whole subject is required, and they hope to carry this forward. The evidence 
now available, however, appears to them to justify preliminary publication, 
especially in view of the fundamental interest and great practical importance 
of the subject. 

The present paper relates to a group of phenomena some of which have 
long been known, in the case of brass, as " season cracking.” Brass articles 
which have been manufactured by a process of alternate cold-working and 
annealing — such, for instance, as cartridge-cases and other articles made by 
operations of cupping and drawing — sometimes exhibit a tendency, after a 
period which may vary from a few hours to several years, to undergo 
spontaneous cracking. The occurrence of this type of failure of brass has 
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been a aerioue numufacturing difficulty and much study has been given to 
the subject ; as a result, modifications of both the annealing and the drawing 
processes have been made, which, to a considerable extent, eliminate the 
trouble. A satisfactory explanation of “ season cracking " has not, however, 
been put forward so far as the authors are aware. From the present point of 
view, perhaps the most interesting fact which has been obser\'ed about 
" season cracking” in brass is that the fracture — in those cases where its path 
can be traced clearly among the mioro-oonstituents of the metal— markedly 
follows the inter*ory8talline boundaries. An example of such a crack is 
illustrated, under a magnification of 100 diameters, in fig, 1, where the inter- 
crystalline character of the fractura can be clearly traced (Plate 1). 

The other phenomena, recently observed by the authors, which have led up 
to the present study of the subject, have been met with primarily in an alloy 
of aluminium containing both zinc and copper. Further, fractures observed 
in such widely different metals as lead and mild steel (boiler plate) show 
features which appear to be closely related to the same subject. In the 
aluminium alloy referred to it has been found that when the material, after 
being rolled into sheets, has been subjected to a certain degree of annealing — 
which the authors describe as " over-annealing " — it displays a tendency to 
undergo a peculiar type of fracture which bears a striking resemblance to 
" season crocking.” 

If a strip of this aluminium alloy in the “over-annealed” condition is 
tested in a tensile testing-machine in the ordinary way, it shows no specially 
abnormal properties, being merely a little harder and less ductile than when 
correctly annealed. If a strip of the alloy is bent to a curve of moderate 
radius it springs back when released although it does not become quite 
straight again. If such a strip is held in the bent position by wrapping a 
piece of wire around it, the tension on the wire is at first fully maintained. 
After a period of time, however, which may vary, according to the degree of 
“ over-annealing ” to which the specimen has previously been subjected, from 
a few minutes to four days or longer, such a bent strip breaks at or near the 
sharpest part of the bend, the fracture being generally accompanied by many 
fine ramifying cracks. Microscopic examination shows quite clearly that this 
fracture and the accompanying cracks are strictly inter-crystalline. A typical 
example is illustrated in fig. 2, under a magnification of 150 diameters. 

The close analogy between the fracture of such a bent strip of aluminiuni 
alloy and that of an article of cold-drawn brass is readily understood 
when it is borne in mind that a cold-drawn article necessarily exists in 
a state of great internal stress. Thus one need only imagine the bent strq) of 
alloy to be bent into the form of a complete circle and the two ends united in 
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that poBition, to arrive at a shape produced by cold-working and holding large 
internal stresses. Similarly, a cup drawn from a flat sheet or from a 
shallower cup, may also be regarded as made up of a number of bent radial 
strips held together in that position, each strip being heavily “ sprung." The 
analogy is completed by the observation that cup-shaped spinnings made 
of the aluminium alloy in the “ over annealed ” condition undergo the same 
type of spontaneous inter-cystalline fracture as that described above. 

In the case of lead, observations have been made on the sheathing of a small 
electric cable which failed after several years’ service, by Assuring of the lead 
sheath.* Examination shows that parts of the lead sheathing are badly 
oradted, the cracks clearly following the inter-crystalline boundaries. Their 
appearance is shown in Ag. 3, under a magniAcation of 20 diameters. The 
similarity between this case and the two previously mentioned resides 
principally in the unusual type of fracture — since inter-crystalline fissures 
are particularly remarkable in so ductile a metal as lead. The evidence for 
the presence of stress is not so clear in this instance, except that the separation 
of various parts of the material indicates that there must have been forces at 
work tending to pull the material apart. The appearance of the lead 
erystals, however, shows that the forces at work must have been small, since 
the crystals themselves show no signs of liaving been deformed. It is quite 
probable that a small amount of stress was put on this cable in the process of 
laying, or subsequently by tlie effects of thermal expansion. 

Finally, in a certain number of cases of failure of mild steel boiler plates, 
abnormal types of fracture, following the crystal boundaries have been 
■observedf An example of a fracture of this kind is illustrated in Ag. 4 
under a magniAcation of 500 diameters. In this case the material, forming 
liart of a large boiler has been exposed to stress for a long time, like the 
three other materials already referred to, this steel when broken in an 
ordinary test shows the usual fracture running across tho crystals and 
avdding the crystal boundaries in a systematic manner. 

Having recognised the essential similarity between these various examples 
of metal which have failed by inter- crystalline fracture occurring efUr the 

* The Munple of cracked lead caUe aheathing to which the authon’ obaervjetioiia refer 
waa brought to their notice by Mr. Ji. Archbutt, F.I.C., of Derby, who draw their attention 
to the inter-crystalline character of the fiaaures. They have aince found other examplea 
■of this type of failare^ and are informed that it is not uncommon in lead-oovered cable, 
whwe this is allowed to hang in catenaries bstween supports. 

f A good example is described in Departmental Baper Xo. 831, 1010, on a “Beport 
by the National Physioal Isiboratery on Some Unusual Defects in the Plates of Two 
■Oombttstion Ghambers on Board a Foreign-going Passenger Steamship," submitted by 
Abe Marine Department, Board of Trade. 
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lapse of time^ the authors now suggest an explanation which, they believer 
furnishes a rational account of the mechanism of this type of fracture and 
correlates the phenomena with one another and with other known facts. They 
have not yet had time to' carry out more than a few of the teat experiments 
which their view suggests, but so far as they have gone, the evidence appears 
to be entirely consistent with the explanation put forward. 

The view has been held for some time by a number of metallurgists,* 
and has been particularly advocated by one of the autborsf that a thin 
layer of amorphous metal, in a state corresponding to that of a greatly 
under-cooled liquid, exists between adjacent crystals in any crystalline 
aggregate, and especially in metals. A considerable amount of evidence has 
been advanced in support of that hypothesis, including, particularly a series 
of experiments made in 1912-13 by one of the authors and D. Ewen.:^ 
These are of special interest in the present connection. 

The manner in which fracture under an externally applied stress will 
occur in a crystalline aggregate held together by an amorphous inter- 
crystalline cement must depend on the relative physical properties of the 
crystals and the cement. If the cement is of the nature of an under-cooled 
liquid far below its freezing point such ** liquid ’’ will be in an extremely 
viscous condition, in that respect resembling such a substance as glass. 
Towards loads applied at the rates employed even in very slow tensile* 
testing such a substance will behave like a solid of apparently high elastic 


** Tlie conception that luetal can bo partially converted into an amorphous or vitreous 
condition by straining or polishing is due to Beilby, whose papers include : Surface 
Flow in Crystalline Solids," * Proc. Boy. Soc./ A, vol. 7S, 1903 ; “ The Hard and Soft State 
in Metals," * Faraday Soc.,' 1904, and * Phil. Mag.,’ August, 1904 ; “The Hard and Soft 
State in Ductile Metals," * Proc. Boy. Soc.,’ A, vol. 70, 1007 ; and “ The Hard and Soft 
State in Metals," ‘ Journ. Inst. Metals,’ No. 2, 1911, vol. 6. The further conception that 
amorphous layers exist between the crystals of unstrained metal first occurs in the 
following papers F. Osmond, Discussion on “Transformations of Steel within Limits of 
Temperature Employed in Heat-Treatment," ' Jouru. Iron and Steel Inst,’ No. 2, pp. 61-3 
(1911) ; G. D. Bengough, “A Study of the Properties of Alloys at High Temperatures," 
* Journ. Inst. Metals,’ No. 1, vol. 7. pp. 176-7 (1912) ; W. Boeenhain, Discussion on above ^ 
Bosenhatn and Ewen, “Inter-crystalline Cohesion in Metals," ‘Journ. Inst Metals,’ 
No. 2, vol. 8 (1912); vol. 10 (1913); Boeenhain and Humfray, “The Tenacity,. 
Deformation, and Fracture of Soft Steel at High Temperatures," ' Journ. Iron and Steel 
Inst.,’ No. 1 (1913) : J. C. W. Humfrey, “The Inter-crystalline Fracture of Iron and 
Steel," ‘Iron and Steel Inst, Carnegie Scholarship Memoirs,’ 1911 ; /dm., “Influence 
of Inter-crystailiue Cohesion upon the Mechanical Properties of Metals," * Iron and 
Steel Inst., Carnegie Scholarship Memoirs,’ vol. 6 (1913)i 
t Rosenhain. See papers cited above, also “Metals, Crystalline and Amorphoua' 
Paper before Section B, British Association, 1913, ‘Engineering,’ September, 1913. 

I Roaenhain and Ewen. See papers cited in note * above. 
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limit. The crystals, on the other hand, are capable of undergoing deforma* 
tion by slip under relatively light stresses. Deformation and fracture will 
therefore occur by rupture of the crystals themselves and not by any tearing 
away of adjacent crystals from one another. This is in fact the type of 
fracture met with under ordinary conditions in all metals in a normal condi- 
tion, ijs., in the absence of impurities which are known to exist in the form 
of weak and brittle membranes along the crystal boundaries. 

On the other hand, an amorphous cement of the nature of an under-cooled 
liquid will become rapidly less viscous — and consequently less resistant to 
displacement and rupture — with rising temperature. By the time that 
the freezing point of the metal is reached, this liquid will no longer be 
under-cooled, and will have the full mobility of the ordinary molten metal. 
From this condition the viscosity of the liquid will increase continuously, 
and over a certain range very rapidly, until extreme viscosity is reached at 
very low temperatures. 

In other wonls, the under-cooled liquid may be expected to exhibit a large 
temperature-coefficient of viscosity. This is, of course, well known to be so 
in the case of glass. Now, there is no reason to believe that the physical 
properties of solid crystals undergo any very rapid change with rising tem- 
perature ; even at their own freezing point they possess a considerable degroe 
of strength and hatdnes.s. It follows from these considerations, as has been 
pointed out by Bosenhain and Ewen (loc. cit.), that at some temperature 
between the ordinary temperature and that of the freezing point of the metal, 
the relative behaviour of the crystals and the cement in a crystalline aggre- 
gate exposed to stress will be reversed, so that at any temperature above 
that point the cement will offer less resistance to displacement than the 
crystals, so that if the metal is fractured under these conditions, a purely 
inter-crystalline fracture will result. 

This inference has been very fully verified by the experiment** of Bosenhain 
and Ewen already referred to. They produced entirely inter-crystalline 
fractures, unaccompanied by any deformation of the crystals, in a number of 
very pure metals — including lead, gold, aluminium, tin, and others — at tem- 
peratures some degrees below their melting points. Fox the present purpose, 
however, it is important to bear in mind that the authors named worked 
with light loads and did nof very fully consider the time factor in such 
experiments. When these factors are taken into consideration, the con- 
clusion is indicated that if higher stresses had been used, and* if they had 
been allowed to act for a longer time, similar inter-crystalline fracture would 
have taken place at oondderably lower temperatures. A ease in which this 
conclusion has been fully verified is provided by the experiments of Bosenhain 



60 


Dr. W. Bosenhain and Mr. S. L. Archbutt. 


and Hixmfrey,* in which the deformation and fracture of a very mild steel 
has been investigated, both by physical measurements and by microscopic 
observation when gradually broken in tension at temperatures above the 
upper critical point — t.e., above 900° C. There, it has been shown that, 
where crystals of y-iron are held together by an amorphous cement at a 
high temperature, and therefore probably of relatively low viscosity, both 
deformation and fracture are essentially inter-crystalline, while the process 
of deformation is found to follow a law which at once suggests the presence 
of viscous flow. When it is remembered that y-iron just above Acs is still 
some 600° C. below its melting point, it will be realised that there need bo 
nothing surprising in meeting with similar phenomena in brass or in an 
aluminium alloy at the ordinary temperature. 

The explanation of the inter-crystalline fracture of certain metals resulting 
from prolonged exposure to stress whidi tire authors desire to put forward 
for consideration may, then, be stated as follows: — That the constituent 
crystals of a metal are held together by an amorphous inter-crystalline 
cement, which, in some metals at all events, is sufficiently mobile to 
yield to the tendency of any applied stress to produce flow. In such 
cases it would follow that inter-crystalline rupture must occur, after the 
lapse of sufficient time, as the result of the prolonged action even of 
small stresses which may arise either from externally applied forces or from 
elastic deformations and consequent internal stresses. It would seem, at 
first sight, that such an explanation covers too much, since it would suggest 
the probability that inter-crystalline failure would ultimately occur in all 
metals as the result of prolonged exposure to stresses far below their 
ordinary breaking stresses. Experience clearly indicates that diis is not the 
case, since metal structures of various kinds are known to have withstood 
considerable and continued stresses for very long periods. Cases of “ season 
cracking'' are in fact rather exceptional and isolated. This consideration 
shows that the explanation, as stated above, is incomplete, and the authors 
believe that the completion is to be found in a consideration of the conditions 
existing at a crystal boundary where a tendency exists for gradual flow of 
the "cement " under prolonged application of stress. 

It is at once obvious that flow sufficient to cause rupture cannot occur at 
a crystal boundary unless the shape of that boundary and of other ,acyeuient 
boundaries is favourable to movement. If, for instance, the crystals ware 
thoroughly dovetailed into one another, rupture along the boundaries could 
not occur at all, even if there were no adhesion whatever between adljacent 
crystals. Although such a dovetailed, truly “ interlocked," structure is net 
* Bose n ha i n and Humfrey, loo. eit., see note (*\ p. U. 
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met with in metals, there are wide difierences in the oharaoter of the crystal 
boundaries in various cases, and most notably between the crystals of the 
same metal in different conditions of thermal and mechanical treatment. 
Ohe of the authors has recently pointed out* that, in a metal which is 
underling more or less rapid recrystallisation or crystal growth, the crystal 
boundaries are notably irregular — sometimes even jagged or serrated. When 
crystal growth has come to an end under the conditions to which the metal 
is exposed, on the other hand, it is found that the crystal boundaries become 
smooth and tend towards rectilinear, polygonal forms. That such a process 
of filling up and smoothing-out of irregularities should occur is in conformity 
with what would be anticipated from the point of view of the energy-content 
of the boundaries. Whether such energy-content be ascribed to the presence 
of an amorphous film, or merely regarded as “ surface energy," diminution of 
the area of these inter-crystal surfaces will diminish the amount of energy 
stored in boundaries. Nor need it be supposed that it is only the coarser 
irregularities of the boundaries which come into play in the present con- 
nection. Since crystal-growth in solid metals is known in many cases to 
take place by a process in which the growing crystal thrusts out arms or 
projections into its neighbours, it follows that the surface of a growing 
crystal is likely to be covered with minute irregularities — small projections 
thrusting forward towards or into the neighbouring crystals, but always, 
according to the present hypothesis, with a film of amorphous material 
interposed. Such projections can only maintain themselves so long as the 
crystal is growing at a rate which is relatively rapid in comparison with the 
tendency for irregularities of crystal outline to become smoothed out, so 
that — ^as the crystals cease to grow — we may expect their outlines to become 
both microscopically and — ^probably — ultra-mieroscopically smoother. 

The part which even minute surface irregularities in the crystal boundaries 
may play in hindering, or even in entirely preventing movement by viscous 
flow of the inter-crystalline film, may, perhaps, be better understood by the 
aid of a rough analogy. If we have, as in fig. 6 a, two smooth metal plates 
lying one upon the other, with a film of thick oil between them, a very 
sl^t pull will cause a displacement of one over the other, since here the 
vieoosity of the oil is unaided, so far as resistauce to motion is concerned, by 
any other factor. This is die <»8e corresponding, in principle, to the very 
smooth crystal boundary with its interposed amorphous film. On the other 
hand, if the metal plates have on their surfaces even minute projections, such 
as are indicated in the second diagram (fig 6b), then the resistance to relative 

* ^Dsenhain, Diseuanon on paper by Z. Jeffries on “ Grain Growth,” * Joum. Inst. 
MetaK' No. 2, vol. SO (1918). 
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motion of the plates over one another must neoessarily be very much greater. 
If the projections are large enough to come into actual oontaot'by mutual 



sliding of the two surfaces, then any further movement by viscous flow 
alone will become quite impossible, and can only occur by the actual 
shearing of these projections. But, as these would be numerous, this would 
imply the application of a stress large enough to bring about serious 
deformation of the crystals, and would at once lead to an entirely different 
type of fracture from that under discussion. 

The inference that — if the authors’ view of the nature of inter-crystalline 
fracture under prolonged loading is correct — such fracture should only occur 
where the crystal boundaries have assumed smooth and regular outlines, is 
strongly supported by the authors’ observations. In the flrst place, the 
phenomena of inter-crystalline fracture in the aluminium alloy only occur 
when the metal has previously undergone relatively drastic annA^ling 
Thus it is found that, when this alloy is softened by annealing at 260° G. 
or lower, the material shows no teudeiusy to “season cracking.” After 
annealing at higher temperatures ' the phenomenon makes itself apparent, 
the time required to bring about inter-crystalline fracture under bending 
stress decreasing from four days after annealing at 300° C. down to an hour 
or less after annealing at 450° C. — an exposure of one hour to the tem- 
peratures named being given in each case. Microscopic examination of the 
material after each of these treatments serves to confirm the inference drawn 
above. After annealing at 260° C. the crjrstals show no considerable amount 
of growth, and retain the irregular elongated outlines given to them by the 
previous rolling operation. On the other hand, after annealing at 460° 0., 
when the "season cracking” phenomenon is moat fully developed, the 
crystals have attained considerable size, no longer show signs of their former 
elongated shapes, and exhibit extremely smooth and regular boundaries. 
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The typical oharaoter of the crystal boundaries in this alloy in the two 
conditions described is illustrated in flgs. 6 and 7 under a magnification of 
160 diameters (Plate 3). 

In this connection the authors have made a further observation of some 
interest. They find that, by adding to this aluminium alloy a small quantity 
of manganese (not more than O'S per cent, is required), the entire phe- 
nomenon of " season cracking,” even after annealing for six hours at 450’ C., 
disappeara Microscopic examination at once serves to correlate this fact 
with the inference discussed above, since it is found that the alloy containing 
manganese does not undergo recrystallisation at anything like the rate met 
with in the alloy free from manganese. The size and shape of the crystals, 
and the irregularity of boundary which is seen in the “ pure ” alloy when 
annealed at low temperatures (250° C. and below), is still found in the alloy 
containing manganese even after annealing at 450° C. This observation, 
therefore, serves to establish the conneotion between irregularity and 
incomplete growth of crystal boundaries and resistance to inter-crystalline 
fraotnre, which the authors* hypothesis suggests. 

Evidence of the same kind is obtained by obseivations made on the 
examples of inter-crystalline fracture found in the case of lead and mild 
steel. In the case of the lead, already referred to above, examination shows 
that cracking has only occurred in patches, the remainder of the lead being 
perfectly sound. When the lead is etched with dilute nitric acid, it becomes 
perfectly evident that, in the regions where inter-crystalline fracture has 
taken place, the crystals have assumed a smooth regular formation, such as is 
characteristic of crystals which have approached an equilibrium condition — 
t.c., in which rapid growth has ceased. Elsewhere in this same specimen, the 
crystals show the ragged, almost feathery, edges typical of lead crystals in 
process of active growth.* The difference in type is clearly illustrated by 
comparing the photograph (fig. 2) with that shown in fig. 8, which shows, 
under a magnification of 20 diameters, a region found in the same st)ecimen 
having very irregular crystal boundaries. The authors suggest that this 
difference of character, coupled with the fact that, where the crystals have 
irregular boundaries, there are no signs of failure, provides a considerable 
degree of support for their views. 

In mild steel, examples of inter-crystalline failure are very rare, but they 
have been met with in several cases in steel boUer-plates which have been 
found badly cracked near their edges about the rivet holes. On ezamina- 
ition, these macks were found to be typically inter-crystalline. An example 
has already been illustrated (fig. 4). Careful study of several oases has shown 
* Swing sad BoMahsin, * FhiL Trsni.,' A, vol. 105, pp. 870-801 (1800). 
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that failure of this type is associated with a partioular kind of heat>troatment- 
of the steel, viz., prolonged annealing or very slow cooling through the> 


Fio. a 

temperature range just below the lowest critical point of the steel (Ari), 
This treatment results in the aggregation of the oementite or iron>oarbide of 
the steel into the form of solid globules or membranes, instead of leaving it 
distributed in the relatively diffuse form of pearlite more usually found in 
steel. This distribution of the carbide is, in itself, undesirable, and causes 
weakness, more particularly under impact. In the form of pearlite also, with 
its minutely irregular outline, the carbide would serve as a much better 
" key ” to hinder relative motion of the crystals than it could do in the form of 
smooth plates or membranes. Beyond this, however, it is important to note 
that the heat-treatment which produces this peculiar distribution of the- 
carbide also allows the iron or " ferrite ” crystals to approach an equilibrium 
condition in which further growth is very slow, and which is oharacterised 
by very smooth and regular crystal outlines. We thus see the oharaoteristio 
feature required by the authors’ explanation reproduced in a striking manner 
in an aluminium alloy, lead, and mild steel, in samples all of which exhibit 
the phenomenon of inter-ciystalline fracture following upon prolonged 
exposure to stress. 

Another fact of interest in this connection is the effect which even a email 
rise of temperature appears to exert on the phenomenon of " season cracking,”' 
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an effect whichi in the authors' view, would be anticipated as a result of the 
rapid duninution of the viscosity of an under-cooled liquid with rise of 
temperature. In the case of brass, it is well known that ftulure from this 
cause is more likely to occur in a hot climate than in a cold one ; it has been 
found that the cracking of cartridge cases, for example, is more liable to 
occur when goods are stored in India than with those kept in England, while 
the brass- work of gasoliers, exposed to the heated air in the upper part of a 
gas-lighted room, is particularly liable to this type of failure. In the case of 
lead, the ordinary temperature is so near its melting point that the metal 
undoigoes spontaneous annealing recrystallisation) at the ordinary tem- 
perature. For such a metal, the ordinary temperature may well be regarded 
as *' high.” luv^e case of mild steel, although the temperature is still very 
far away from its melting point or even its softening point, it is at least 
suggestive that the oases of inter-crystalline fracture observed by tho authors 
have in every instance occurred in the plates of steam boilers working under 
a high pressure and, therefore, at a correspondingly high temperature, rising 
in some oases up to 200^ C, In the case of the aluminium alloy, the effect of 
a rise of temperature has not yet been investigated. The alloy, however, is 
one which rapidly becomes soft and weak with rising temperature — a 
softening which is appreciably lessened by the addition of manganese, whoso 
powerful effect on the season cracking'* phenomenon has already been 
described. The effects of temperature, as a whole, however, so far as they 
are known, appear to be entirely consistent with the authors' view, that this 
type of inter-orystalline fracture results from a gradual yielding or ** flow ” of 
the viscous inter-crystalline amorphous cement, since the viscosity of such a 
cement would rapidly diminish with rising temperature. In the case of glass, 
it has recently been shown* that at a temperature where slight softening 
becomes noticable, every rise of 8° C. reduces the viscosity by one half. 

In the case of the aluminium alloy, the authors have made some pre- 
liminary measurements of the time required to produce rapture under various 
intensities of loading. The results, examples of which are given in the 
subjoined Table, indicate clearly that the time required to produce rapture 
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* Twyman, ^Journal Soa Glass Tschnology,’ vol. 1, No. 1, May, 1017. 
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increases very rapidly with decreasing intensity of stress, in the manner 
which would be anticipated in a case of viscous flow. More numeroos obser- 
vations are, however, required to establish any definite relationship. 

In these tests there is little or no elongation of the specimen. If a similar 
test-piece of the same material is tested in the ordinary way, it shows a breaking 
stress of 24 tons per square inch and an elongation of 8 per cent, on 2 inches. 

Having put forward the evidence so far available in support of their 
explanation of the mechanism of inter-crystalline fracture, the authors wish 
to consider briefly some of the main objections to their views which have 
presented themselves. 

The first of these difficulties relates to the fundamental question whether 
an amorphous inter-crystalline cement can or does exist. The evidence for 
and against this has been fully discussed elsewhere ;* here, it need only be 
said that until other methods of investigation become available, any direct 
proof of the existence of the cement can hardly be hoped for. On the other 
hand, the increasing number and range of phenomena which the hypothesis 
of an amorphous inter-crystalline cemont serves to explain and correlate 
famishes important indirect evidence in favour of the validity of the 
hypothesis. From that point of view, the case appears to be considerably 
farther strengthened by the observations described in the present paper. 

Perhaps the most serious difficulty which confronts the authors’ views is 
that of accepting the somewhat novel idea that a sufficient degree of 
mobility can exist in the under-cooled liquid forming the inter-crystalline 
cement to allow of viscous flow resulting in fracture at temperatures not very 
much above the ordinary. On this point it may be said that we have no data 
as to the viscosity of under-cooled metal, and can only judge by analogy with 
other substances, such as glass. But while glass is very readily under-cooled, 
this is not the case with metal, which has not been experimentally under- 
cooled in any considerable quantity sufficiently far below the freezing point 
to save it from spontaneous crystallisation. This difference may well be due 
to a difference in regard to viscosity — ^that while glass when imder-cooled at 
once increases so rapidly in viscosity that crystallisation soon becomes 
impossible, in metals the rapid rate of increase of viscosity may not begin 
until a much lower range of temperatures is reached, with the consequence 
that a degree of under-cooling which could easily be achieved experimentally 
is not sufficient to retain the material in a “ vitreous ” condition. If this is 
the case then at temperatures not far above that of the air, the inter-crystal 
cement might be sufficiently mobile to yield very slowly to the prolonged 
etbots of stress. 

* Bomnhain, see papers cited in note, p. 58. 
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It may further be pointed out that in the case of 7-iron, Bosenhain and 
Humfrey (loc, dt,) have shown definite evidence of viscous flow takiug place 
in the crystal boundaries. Yet 7-iTon at a temperature just above 900° C. is 
still 600° C. below its melting point. As compared with this, brass, lead and 
the authors’ aluminium alloy at the ordinary temperature are approximately 
some 900° C., 300° C., and 600° C. below their respective melting points. 
Their relative conditions, therefore, need not be regarded as essentially 
different ; if viscous flow in the amorphous cement can be accepted in the 
one case, there need be no great difficulty in extending the conception to the 
othera 

The mild steel referred to above in connection with inter-crystalline failure 
in boiler plates is, however, in a somewhat different position, since at the 
ordinary temperature this is some 1500° G. below the melting point of iron, so 
that even a rise of some 200° 0. in a high-pressure boiler does not bring it 
into the same range as aluminium or brass. The explanation may, however, 
lie in the allotropic transformations which imn undergoes. The melting 
point near 1500° C. is that of 7-iron, or possibly of some other modification 
stable at those very high temperatures. The iron which undergoes inter- 
crystalline fracture, however, is «-iron. If this variety could be prevented 
from passing into the other modiiicationH on heating, it seems probable that 
its melting point might lie not very far above the transformation temperature. 
At all events, the variations of the physical properties of «-iron with rising 
temperature suggest that they are related rather to its transformation tem- 
perature, in the neighbourhood of 900° 0., than to the melting point of 7-iroii 
near 1600° G. If this view is tenable, the difficulty in the present connection 
disappears, sitioe the truusforiuation temperature of iron is rather lower than 
the melting point of brass. 

If tlie explatiatidn of “ season ciacking ” and similar phenomena of inter- 
crystalline fracture which has here been put forward proves, on further 
investigation, to bo well founded, consequences of considerable practical 
importance may be drawn from it. It would appear that the risk of inter- 
crystalline fracture following upon the prolonged action of stresses far below 
the normal " breaking strength ” of the material is of very considerable 
importance, aud that our immujiity from numerous and serious failures from 
this cause is due to the fact that in the majority of metals as ordinarily 
employed the condition of the crystal boundaries is not favourable to viscous 
flow. In the case of certain alloys, such as. steels containing moderate 
amounts of carbon, this safety is no doubt due to the presence of a second 
oonstituent possessing chaiacteristioally irregular outlines.- In other cases, 
the safe character of the boundaries can ouly be due to the fact that as a 

F 2 
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remit of maniifaiOtuxing oonditione the oiystals are left in a oondition of 
ineomplete growth in which tiiey have not been able to develop smooth and 
regular outlines. Failures from this oaose have, therefore, only arisen in a 
rdatively few special cases where metal has been subjected to somewhat 
drastio annealing which has allowed the crystals to attain a conditiott of meta- 
stahle equilibrium in whieh their outlines have had an opportunity of 
becoming smooth and r^nlar. As has been found by practical trials in the 
ease of brass, such "season cracking’* can be prevented by a suitable modifica- 
timi of the annealing operations. The most serious oases, however, are those 
arising in steel If these have been rightly correlated with the others, the 
remedy is olear^the heat*treatment of the steel must be altered in such a 
manner as to avoid all risk of the formation of the smootb and regular 
boundaries which-^nite apart from any theory—are definitely associated 
with this dangerous type of failure. Fortunately the well-known operation 
ot "normalising” mild steel by heating it for a very short time to a tem- 
perature just above the upper critical point, followed by rapid cooling in air, 
is sufficient entirely to eliminate all risk of the development of those 
a]n;iaiently dangerous structural arrangeuente. 

The authors gratefully acknowledge much valuable help in carrying out 
some of the experimental work described in this paper whi^ they have 
received from several of their coUeagnes, partioolarly from Mr. F. S. Tritton. 
Th^ are very specially indebted to Ifr. L Archbuttof Derby for first calling 
their attention to the oocuriencs of inter-oryitalline failure in lead. They 
aim desire to acknowledge (he interest which has been taken in this research 
Iqf Sir Biohard Glasebrook, O.B., FJIS., Director of the Kational Fhyiioal 
Labmwtory, where the work has been carried out. 
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On th^ Determiruxtim of the Sectdtxr Acceleration of the Moorle 
Longitvde from Modem Observations. 

By Ernbst W. Bro^vn, F.RS. 

(Beceirad March 17, 1919.) 

In * Proceedings/ Ser. A, voL 95, pp. 300-302, Mr. Nevill applies to a set of 
observed errors of the Moon’s longitude a change of the form a+bt+c^ and 
argues that the result shows a total absence of any difference between the 
theoretical and observed values of the secular acceleration in the modem 
observations extending from 1640 to 1915. The value of c in the above 
expression has been so chosen that the value actually used shall be that given 
by theory. 

If the result of the application of such a change had been the reduction of 
the errors to small quantities which had apparently no systematic character, 
there might have been some foundation for the statement, but this is far from 
being the fact. It has long been well known, and it is again evident from the 
table of values which Mr. Nevill gives, that the errors show a periodic 
character and are so large that no conclusions can be drawn concerning the 
coefficient c until the nature and quantity of their jieriodicity has been deter- 
mined. In order to avoid misconception it should bo statetl that a, b are 
constants which must be determined from observation and that large changes 
in their values are possible without sensibly affecting other portions of the 
theoretical expressions for the Moon’s co-ordinates. Hence, it is usual in 
making any alteration in c to so determine a, h that the observations are beat 
represented by the formula. 

The main question involved is that of the representation of a curve of 
limited length by a formula, to a given degree of acccracy. A simple 
illustration is fornished by the expression 1), where the unit of time is 

a century and the epoch is 1800. The changes produced at 1900 and 1700 
by this formula are zero and the greatest change between 1915 and 1640 is 
at ISQP where the change is —2". A glance at the numbers in Mr. Nevill’s 
column H« is suffloient to show at once that the application of such a formula 
does not alter the periodic character of the errors, and it is known for 
theoretical reasons that it cannot do so, as long as knowledge concerning the 
periodicity of the errors is absent. 

The fact is that the precise vidue to be attributed to the coefficient e is 
inseparably bound up with the representation of the remaining errors so long 
as the principal part of these errors can be represented by a periodic term 
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with a period of a length aiinilar to that covered by the series of observationa 
The question has been fully dealt with by Tisserand in the thii-d volume of 
his ' M^canique Ciileste.' In vol. 72, p. 708, of the ‘ Monthly Notices of the 
Boyal Astronomical Society,’ 1 have given a complete numerical illustration, 
the results of which can be very briefly stated. Let 

A = 1-88" (<- 0-27)* +12-9r)" sin (131“ 100-6®), 

B = r66"-l-43"(i-0-27)+ 1116" sin (138°< + 99-4“), 

where t is the time reckoned in centuries from 1800. It was shown that the 
difference (A— B) will never exceed O'l" between 1710 and 1930 or 0*5" 
between 1620 and 1950. Even so considerable an alteration as 5*4'7‘ was, 
by similar methods and by a proper choice of the periodic term, and of the 
coefficients of t' , shown to produce changes less than 0-3" between 1710 
and 1930 and changes less than 1-6" between 1620 and 1950. Hence the 
coefficient of ^ cannot be obtained from the modem observations until the 
source of the periodic term is known and its constants determined with 
very considerable accuracy from the theory. Even when either A or B has 
been applied to the longitude, the remaining errors i-equire for their repre* 
sentation at least three periodic terms with coefficients of some seconds, so 
that the difference between adopting A or B cannot be settled on the basis 
of the observations. 

At the end of his paper Mr. Nevill states that the large outstanding 
fluctuations are due to Hansen’s erroneous values for the terms of very long 
period, and that they disappear so soon as these are replaced by their correct 
values. He apparently ignores the fact that the work of Badan, Newcomb, 
and myself shows substantial agreement, both theoretical and numerical, in the 
conclusion that these outstanding errors cannot be explained in any such 
way. In order to justify such a statement in the absence of any published 
and detailed investigation of his own, it is necessary that he should show in 
what manner we have failed to perform our work correctly. 
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On ike Area of Surfaces. 

P.y Prof. W H. Young, Se.l).. F.R.S. 

(Itocoived March 18, 1919.) 

The iieccHHary and sufficient condition that a curve should possess a length, 
this length being given by the usual integral formula, is well known. The 
curve being deiined by the e(j nations 

X’ = ./ (a), if = if 

the condition is that and y{n) should be oxpnissible as integrals* with 
respect to u. 

It may seem scarcely credible that no corresponding theorem is known 
with regard to tho area of a surface. Such is, however, the case. An<l 
what is moro surprising, no one lias hitherto succeeded in giving such a 
definition of the area of a curved surface as permits of a determination of a 
sufficient condition of a general nature that the surface should (lossoss an 
ai-ea, this area being given by the integral formula known to hold in tho 
simplest oases. 

The stop from one dimension to two has, in this instance, as in many otlier 
parts of analysis, been found ilifficult to take. The reason seems to be in 
Iiart, here also, that several generalisations, at first sight equally eligible, 
of the definition involved, and of the theorem to bo proved, appear to be 
possible, while it has been difficult to perceive in what way the analytical 
reasoning employed in the one-dimensional case is capable of extension to 
higher space. 

As the length of a curve is defined as the limit of tho iiorimeters of 
inscribed polygons, it was for a long time supposed suffleumt to define the 
area of a curved surface as the limit, assumed to be necessarily unique, of 
the areas of inscribed polyhedra, the faces Ixung usually taken to lx? triangular. 
That this definition is fallacious is, however, easily seen, os was pointed out 
almost simultaneouslyf by Peano and Schwarz, even when the surface is so 
simple a one as a bounded portion of a cylinder of revolution. Tho defini- 
tion only leads to a finite limit when a suitable limitation is imposed on the 
magnitude of the angles of the faces. Almost the only case, moreover, in 

* Absolutely convergent (or Lehesgue) integrals. — L. TonclH, 1912, Sulla lungh6zza 
di una cuiva,”‘Atti di Torino,’ vol. 47, 1908; “Sulla Bottifir;azi6ae delle Curve,” tVW., 
vol. 43. 

f About 1880. See Lebesgue’s Dissertation, *^Int6grale, Longueur, Aire,’' 1902, 
* Annali di Mat.,’ ser. 3, vol. 7, p. 298. 
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wbioh the definition based on trisngnlation works (even when such a limits- 
tion is imposed), is that in which the equations defining the surface an 
analytic, or, at any rate, the tangent plane to the surhwe exists evetywhere, 
varying continuously from point to point. 

Even Lebesgue, who defines the area as the lower limit of the areas of 
polyhedra which themselves tend uniformly* to the surface as limit, has 
found it only possible to obtain the integral formula in this latter very 
special case. Thus, when the partial differential coefficients of x, y, and z are 
not continuous, but are bounded,f he does not succeed in proving more 
than that the surface has an area ajccordvng to hiz definition, and that this 
area is not greater than the double integral} with which the working mathe- 
matician expects to operate, 

For the rest, Lebesgue's definition itself is not quite so simple even as 
might be supposed. On the one hand it is only applicable to surfaces which 
are the uniform limits of polyhedra ; and on the other the assumption that 
the area is to be the leatt of certain limits, apart from its arbitrarineas, raises 
a doubt as to whether the sum of the areas, so defined, of two portions into 
which we divide our surface is the same as the area of the whole. In fact, 
the lower limit of the sum is not in general the sum of the lower limits, and 
Lebesgue is consequently under the necessity of justifying his definition, 
which involves him in a somewhat lengthy and delicate discussion. 

Among the earlier definitions of area quoted by Lebesgue, those due to 
Peano and Minkowski are worthy of mention ; the first because it betrays 
real appreciation of the nature of the problem to be solved, and a fine sense 
of its difficulties, the second because of the paradoxical and even absurd 
results to which it may be said to lead. 

Peaao§ remarks that, given a skew curve C, we can, at least in simple 
oases, find a plane curve c, whose projection on each co-ordinate plane has 
the same area as that of the skew curve. If then the given surftee be 
supposed capable of division into portions by means of such closed contours 
0, the area of the surface may be defined in terms of the sum of the areas of 

* Freoisely, *p(«i vX *’)> ^p(*« being the oo-ordinatee of a point on the pth 
polyhedron, v), y («, v), < («, v), thoae of one on the eiiifMe, Lebesgue demands that 
Of, yp and tp should tend uniformly to y and z reepecttvely, toe, oft., p. 801. 

f Lebesgue provae, loo. ci't., §70, pp. 60 and 86, that this is the neoessuy and suffloient 
condition that every curve on the surface corresponding to a notifiable curve in the 
(a, v) plane should be rectifiable. As he remarks, such a sntfaoe nmy cease to pomsm 
(hie property when the variables «, « are transformed, ^e property is not a property 
of the suifiaoe par m, but in part also of one of its parametrio rep r esen t a ti on s . 

} ** Touts dOfinition gOomOtrique qui ne condnirait pas h oe nombre conanorfi par 
l*naage aeralt en eflM rejetfie,” Lebeague, loo. eft., p^ 300 l 

§ *Atti della Beale Accademia del Lince4 Rendioonti,’ IfiOOi 
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the coiteeponding e\ and in Feano's statement is the upper ^imit of this sum. 
Apart, howevet, from certain scruples felt by Lebesgiie in accepting this 
suggestion as a satisfactory basis, it is not known under what conditions the 
definition is applicable, nor, I believe, has it been shown that, even when 
valid, it leads to the desired formula. 

Minkowski’s* definition is given by Lebesgue in a footnote without 
oriticism. It proceeds from the point of view that the notion of volume is 
essentially simpler than that of surface. This is, at least, open to discussion, 
even if we confine our attention to areas and volumes made up of positive 
parts. Minkowski then describes round every pomt of the surface as centre 
a sphere of radius r, in this way tracing out a portion of space, which may 
be regarded as possessing a volume V(r), and he defines the area of the 
surface as the limit, when it exists, of Y(r)/Tri^. In the same way he defines 
tlie length of a plane curve, by means of an area y(r) similarly formed, as the 
limit of V(r)/2r. 1 have, however, shown that even a countably infinite set 
of points can be constructed to have a positi\ e length, and even to have an 
infinite length, with Minkowski’s definition. 'Pho peculiarities which may 
present themselves in higher siHice, and when the set of points is mure than 
countably infinite, are evidently no less paradoxical. 

§ 2. I propose in the present communication to give a brief account of a 
theory of the area of surfaces, which I have formulated, and which api)earrt to 
me to answer to all the requisites. I begin by explaining the sequence of 
ideas which I at first followed. 

If we actually form the summation of the areas of the triangular faces of a 
polyhedron inscribed in the surface 

x = x (ii, v), y = y ('«. * = * (“. '») 

— this surface being supposed to be in (1, 1) correspondence with the plane 
of (m, v) — namely, 

where x{H+h,,v+kr), tfiu+kr.v+k,), I 

Cm = S‘(u+h,.v+k,). yiu+h^v+k,), 1 

we are naturally led to exalnine, with the object of clearing up our ideas, the 
simpler summations, such as 

2|C„.!, 

obtained by omitting the variaUe z. This corresponds to the problem of 
determining the sum, without regard to sign, of the areas of the three-point 

* ‘ JahrMberioht dsr deutsoliM Msthsmatlksr Ysroinlgung^’ 1801. 
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images in the (a;,y)-plane of three-points in the (»,v)-phine. It at onoe 
becomes evident than even in the simplest case, in which the partial 
differential coefficients of x and y with respect to u and v exist everjwhere and 
are continuous, a restriction on the magnitude of the angles in the triangula- 
tion, either in the (u,v) or in the (a;,^)-plane, is necessary. Otherwise we 
might, for example, have a triangle of definite area in the (.r,y)-plane oorre- 
sponding to three points in a straight line in the (v, v)-plane. 

Suppose the partial differential coefficients are all lees than a fixed finite 
quantity. Then it is easily seen that C,,., the expression already written 
down for the area of the triangle in the («,y)-plane, is lees than a bounded 
multiple of 

and therefore of 

On the other hand, the area of the corresponding triangle in the (u, «)-plane 
may be written 

V(V'+Ar*) ✓(*.»+ ii*) sin 7 . 

If, then, 7 , which is an angle of the triangle in the (u, «)-plane, lie 
between fixed limits «, ir— e, the ratio of the areas of the two triangles will 
be a bounded one. It is then easy to deduce that with this understanding, 
namely, that one at least of the three angles of each of the triangles in the 
(u-v)-plane should satisfy this limitation, the triangulation method leads, 
when the partial differential coefficients exist and are continuous, to a satis- 
factory result. In particular, the limitation is satisfied, whmi one of the 
angles is a right angle. 

§ 3. Further progress appearing to be attended with serious difficulties, I 
attempted to still further simplify the problem by confining my attention to 
dirteted areas, in the case of correspondence between two planes, not, of 
course, necessarily (1, 1). The problem became, then, that of determining a 
directed area in the (x, y)-plane corresponding to a rectangle in the («, v)- 
pleme, and, more precisely, that of calculating the magnitude obtained by 
adding together triangles in the (a;, yVplane taken with their proper sign, and 
taking the limit of their sum. Depending, as this limit necessarily does, 
only on the form of the image in the {x, yVplane of the perimeter of the 
fundamental (u, v)-reotangle, the idea is suggested that we may define the 
area in terms of this curve rather than in terms of porticms of the plane 
bounded by it. 

For details I must refer my readers to a communication made elsewheie. 
The main result I obtained in this direction was as follows : — 
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I define the area of a closed curve given by the equations 
v = .e(v). y = ?/(«). 

as the limit of the area of an inscribed polygon, whenever this limit is 
unique and finite for every mode of inscription, the sides being all lees than 
a norm /3, which tends to zero as limit The area of this polygon is itself 
defined as the sum of the moments, taken each with their proper sign, about 
any point in the plane, of forces represented in magnitude, line of action, and 
sense, by the sides of the polygonal figure taken in order. In other words, 
the area of the curve is defined as the limit of the moment of the couple 
equivalent to the forces in question. 

With this definition we may assert, for example, that every closed plane 
ourve which is rectifiahU, or, more generally, is such that one of the con- 
tinuous functions x (u) and y (u) has bounded variation, has an area given by 
the formula 

X (u) dy (u)-^y (u) dx (w)}. 

So far all is easy. The difficulty is to transform into a double int^al the 
formula just written down, under certain conditions to be investigated. The 
result here obtained is the following : — 

jy x^x(u , «?), y = y (w, v), 

have partial derivatives dx/du, dx/dv, dy/Bv (not necessarily differential 

eoefficMfidi) which are bomded, or more generally are such that 

dx Sy 

are, except for a set of valves of u of coiUent zero, each numerically less than, or 
egml to, a summable function of u, and 

Sx Sy 

Sv* Sv 

are, except for a set of values of v of conlent zero, each nuvurically less than, or 
equal to, a mmmahle function of v, then the area of the curve in the (x, yyplane 
which eorreeponds to a rectangle in the (u, vyplane, with sides parallel to the axes 
of u and v, is given by the usual formula, 



the douMe integral being taken aver the rectangle in question, 

§4 It should be noticed that the rnisem d’etre of the concept of area, thus 
defined, and the formula embodyiiq; it, lie in the verj^ nature of things. 
They are nothing more than the generalisation for the functional relationship 
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between two planes, of the well-known, and in its familiaiity almost trivial, 
oonoept of direcUd length, and of the simple formula 


X 




du. 


which, in the functional relationship between two lines, expresses it And 
as no necessary and sufficient condition in terms of the integrant is known 
for the truth of the latter formula, it is not surprising that the condition we 
have obtained in two dimensions is a sufficient and not a necessary one. 

None the less, it is only in the case of a simple Jordan curve, that is, a 
curve defined by a (1, 1) continuous correspondence with the circumference 
of a circle, and possessing accordingly the property of dividing the plane into 
two distinct portions, that a general sense has been hitherto given to the 
term "area of a dosed mrve," and, under suitable conditions, a formula 
obtained for it. 

§ 5. The question at once suggests itself, whether this new concept and 
the formula cannot be utilised in the theory of surfaces. For this purpose 
we have to generalise in a suitable manner the idea of chord, or, more 
precisely, the number expressing the invariant property belonging to two 
points. The chords are directed lengths, but it is the sum of their moduli 
that we add. What we now want, then, is a plane vector, and we shall 
require to sum the moduli of a number of such vectors, just as, in defining 
the length of a curve, we add the numerical values of the distances between 
successive points. From this point of view, we have to find a plane vector 
whose projections on the co-ordinate planes are directed areas in those 
planes. 

If we start with a surface defined by the equations 

» = »(«,«), ys=y{u,v), sssz(u,v), 
we shall naturally divide the fundamental («, v)- rectangle into sub-rectangles 
{u,v\u-k-h, r +A;), and we shall in this way obtain small directed areas in the 
{y, z), (z, x), and (x, y)-planes, which are nothing less than the projections on 
these planes of the portions of the surfhce correqmnding to the little 
(u, v)-8ub-rectangles. The contour of such a portion of the surfhoe projects 
precisely into the curves of which these are the directed areas. We are 
thus led to see that the generalisation of the length of the chord for a 
curve is, for a surface, the magnitude of the couple, defined as follows: — 

Inscribe in the skew curve, which forms the contour of eaoh little portion 
of the surface, a polygonal figure, whose sides are all less than a certain norm. 
If we suppose acting along the sides of this fl^re forces represented 1^ the 
aides in magnitude, line of action and sense, these will be equivalent to a 
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couple. The magnitude of this couple being supposed to have a unique 
limit as the norm tends to zero, this limit is defined to be the area of the skeur 
curve. This area is, then, the generalisation for surfaces of the concept Imjth 
in the case of a curve. 

It will be remarked that, when, as we may for simplicity suppose, 
there is a (1, l)-oorrespondenoe between the surface and the (u, v)-plane, 
these little contours on the surface necessarily divide it up into curvi- 
linear quadrilaterals without ambiguity. Now if we suppose the little 
rectangles in the (u, v)-plane to be all of span less than a norm fini where 
fih are successive positive (luautities with zero as unique limit, and 
if we form the sum Ba of the magnitudes of the areas of the contours 
corresponding to the perimeters of these little rectangles, and if, as n 
increases indefinitely, this sum B, has a unique limit, independent of the 
particular mode adopted in dividing the fundamental {u, v)-rectangle by 
lines parallel to the axes of u and v, as well as of the mode in which the 
norm fi, diminishes, this unique limit is called the area of the portion of 
surface in (1, l)-correspondence with the fundamental (u, v)-rectangle. 

§ 6. We now pass to the proof of the fundamental theorem, in the theory 
of the area of surfaces as above defined, which may be stated as follows : — 

Jfx(yb, v), y{u, v), and z(u, v) pomes (fret) partial derivoUee with respect to 
«, wAmA are, excqtt./or a set of values of u of zero content, etush less than, or 
equal to, an absUutdy intyrable {summdble) fvmction of u, and if similar stale- 
ments held for thdr partial derivales with resped to v, and if, further, x, y, and 
z are expressible os integrals with respect to u, and as integrals with respect to v, 
then the s/urface neeessarily possesses an area A. Moreover, further. 



Thus, in particular, the surface has an area, and this aret is given by the 
preceding formula if dxfdu, dy/du, <k/du, 5x/bv, dy/Bv, and Bzfdv— these 
symbols standing for partial derivales, and not merely differential co^ffMents— 
are Imund&l functions of (u, v). 

§ 7. Let us employ the well-known formulte for the lesultant couple of a 
system of forces, typically^ i^resented by (X, Y, Z), acting at the point 
(«, y, z), and bear in mind t^t there is no resultant force, owing to the fact 
that each contour is a closed curve, and that, accordingly, the couple whose 
eomponents are 

S(yZ-sY), t(zX-xZ), tixY^yX), 

is independent of the choioe of origin, as well as of axes. Wo then see, not. 
only that the area of the typical contour has for magnitude die sum of the- 
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squaree of the areas of the projections of the oontoor on the three co- 
ordinate planes, but also that this magnitude is, in virtue of the theorem 
quoted in § 3, 






a: 


J, 8(«,«) 


dudv 


’T}- 


and is therefore, in virtue of a theorem in inequalities of which the proof is 
indicated below, 



where (k, v ; h+A, v+X*) is the little rectangle of which tire little contour is 
the image. 

Hence the sum of the areas of all our contours, and therefore also all the 
limits of this sum, arc 





Moreover, this is true whatever the process adopted for subdividing the 
fundamental (u, '6')-rectsngle by lines parallel to the axes of u and v. 

§ 8. That in any one mode of proceeding by subdivision, when all the 
dividing lines at one stage are retained at all subsequent stages, we get a 
unique limit is evident from the fact that the summation at each stage 
cannot be less than that at the preceding stage. In fact, in a further sub- 
division of any one sub-rectanglo, we get contours on the surface whose 
resultant area is the area of the contour corresponding to the undivided sub- 
rectangle, and the sum of the areas of these contours must by repeated 
application of the triangle of couples be at least as great as their resultant 
area. We have still to prove, not merely that in two different modes of 
subdivision the two limits obtained are equal, but also that whatever process 
we adopt, by which the norm tends to zero, we obtain a unique and 
invariable limit. 

§ 9. Let us denote by B any (variable) division, such as we have utilised, 
of the fundamental (u, v)-tectangle into sub-rectangles, and let the greatest 
of the sides of these sub-rectangles be less than a certain norm fi. We shall 
use B also numerically to denote the (variable) sum of the areas of the 
contours on our surface corre^nding to these sub-rectangleB. 

Let U denote the upper bound of £ for all modes of division ; this is 
oertainly a finite number, since it cannot exceed our double int^;raL 
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We maj, therefore, let C denote a fixed division, such that the number C 
dilieis from U by less than e, where « is a small positive quantity, chosen 
at will. 

Then the sum of those sub-reotangles of B, which we may call £i, each 
of whioh lies in more than one sub>ieotangle of 0, is less than yS tintfes 
the sum of the lengths of all the dividing lines of C in the fundamental 
rectangle. Thus by choosing the norm 0 relatively small enough, the sum 
Ki is as small as we please. 

These sub*rectangles, Bi, are themselves subdivided by the lines of the 
fixed division C ; and the corresponding contours will therefore have for the 
sum of their areas a quantity as small as we please, since, as we saw, this 
is not greater than our double integral over these sub-sub-rectangles, that is, 
over Ki. 

If we add to these sub-sub>reotangles the remaining sub>reotangles Bj, 
whioh with Bi constitute the division B, we get a new division Q of the 
fundamental rectangle, where accordingly, when 0 is small enough, 

Q-sB + e, 

since Bt s B. 

But since G is got by subdividing tho fixed division C, 

CsG, 

by what was already proved. Thus 

CsB + c, 

and therefore U— fsB+eaU+e. 

Since this is true for all variable divisions B, whoso norm 0 is suAiciently 
small (the smallness being determined by e, and the fixed division C), we 
have, if L be any limit approached by the numbers B, as /9 0, 

TJ— e a B+c a XJ + r. 

Since e is as small as we please 

L = U. 

Thus the numbers B have a unique finite limit, however the process of 
division be performed, whaq the norm 0 tends to zero in any manner, and 
this limit is the upper bound U of all possible numbers B. 

This proves the theorem enunciated in § 6. 

§ 10. From the uniqueness of the limit two essential links in the ohain of 
reasoning follow, namely, that this unique limit may be regarded as a function 
of («,«), corresponding to the rectangle whose upper right-hand corner is the 
point (tt, v), and that this function is monotone asoending with respect to u, 
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and monotone ascending with respect to v. Its continuity with respect to n, 
and with respect to v, then follows once again by the use of the fact that, in 
changing, for example, from u to «+A., we have merely to add on 
the value of the limit for the whole vertical strip between the values v. and 
and therefore, by the inequality obtained in §7, and the property of an 
integral, tends to zero as h-^o. Hence, or similarly, it follows that this 
function is a continuous function of (», v), and raonotonely monotone. 

It now follows that the doable increment of this function, which we may 
call Q(«,v), being equal to the value of the limit corresponding to the 
rectangle (u,v, u+A, «+A;), is not less than the area of the corresponding 
contour, that is, it is 


where 




and Ht and Hg as got from this by cycliced change of x, y, and z. 

Hence any repeated derivate of Q is not less than the corresponding 
repeated limit of 

that is, of a v^(H,/My +(H,/Wi:)»+(H,/A*)». 

But Hifhk, being the double incremontary ratio of a certain double integral, 
has the integrant d(y,z)fd(u,v) for repeated limit, except for a set of values 
(u, v) of content zero. Hence, except at such a set of content zero. 



But Q(«,v) is monotonely monotone ascending with respect to (u,v), and is 
therefore not less than the doable intend of its repeated derivates, which 
necessarily coincide and are finite, except at a set of content zero. Hence 




But, by § 7, Q is not greater than the double integral Therefore 


Q(fi,») 



which proves the theorem of § 6, by putting u ss e,vtsi d. 


[N.E— The analogy with one dimenaon is complete. The summations in 
each division being there also increased when we put in additional chords.] 
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§ 11. We now prove the theorem on iuequalitiea utilised above. 

Theoroui. 

■{[ + " 1^1 k(x)€ixy^ 

*[f j[/(*)]*+l>(-^)?+ LA(«)P}] 

where x simulsfor any finite nnmhcr of mriahlts^ and the integral rt^rreenU the 
correspoifuiing midtiple integrnL 

Note, moreover, that the theorem remains true, if there be any finite, or 
countably infinite, set of functions, fg^h, ... taken instead of only three as 
in the enunciation. The argument does not depend on the number of 
functions, when this is finite, and the case when it is infinite follows from the 
finite case, by a familLar process, whenever the limit on the right-hand side is 
finite, and when it is infinite the statement is equally true. 

§ 12. To prove this theorem it is sufficient to suppose the functions each to 
possess only a finite number of values, these values being assumed on a finite 
number of rectangles, or intervals in the generalised sense. The result stated 
must then follow by the employment of the method of monotone sequences. 
It is also evidently sufficient to suppose all the functions positive. 

Let El, Ej, ... E„ be the n intervals in which the functions /, g and h have 
respectively the values /i, /a, gu 9n and Ai, Aa ...A». 

Then the square of the left-hand side of the inequality to be proved may 
be written : — 

(/iB+ . . . + 0/iEi + . . . +/aEh)» + (A iEi -h . . . + /^En)^ 

that is S(/,a-l-.7rHA,3)Er» + 22S(/ry.+^ri^.+A,^^^^ 

The square of tho right-hand side of the inequality may bo written 

+ v/CA*+.V.“+V) Hi.?, 

that is 

S (/r* + i?r* + A,3) Er^+ 2 SS + + A?) n/(/? + + V) 

Thus the coefficients of E?, Ej*, ... E»* on the two sides of the inequality 
are the same, while the coefficients of ErE, on the left-hand side of the 
inequality is, by a known theorem in olementary algebra, less than, or equal 
to, the eorresponding coefficient on tho right-hand side. Hence tho theorem 
enunciated is true. 
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On Quinge of the Itidi:pemlent Variables in a Multij}le ItUegrcU. 

By Prof. W. H, Youno, Sc.I)., F.R.S. 

(Receivod March 25t 1919.) 

The formula which enables ns to transform tho independent variables in a 
multiple integral is well known. It is 

= I 

where we have for brevity written | for the same symbol repeated m times, 
^(x) for ip {a;(u)} for the result of substituting in ^(x) for 

the «’a the functions which they are of tho vt variables, 
for the Jacobian of the x's with respect to the ti'a, dx for dxi, dxa... ilx„, and 
du for dvi, dna...d‘u„, while the hold of integration on the right being 
supposed to be any region or set of {mints in the flat space deflned by the 
variables u, that on the left is the corresponding region or set of points in the 
space defined by the variables x. 

The conditions under which this fvmdamentally important formula holds 
have not, however, been stated with any sort of generality, except in the 
one-dimensional case. 

This has been undoubtedly duo to the very real difficulties which have 
been felt in the pass^ from one dimension to a higher space. Neither the 
argument employed in the simpler problem, nor the conditions obtained, are 
generalisable as they stand. 

I have recently hod occasion to formulate a very general set of conditions 
under which tlie formula holds in any number of dimensions, provided only 
the function ^ {x) is replaced by unity and the field of integration on the 
right-hand side is an m-interval, a term which it is convenient to use for the 
generalisation in m dimensions of a rectangular parallelepiped whose faces 
are parallel to the three co-ordinate planes. 

These conditions ai-e, indee<l. so general that it scarcely seems possible for 
them to be improved upon materially. 

I propose in my present communication to show how, when once this 
simpler case has been dealt with, in which 0 (as) is replaced by unity and the 
field of integration is restricted to an m-interval, the more general formula 
stated at the outset may be deduced. I have purposely so worked the 
theorem I propose to prove as to make its value independent of the greater 
or less great generality of the conditions obtained in the simpler problem. 
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§ 2. The theorem ie os follows : — 

If .fl = 

J’a = A (*^l» 


•''HI • • •> ^m)» 


define a correspondence between the x- and the ?/-spaco8 which satisfies the 
following conditions : — 

(1) The functions which the fic’s are of the ?i’s arc continuous with respect 
to the eimmhle of the latter variables. 

(2) Every m*interval in the a-space has for image a definite portion of the 
2 ?- 8 pace, whose boundary is the generalisation for such space of the concept of 
a simple Jordan curve without loops, so that the boundary divides the whole 
of the a;-Bpac6 into two distinct portions, one inside and the other outside* 

(3) The hypervolume oT the portions of ic-space thus enclosed, and which 
may in particular bo evanescent, are given by the absolutely convergent 
integral 




duii dn^y . 




taken over the w-intervals in the u-spoce, of which they are the images, the 
hypervolumes being accordingly positive, negative, or zero, according as tbe 
value of this integral is positive, negative, or zero. Then, with the notation 
explained above, whatever function ^ may be of the variables x, 

{»(«)} 

the field of integration on tlie right lieiug any m-iuterval, and that on the 
left the space A internal to the boundary which corresponds to tbe boundary 
tbe m-interval, provided only the function ^ is summable, not only over this 
portion of the ®*spaoo, but also over the whole of the set coustituted by the 
points in the ®-Bpace, which el's the images of all the points of the 
m-intervsL 

Further, if £' be any set of points whatever in the ®-8pace and E the set of 
points in the ri-spaoe which has £' for image, then 

I J (®) <& = j J {« (»)} du, 

provided only the integral on the left exists. 

$ 3. The proof of tbe theorem is tbe same for any number of dimensions, 
except as regards notation and terminology. I propose, therefore, for brevity 
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and simplicity of explanation, to assume henceforth that there are only two 
independent variables, and 1 shall call the old variables x, y, and the new 
variables u, v, so that the formula to be proved becomes 

I j ^ (■«. y) rfy “ If ^ ^ 

The method I adopt, a method I Iiave already had occasion to refer to in 
previous coninuimcations to the Society, is that of monotone sequences. 
The fonn in which it is convenient to apply this method on the present 
occasion is not that in which the theorem to be proved is first discussed for a 
function ^ (x, y) which has a finite nuiul^er of constAnt values over a finite 
number of rectangles in the (x, ;y)-plane. Tire convenient plan to employ is 
now to first prove our theorem, when the function ^ (x, y) is a continuous 
function of (x, y), and therefore also of (w, v), while the field of integration 
on the right is the rectangle asuse,bsvsd. 

Divide this rectangle into sub-rectangles by lines drawn parallel to the 
axes and so near to one another that the image in the (x, y) plane of every sub- 
rectanglo has a span less than S, where 8 is itself so small that the oscillation 
of y) in each of the little (x, y) area-images is less than e. This is possible 
owing to the continuity of the correspondence and the continuity of the 
function <f), by virtue of the well-known theorem that continuity involves 
uniform continuity. 

We may, evidently without loss of generality, assume that the area A in 
the (x,y)-plane corresponding to the fundamental rectangle in the (u,v)-plane 
is positive. We may also suppose the function ^ to be never negative, for, if 
not, it could be expressed as the difference of two functions each of which is 
continuous and neither of which is negative. 

Let us agree to denote by the same letter the name and the area of each 
portion of either plane considered. Let A bo the typical little rectangle in 
the (w, v)-plane and A' its image in the (x, y)-plane. Then the areas A are all 
positive, but the areas A' are in general some positive and some negative. 
The areas A add up as they stand to the fundamental rectangle. The areas 
A' overlap and have for their algebraical sum the area A. Also, as the 
boundary of each A' divides the plane into two distinct parts, they out one 
another np into a finite number of non-overlapping areas A", each of which 
will necessarily occur an odd number of times, say, |>+1 times 

positively and p times negatively, whenever A" is inside A, where p varies, 
of course, in general from one A" to another. Such A", however, as are 
outside A will each occur an even number of times, say 2p, p times positively 
wd p times negatively. 
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We are thus finally left with a set of essentially positive A"’s, of which 
each occurs only once inside and does not occur at all outside A, their sum 
being exactly equal to A. Moreover, as every A" is contained in a A', the 
oscillation of ^(x,y) in every A" is less than e. Hence, by the definition of a 
double integral of a continuous function 

taken over the area A, differs from the sum of the producUa of each A'' into 
the value, q say, of <l>(x,y) at any convenient point in it (q varying, of course, 
in general from one A'' to another) hy a quantity which is less than the 
product of e into the sum of the A"*s, that is by leas than rA. 

All turns now on expressing this summation involving A" in terms of two 
summations involving A^ which we shall call respectively the upper and 
lower A^-suinmations. By tlie ii])por A'-Bimimation wo shall mean that 
obtained hy summing the j»roditcts of each A' into a value of ciiosen to be 
the upper bound of ^ in that A^ when A' is positive, and the lower bound, 
when A' is negative. Hy the lower A'-sumniation wo shall understand that 
obtained from the upper siumuation when the wonls upper bound and lower 
bound are interchanged. Then we assert that — 

(1) The A^^-summation has a value intermediate between those of the 
upper and lower A"-summations. 

(2) The value of the uj>per A'-summation exceeds that of the lower by a 
quantity which is less than the product of e into the sum of the A' *8, each 
taken [Kjsitively. 

To prove (1), we remark that A'' will virtually occur in 2p+l terms of the 
A' upper summation, as being i)art of 2p + l A"h, and will accordingly 
contribute to the A" upper summation in all 

A^^ (Ui+ Ua + ... + Up+i — -hi—I-a*** 

where Ui, Uj, ... U^+i, are the upper bounds of <f) in the ^>+1 positive A”8 
which contain A", and Li, ... are the lower hounds of 0 in the p 
negative A’s which contain A^', Each of the U’s is s q, and each of the L's 
is 2 2* Hence the contribution of A'^ is greater or equal to 

A" [(2» + l)2-P-2]. 

that is, greater or equal to 

j.A". 

Henoe, the portion of the A' upper summation duo to such a A" is greater 
or equal to the coiTesponding part of the A"-summation. 

We have also to consider the A"’b which occur the same number of times 

u 2 
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positively and negatively outside A. Here the U'a of the positive A"8, 
being greater or equal to any value of ^ chosen in A"', are greater or equal to 
the L’fl in the negative A^’s. Hence, though the U's are now equal to the L's 
in number, the excess of the sum of the former of that of the latter is neces- 
sarily positive, so that the portion of the A" upper summation due to the 
parts of the A'*s outside A is certainly positive, while there is no correspond- 
ing portion in the A'^-summation. 

It at once follows that the A^'-summation is not greater than the A' upper 
summation. Similarly, it is not less than the A' lower summation. Hence 
our assertion (1) is true. 

As regards our assertion (2), it is sufficient to remark that it is an imme- 
diate consequence of our mode of forming the summations, coupled with the 
uniformity of the continuity of <f>. 

It follows, since the area A^ is numerically equal to 



d (u, v) 


dud's 


taken over A, and therefore numerically 

d{x,y) 
d (w, v) 


dn di\ 


taken over A, that the A"' and A^summations all differ from one another by 
a quantity which is numerically less than 


'0 


dudv, 


d{UtV) 

taken over the area A. 

But the A'^-suuimation has been shown to differ from 

\\Hx.y)dxdy ( 1 ) 

taken over A by less than eA. Hence JJ y) dxdy must differ from ^ther 

of the A'-summatious by a quantity which is numerically less than 

I w 

where the integral is taken over A. 

Now take cither, say the upper, of the A'^summations. It may be written 
in the form 

-A 

(3) 


eA+e 


If 




where the integral is taken over A', and a/, y' is the point of A' at whidh 
^ assumes its upper bound in A'. This summation differs iberefoie from 



( 4 ) 
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(“. ’’). y (“. [-i' («. ®). y' («. ®)]} 

taken over the whole area A, x\ i/' changing of course by jumps as we move 
from one A of the fundamental rectangle to another. 

Now the coefficient of (./’,. (/)/</ (w,®) in the integrant being numerically 
less than e, it follows at once that the difference between the double 
summation (3) and the double integral (4) is numerically less than 


. ff 1 djx.y) 

JJ I (f(u,v) 


dll dv. 


Hence the double integral (1) differs from the double integral (4) by less 
than the sum of the last expression and (2). That is by less than 

d(x,y) 
d (ii, v) 


eA + 2r 


ditdv. 


Hence, as e is at our disposal, (1) and (4) must bo equal. 

§4 Next let ^(x,y) denote any bounded function obtainable from the 
continuous function ^ (x, y) by nionotune sequences, in other words, any 
bounded lower or upper semi-continuous function, or any lu,vl ... function. 
The truth of our theorem in this case follows immediately. In fact, if, for 
example, ^8(a}, y), ..., ^^{x,y) lepreseut any monotone sequence of 

functions for each of which the thooi'em has been proved to be true, while 
the limit ^ of the sequence is a bounded function, then the integral of ^ 
over the area A is the limit of that of Moreover, the monotone sequence 
of funotions of u, v, of which the typical member is ^ y(u,v)}, 

may, by a known theorem, be integrated term-by-term after being 
multiplied by the summable function d(x,y)ld(u,v). Whence it follows 
that, since the theorem holds for every it holds for <f>. Thus the theorem 
holds for every bounded function defined by sequences, or, us we may say, 
definable mathematically, the field of integration on the right being the 
fundamental rectangle, and that on the left the area A. 

§ 6. We shall now find it convenient to prove the following theorem : — 

Thbossh. — I f the conditions of § 1 and § 2 for the correspondenoe 
between the (x, y) and the (tt, v)-planes hold, then every set of zero content* 
in the (x, y)-plane is either the* image of a set of zero content in the («, «)- 
plane or the set of positive content of which it is the image, is such that 
d {x, y)ld (u, v) is zero at all points of this set of positive content except 
those belonging to, at most, a set of zero content. 

Proof. — ^E very set of positive content is the sum of a set of zero content 
and of an outer limiting set^ or as we call it an O-set. It is therefore clearly 
sufficient to prove that if a set of zero content in the (tr, y) area is the image 
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of an 0-aet in the («, v) rectangle, then d{x, y)ld{u , «) s 0 “almost every' 
where” in this O-set. Let Q be the subset of this 0-set at which 
d (x, y)/d {n, v ) » 0, hiuI let Q' be the image of Q, so that Q' has zero content. 
Then the function which is unity at every point of Q' and zero elsewhere, 
and the function which is unity at every point of Q and zero elsewhere, are 
both necessarily obtainable by monotone sequences. Writing for ^ (x, y) in 
§4 the former function, and therefore fur <f>{x(u,v), y («,«)}, the latter 
function, we obtain then 




Hence the Jacobian must vanish “ almost everywhere ” in Q ; in other words, 
in that part of the 0-set at which the Jacobian is known to be not negative. 
Similarly, it vanishes “almost everywhere” in that part at which it is 
negative. Heqce it vanishes “ almost everywhere ” in the O-set, as was to be 
proved. 

§ 6. Now let 0 be any bounded function possessing a Lebesgne integral. 
Then wo know that it can be enclosed between a tU function and a lu 
function <f)a having the same integral. Also, by § 4, we know 

f| Kx,y)dxdy = ^ {•«(«. v), y{u,v)} 

If y)dxdy = ^^it>» («. y («. «)} 


where by definition 

\\<t>Mdxdy = y) dx dy = j I ^ (x, y) dx dy. 


Now ^ (x, y) differs from tftaiin, y) only as a set of content zero in the (x, y)- 
plane, and therefore, by the theorem just proved, ^ {x(u, v), y(u, «)} and 
^{x{u,v), y{u,v)} either agree for all values of » and v except such as 
belong to a set of content zero of the (u, v)'plane, or, if they differ at other 
points, d(iB, y)/d(i», v), is there zero. Thus we shall make no mia talfe if, 
in integrating with respect to («,v), we write = ^ = ^. In other words, 
we have 

If ^ (».y) dy as If ^ {»(«,«), y 


whatever bounded function ^ may be. 

§ 7. Now let ^ denote any unbounded summable function supposed, as may 
be done without loss of generality, to be positive ; let ^ be the function 
which is equal to ^ wherever and have the value u elsewhere, so that 

^ * 011+1 
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Then it is evident that, by tho preceding section, as <f>n is bounded, we may 
write for 0 in the e<iuation at the end of that section. Moreover, by 
definition 

JJ 4>n y) dy I J 0 y) dy. 

Hence Lt r/?/. 

If now d («, y)ld (?/, o) never changes sign, so that without loss of generality 
we may suppose it to be positive, the integrant of tho integral on the left- 
hand side traces out a monotone increasing sequence, accordingly w(! may 
introduce the limit inside the integial, so that if nowhere assumes an 
infinite value, the required result at ontio follows. If, on the other hand, 
^ix^y) assumes infinite values, we cannot go further unless we make the 
convention that y(u,'f^)}d(.t\y)ld{iiyv) is to be regarded as having 

the value zero whenever r/ (r, y)/^ (i4, v) w ^^^ro. With this convention, tho 
result again follows by virtue of the theorem proved in § 5. 

§ 8. If, however, d(j\ y)/fi(w,v)doeft not preserve the same sign throughout 
the fundamental rectangle, the above argument fails. In order to under- 
stand the reasoning required in this latter ease, we have to bear carefully 
in mind the sense in which we have used the word image. The point which 
corresponds to an assigned ])oint of the fundamental rectangle in the 
correspondence is not necessarily a point of the image A of the fundamental 
rectangle, but may be outside A, though in the aggregate such points, as will 
be seen by referring to § 3, belong to areas A' which itoss one another out, 
so that the points themselves may Ite said, in a certain sense, to cross one 
another out also. The reasoning employed in that Boction shows that wo 
require to assume that 4> exists and possesses the properties ascribed to it, 
not only over the image A of tho fundamental rectangle, but over all tliat 
portion of the (a?, y) plane outside A constituted by the points which 
correspond to points of the fundamental rectangle without being included 
in A. It is the recognition of this tacitly assumed existence of 0 outside A 
which enables us to complete our reasoning. The value, in fact, of 
y (^6 ^)} at a point {u, v) of the fundamental rectangle which has 
for image a point (aj,y) outside A, is necessarily tho values of ^(a;, y) at this 
latter point. 

Let us then now define a new function (x,y) equal to at all the points, 

both inside and outside A, which correspond to the points inside the funda- 
mental rectangle where d («, y)/rf («, is positive, and equal to ^ (a:, y) with its 
sign changed at all the points, both inside and outside A, which correspond 
to points of the fundamental rectangle where (f (a?, y)/d («, v) is negative. 
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Then it is evident that (1), as issumiiiable not only inside but outside 

A, so is y) ; (2), («, v) y v)}d (x, y)/d {u, v) is everywhere positive 

throughout the whole of the fundamental rectangle. Also let ^m(py) ^ & 
function which is defined to be equal to wherever |'^(fl?,y)| and 

let (^ly) be equal to n, where ^ (•^>y) is tx>sitive and greater than n, and 
be equal to ^n, wherever y^{x, y) is negative and less tfian — n. Then, since 
(^>y) is bounded, it follows by means of §6, in the same manner as in 
§ 7, that 

« ■' rf(M y) <*« = I (». y) ^ ^y- 


Also the integrant of the integral on the left is clearly positive. 

Hence, a reasoning precisely analogous to that of the latter part of § 7 
shows that 

jjvr {x in. V), y {II. v)) dv, dv = jjjr (a:, y) dr. dy. 

Thus the integral on the left-hand side, taken over the whole of the fundamental 
rectangle, necessarily exists. But ^ {x{u,v),y{u,v))*^^^^ is everywhere 

numerically equal to the positive function V' {*(«,v),y («•«)} 

and is accordingly summable over the fundamental rectangle. Hence 

<l>n{as{n,v)y(u,v)}—^2j} is necessarily numerically less than this latter 

function, that is, the succession of which it is the typical term has every one 
of its terms numerically less than one and the same summable function of 
(»,v). Hence, by the theory of integration of sequences, we may integrate 
it term by term, and write 

,?• j {* (*» «)> y (“• »)} 

= j J Lt ^ {® («, v), y (u , »)} dv, 

and accordingly, with the same convention as that explained in § 7, 


* 11^ {« («. v). y (tt, V)) j^^du dv. 


This last expression is accordingly equal to y)dxdy. 

It remains only to replace the area A, which is the field of integration of 
this latter integral, by any set of points, E', in that area, and the funda- 
mental rectangle of the («» vVpIane by the set E, of which E' is the image. 
To show tliat this is possible, it suffices to remark that we may replace 
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by a new function defined aa the product of ^{x,y) into that 
function of (a;, y) which has the value unity at all points of E' and is sero 
elsewhere, and, accordingly, (u, v), y («, v)}, by the product of this 
function 'into a function of (u, v), which is defined to have the value unity 
at all points of the set E which has E' for image and is zero elsewhere. We 
then at once have the desired result, except that there remains a doubt as to 
the type of summability required for ^ (x, y). This must be such that, when 
multiplied by the auxiliary function just introduced, it is sununable over the 
whole set of points which corresponds to the fundamental rectangle. But 
this is clearly the same as demanding that y) should be sununable over 
the set of points constituted by all the points in the (a;, y)-plano which 
correspond to the set E, that is, over the set £'. 

Hence our theorem has boon proved, with all the generality given to it, in 
the enunciation of § 2. 


On Certain Independent Factors in Mental’ Measurements. 

By J. C. Maxwbll Gaknitt (late Fellow of Trinity College, Cambridge). 

(Communicated by Prof. A. N. Whitehead, F.R.S. Received March 26, 1918.) 


I. 

In a paper published in the 'American Journal of Psychology ’ for 1904, 
Prof. Spearman argued that "all branches of intellectual activity have in 
common one fundamental function (or group of functions),”* and even that 
this fundamental function enters into sensory discrimination no less truly 
than into more complicated intellectual activities. In 1909 Mr. Cyril Burt 
desoxibedt experiments on two groups of Oxford schoolboys undertaken 
" with a view to testing in practice the mathematical metiiods of 
Prof. Spearman.” Mr. Burt calculated the correlations between ti)e perform- 
ances of his subjects in 12 difibnant tests, which he classified as sensory, motor, 
aenaori-motor, and association tests, together with one (the twelfth) test of 
voluntary attention. Mr. Burt’s results were consistent with the view that 
all the correlations were due to the operation of one and only one general 
factor. Two years later Prof. Spearman and Dr. Hartf proposed a new test 

* ‘ American Joomal ot FSydiolog 7 ,' vol. 16, p. 884 (1804X 
‘t ' British Journal of Ft^ohology,' voL 3, pp. 84-177 (1808-10). 

X ' Britidi Journal of PSyohology,’ voL 6, p. 61 (1818-18)^ 

T(a.n>vL— A. 


H 
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for a (nngle) general factor; namely that, in auoh a correlation table aa 
those published Mr. Burt, in the form (27) below, the correlation 
between every pair of columna should, with proper allowance for sampling 
errors, be + 1, or, as Dr. Webb* pointed out afterwards, —1. Theit formula 
for column correlation, corrected for errors of sampling, is 

IU' = 

in which the ps are the correlation coefficients r measured from the mean of 
the column, and the a 9 are the probable errors of the r's divided by 0*6746. 
The bar indicates mean valuea The authors decided that, for the purpose of 
calculating a “correlation between columns,” only those pairs of columns 
could be used in which S(p*) is at least twice the correction (n— l)o^. With 
this limitation, they applied their formula to the five largest pairs and the five 
smallest pairs (or as many as were up to the correctional standard) of columns 
in 14 published tables of correlation coefficients dating from various periods 
up to 30 years back. They found that " from beginning to end, the correlation 
between columns is positive and very high; the mean is almost complete +1. 
This is just the value demanded by the theory of a [single] General Faotor.”t 
Dr. Webb, in his essay on “ Character and Intelligence,” to which reference has 
just been made, prepared a furtlier correlation table of five columns (and five 
rows) the results of five examination tests set to 96 training college students. 
Nine out of the ten pairs of columns were up to the correctional standard of 
Prof. Spearman and Dr. Hart, and the application of their formula to those 
nine pairs yielded 1*02 ±0*08 as the average correlation between columns. 
This result, says Dr. Webb, “ is an additional item of evidence in support of 
the theory of a general factor. .... It takes its place in the huge array of 
evidence collected by Prof. Spearman from experimental tests by many 
investigators — the steadiness of results being such as to rival the nioetiee 
which physical measurements reveal. It should be remembered that the raw 
mateiitd for our own (comparatively small) contribution to this result 
consisted of test-papers numbering nearly 10,000.”| 

Prof. Spearman's mathematical argument for the ezistenoe of general 
ability has, however, been challenged. Thus Mr. Thomson oondudes a recent 
paper§ on the subject with the words : “It must not hastily andillogically be 
concluded by any one that general ability is a fiction. Its existence or non- 

* “Charaetor and Intelligence ” (BJ'.F. Monograph Supplement, 1015) 

t tM. cd., p. 00. 

{ Loo, et(., p. 37. 

I ‘British Journal of Fsydiricgy/ vol. 8, p. 871 (1900-10) 


b(pjtBP3te)~(^~~‘I)yneWaag'jt 

t/[S (px«*)-(»- 1) »»*] \/ [S (p.»») -(«- 1) 
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exififtenoe is, as far as the mathematioal argument goes, an entirely open 
question.”* 

It is with the mathematical argument that the present paper is principally 
concerned. We shall consider what consequences necessarily follow when 
the correlation between every pair of columns in a correlation table is + 1 ; 
and we shall find that the correlation between every pair of columns will 
only be ±1 if there is one, and only one, general factor,t either of the 
correlated variables themselves (if Mr. Burt's conditions — equations ( 24 ), 
below — for a hierarchy are satisfied), or of the differences between those 
variables and a real multiple of a new variable tliat is independent of 
them all 


11 . 

Let us suppose that the mental qualities measured in any particular 
investigation are due to a number n of independent factors Xi, X2, ...Xn. 
Leta;i, 0:3, measure the amounts of these factors (or qualities) possessed 
in excess of the average by any subject (person investigated). We shall 
assume that, among a very large number of subjects, each quality is distri- 
buted according to the normal law; so that the probability that any 
particular subject will possess a factor — say 2^ — in a degree lying between 

Xp and Xp-^-hxp is ..J ; — h'p. Let us now choose our units of 

v/(27r)<rp 

measurement for Xi ... Xn so that o’] = <73 = ... = (Th = a. Some arbitrary 
choice has to be made ; how else are we to represent, say, degree of sense 
of humour ” by a number We, therefore, choose our units for measuring 
the n independent factors so that the standard deviations of the normal 
distributions of each factor shall be equal to a. 


* Loc, eU,i p. 280. 

+ [Note added, Mm'c/i 24, 1919.— More precisely expresHed, our result will be that 
whenever the comlation between n variables (as, for example, the measures of n mental 
qualities), each of which is distributed according to the normal law with the same 
probable error, satisfy the ** correlation between columns ” condition, these n variables 
(or, if theii' correlations do not satisfy Mr. Burt’s conditions for a hierarchy, the n 
differences between them respectively and a real multiple of an (7*+l)th variable, inde* 
pendent of them all, but distributed according to the normal law, with still the same 
probable error), can bo completely expressed as linear functions of n+1 independent 
variables, each of which is distributed according to the normal law with the same probable 
error, and one of which is a single general factor, while the remainder are specific factors.] 
t Dr, Webb, in his investigation of mental qualities, adopted such units for the 
measurement of each quality as would give the same constant (standard deviation) 
to the frequency distribution of each of the forty-eight qualities with which he was 
concerned (foo, cit,, pp. 18, 19 ; see especially the footnote on these two pages). 

H 2 
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The probability that any particular subject will poesess one of these factors 
(qualities), X, say, in a degree lying between x, and is now 

1 




( 1 ) 


\/i 2 ir) . o- 

and the probability that a subject chosen at random will possess all the 
independent factors in degrees lying respectively between xi and 
and ... ; .c^ and O/'n + Sa:* is the product of the independent 

probabilities or 

The symmetry of this expression shows that the distribution of qualities 
is the same as would be due to n other independent quantities Yi ... 
connected with the first set (Xi, Xa ... Xn) by relations of the type 

= WiiOJi + miaOJa + . . . + A 
“ WaiiCi + + . . . + 


"I 

j 


( 3 ) 


where 


,y« = + «t«Ka + . . . + »««•»■. 


r> 


( 4 ) 


mm* + + • . . + = 1 , 

m,iin,i + mr»ma+ = 0, (5) 

and Wr# ~ 

for all values of s from 1 to the probability that any subject will 
possess the quality Y^^ in a degree lying between yp and yp+Byp being again 

It follows that, if any quality Q contain the n independent factors in the 
proportions hilt: ,..'. 1 % where 

fi*+V+ ••.+(.* =s 1, (7) 

so that a subject possessing the factors Xi, X* ..., Xu, in degrees «i, xt , ..., Xn, 
will possess Q in the degree q, where 

q ^ h!»i+ltfl>t+ — +li^ (8) 

then the probability that any particular subject will possess Q in a degree 
^Dg between q and 9 + 8; is 
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This result may also be obtained by noticing that any individual 
possessing the n independent factors X 2 , X«, in degrees xu Xa, 

may be represented in n-dimensional space by a point whoso co-ordinates 
are xj, xa, x^; and that, when the number of individuals is very laige, 
the density of distribution of such points^ being given by equation ( 2 ), is a 
function only of the distance ... +«-•»*)* from the origin, so that the 

density of distribution of the points representing individuals falls off 
according to the normal law (with the same standard deviation) in whatever 
direction — Oxu Oxa or Oq — we proceed straight out from the origin. 

No distribution of the quality Q, except such as is defined by a linear 
equation of the type ( 8 ), will satisfy the relation (9). For consider variations 
of two indei)endent variables at a tiiuo. The probability that a subject 
chosen at random will possess these qualities (Xi and X 3 , say) in degrees 
intermediate between ,ci and j’l-f and xa and + respectively, is 

where A is independent of xi and xa. Wo may represent this distribution by 
a surface of revolution about an axis, Oz, perpendicular to Oxi and Oxa. 
Every section of this surface by a plane perpendicular to that of OiCi and Oa:^ 
is a normal probability curve. For example, the section of 

c = (10) 

by such a plane passing through the i>oint xi, xa and the origin has the 
equation 

^ ( 11 ) 

while the section through the same point, but parallel to zOxit has the 
equation z = where the constant C is given by C = 

Similarly, sections by other planes perpendicular to x*iOa;a» but having 
different traces on ariO^’aj would be probability curves with still other 
constants. It follows that a section of the surface given by equation (10) 
by a surface generated by linos parallel to Oz but intersecting xxOxa in any 
curve F(^i, xa) ^ 0 which is not a straight line, would not be a normal 
curve. We conclude that every qtiality Q that is distributed according to 
the normal curve must be related to the independent variables (factors) by a 
linear relation as in equation ( 8 ). 

For example, if ** degree of sense of humour ” be distributed normally and 
depend on two and only two independent factors, say “ability" and 
" cleverness,” both normally distributed, then “ sense of humour " must be 
tjie sum of (equal or different) proportions of the two factors, but cannot be 
their product, quotient, or any other function of them. 
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Consider now the Bravais-Pearson correlation between Q and some 
other quality Q' measured by 

q' = fl'Xi + + . . . + In^n (12) 

where, ae before, . . . + = 1. (13) 

It will be convenient to write 

= (14) 

so that e is a measure of the extent to which a subject is exceptional, regard 
being had to all the variables involved. Tlien our result (2) above may be 
re-written 

Sa;i8«a...&r, = rf . say (15) 

giving tlie probability that a subject will possess the various qualities in 
degrees lying between xi and a;i+&ci, etc. Here d is a measure of the 
density of distribution ot subjects. 

According to the definition of r^>, we have 

_ • flrfdxidse^ . . . dxn 

r,^ — _ (fdx\dx3,.,ilx^)y/(^^'^,..^d . q'*dx\dxi..,dx^ 

_ jf. . . Je-W+ V+... +-.W + . . . + /w»«) + . . . + InXn) dxx . . .(irw 

>/ [fj- • Khrx + . . . + l^!nf*lxx. . . 

” v/[(/l*+/*"+ ... +/,*)]y[(ii'» + /a'*+ 

Hence* the “ cosine law,” 

'‘'W “ + + ... +W/. (1®) 

We note that, if there are only three independent factors and if we 
meaeure ax, ^'s along three axes at right angles, lx, la, la, etc., become 
direotion-oosines, so that q is measured in the direction lx, It, fa, or, say, Oj. 
Then the last equation becomes 

rQQ> =s COSMOS'' (17) 

% 

affording us a very simple geometrical conception of the measure of 
oorrelation. 

Moreover, however large may be the number n of independent variables, 

* [Jfotg adohd, Matnsh 04, 1919,— *A result equivalent to that given in equation (16) was 
obtained by Bravais in 1846; see “Analyses Math^matiques sur les Probabilit6s des 
Brreurs de Situation d’un Point," * M6mohras de Tlnstitut do Trance,’ IX, pp. 260 ei Mg.] 
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we can, by a linear transformation of the type shown in equations (3) to (7), 
choose new independent variables, such that Q and Q' depend on two, and 
two only, among them ; so that equation (17) still holds when the number of 
independent variables exceeds three. This equation may be interpreted to 
mean that represents the average deviation in q (or q') corresponding to 
unit deviation in q* (or q). 

The condition that, with only three independent variables, three qualities, 
Qb Qsi und Qa, should be dependent on two, and two only, follows at once. 
The condition in question is that O^i, O^a, and should lie in a plane, or that 

JaOj'a+jsOgi+yOja = 0, 

or that* cos'* raa+cos“^ rai +cos"^ na = O. (18) 

It is easy to show that, however many independent variables (wCi, 
there may be, equation (18) still given tlie condition that three qualities, 
Q], Qfl, and Qs, should contain two, and only two. independent general factors, 
and that no one of them should contain any specific factor in addition.t 
If in equation (16) we make Q' identical with Xi, X», in turn we 
obtain the correlations between Q and the independent variables. They are 

Again, let us take Q' so as to be independent of Xi l\ =s 0), but so as to 
* [Note added March 24, 1910.— This equation (Ifl) may be written 

• — 2 fj;|r 3 jrjj{ =» 1 ... . (18) 

It may be shown, by employing the forinulte of spherical trigonometry, that the 
corresponding condition that four qualities Q|, Q^, and Q 4 , should depend on three 
independent factors only (or, in other words, that Oq^ O^s, and Ov 4 » should lie in the 
same d-dimensional space) is, if 

n* '•13 “ A ^4 “ Vf % =* •» ^34 “ t 

+ 203y . df +ya . 8f +0? • fO = 1 ■••• (18^')] 

t If three qualities, Qi, Qg, Qa, contain two, and only two, independent general factors 
X and Y, and no specific factors, we may write 

= jpcosfii+y sin A, 

^ as X COB fij+y sinfij, 

Vs * " a?coa fij+y sin 

so that equation (16) gives 

fj, » * cos(fi|-fi|). 

Since, therefore, 

(63-63) + (fi,-A) + (A-^t)»0, 

we have 

cos^Vn+coi-Vai+cos-Vij ■■ O. 
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contain .... X. in the same proportions as these n— 1 variables are 
contained in Q. Tlien we have 

/'-o. K-K- - 1 
^ ’ l2~ h l,~ v'(^**+...+i»*) y/iX^) 

in view of equation (7). If, now, we have some other quality P(A:i, ... *„) 
related to P' (A'l, ... 1c*n) as Q is related to Q', we have 

^pQ(x, ctmatmii) = ^p'Q' = + fcii 

— ~h A? 8^3 4* « » • 


7 * pq — A’lZi 


( 20 ) 


which is Yule’s well-known equation. 

One other result we may note in passing. In dice-throwing experiments 
the score of each die is an independent variable. If q represent the total 
score obtained by throwing dice multiplied by a factor that will give to q 
the same mean variation* as x\, X 2 , ..., or av, the scoies obtained by the 
separate dice, we have 

where ^ * 1 

V^(«) 

1 


so that 


9 = + •!■* + ... +3’.). 


y/(n) 


( 21 ) 


We note that the correlations of any ; distribution are the same as those of 
the scores (ici+a^+. ..+««), to which the ^’s bear a constant proportion 
l/y/(n). If, as in Mr. Thomson’sf experiment, we wish to know the conela* 
tion between a large number of successive pairs of throws of dice, such that 
l+m dice are thrown for the first throw, I, left lying, and Xs thrown to form 
with I the second throw of l+k dice, and, if S and S' be successive scores, we 
have 

8 — »i+a<»+...+*j+*i+i+...+a!i+ii, as 

S' as «i+a5i+...+»i+*i+i'H-...+a5j+*' = g',^(Z+A;) 

* TIm amount of this msan variation, s, is easily determined. If each die possesses 
Sa+1 faces marked -a, -a-1, ... -1, 0^ 1, ... ^-1, a then, in a very large number of 
throws, say N (8a+l), each fhce wUl turn up N times, so that 

N(Sa+l)o*-2N(l»+S*+...+o*) - ? o(a+l) (2o+lX 

3 

giving o*«|a(<i(+l). 

f * British Journal of Psychology,* vd. 8» p. S74 (1916). 
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where xi ^.2 ...wi+n,' are variables indepeudent of bo that 

equation (16) gives 

1 . . 1 1 y. .. . 


Ttg — Tgg 


^{1+ w) 


4*,.,+ 


v/(/ + w) \/(/ + A:) 


(/ tonna) 


"v^(/ + w)v^(/ + *y 

a result already obtained by Prof. Spearman and by Mr. Thomson. 

We observe that, according to equation (22), S and S' (or q and 7 ') possess 
not / independent common factors, but om only. For by a linear trans- 
formation of independent variables such as is given by equations (3) to (7) 

above, we might take f ^ (A+^<'g 4 thus replacing xu 

v \0 

by one variable {, without affecting the other + independent variables, 

‘^'l+Si ••• •^i+l , *^f+a * ••• • 


We shall next show that, when the correlations between n variables, 
9 if -tv 7 fi> 6 B,ch of which is distributed according to the normal law with 
the same probable error, satisfy Mr. Burt's conditions, namely,* 

= (24) 

Vat TU 

where a, b, a, t have any different values from 1 lo ;t. inclusive, the ^’s may be 
expressed as linear functions of n + 1 independent variables, each of which is 
distributed according to the normal law with the same probable error as that 
of the ^ 8 , and one of which is a single general faetor, while the remainder are 
specific faotora Following Mr. Burt, we shall speak of the 1) 

coeffioientB that satisfy equations (24) as forming a hierarchy. 

From equations (24) it follows that 

1 - . r*? . is* = ?:“.!:»• .!«'(«, 6, c, d = 1, 2, ..., a), 

^dc ^ab ^e» "^4* 


BO that 


ra 2 il = = etc., = / (s), say, 

1 'oA 


where /(s) depends upon above. Now suppose that the absolute magni- 
tude of Hia is greater than tKat of any of the other correlations, and that 
fijP a: m? e /"m* a ... a ri,*. Then, in general, equations (24) give 

fti? - 1 

=_J as — iS-5 « 1, 

(/(.))•= 5^’ 

* Burt, loo eti., p. 108. 


SO that 
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Moreover, 


/('») — Wto _ 
fit) TatrH 


from equation (24). It follows that the absolute magnitude of /(s) lies 
between zero and unity, and that the sign of /(«) is the same as that of f(f) 
for all values of 5 and t from 1 to n inclusive. Since every suffix ooouis 
twice in equations (24), theso equations would not be affected if we were to 
change the sign of the unit in terms of which any one (or more) of the j’s is 
measured. We may therefore so choose the signs of the units in terms of 
which qn are measured that rw, n* ru are all positive. Then, since 




nt 


and every /(.s) has the same sign, will have the same sign for all values of 
.s and t from 2 to ti. inclusive, and this sign will be the same as that of /(tf) for 
all values of s from 1 to n. It follows that, if tlio signs of the units in terms 
of which ja, qn, are measured be so chosen that all the r’s in the first 
row or column of the correlation table 


'*13 ^'13 j 

ria >'83 V'jn I 

^*13 ^’33 r (26) 


y 

are positive, /(«) will be positive for all values of s, unless everj/ r outside the 
first row and column is nugative^ a condition that is not fulfilled, so far as the 
present writer has been able to ascertain, by any table of correlations 
between mental tests that has hitherto been published. We shall therefore 
take it that/(s) is positive for all values of s when equations (24) are satisfied 
by the correlations between n mental tests. 

Since, then, 0 s /{s) s 1, we may write 

= 'V = cos^K)}. (» = l,-2, .... n), (27) 

on the analogy of equation (17), where is the correlation between q, and 
some (»+l)th variable, g, that is also distributed according to the normal 
law with the some probable error as before. Now, it may be shown that « 
correlated ;’8, each of which is distributed according to the normal law with 
the same probable error, can always be expressed with ^«(»— 1) degrees of 
freedom, in terms of n independent variables fi, of which is 

distributed according to the normal law with the same probable error as 
before, by means of equations (8). Thus 

2* • fl + A • &+••• +ii. • 

+ ... +«f»* ” 1. 


( 28 ) 
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We may therefore regard */!, A direction-coflines (or aw “correla- 

tiou-coaines/’ since is the coetUcient of correlation between and ft) of a 
line 0 drawn through the origin in n-dimeusional apace, and making with 
the axis Oft an angle equal to oob^'Vi. We can, therefore, draw, in (w+1)- 
diinensional space, a line Oq making given angles with each of the n lines 

Ogi, Ogru O^a. And sincie (unless the italicised condition in the previous 

paragraph were satisfied) /(.s) is positive and loss than unity, we may take 
these n angles to be cos"^y/{/(s)} = co3“V,j, etc., say, where 8 = 1, 2, n; 
BO that, according to equation (1 7), r,g is the correlation between 7, and a new 
([?i+1]th) quality qg, tliat is distributed according to the normal law with 
still the same probable error.* 

By means of a transfortnatioii of independent variables such as is given in 
equations (3) to (7) lot us now express our /i + l qualities qu 7a, Jn, qg in 
terms of new independent variables yi, 7/3, ..., yn+i, distributed as before, 
and let us ciioose »/«+i = 7^. Tiuni, in place of eipiations (28) we have 

7^ = v,g . 7^ + ,mi . yi + ,7rt3 . ya+ . yn, ( 39 ) 

where = 1 (30) 

for all values of s from 1 to n inclusive. Equation (16) then gives 


Tgi = r^grtg-^^uix . «r/ti + ,7/t3 . (//«3+ (5, ^ = 1, 2, n). (31) 


But r^vtg = {/(«) 


£o£^\ 

»’«6 / 

* 


ru * n, / 




= 




(32) 

so that equation (31) gives 





sTJli . 

+ ,ntn . tVIm = 0 {l,,t 

= 1.?. . 

tmf a). 

(33) 

If, therefore, we write 





” "/n ^ + . 

V ) 

j/a+...+»wi, . y,) (s 

= 1, 2 . . 


(34) 

equation (8) shows that xi, 

,s:n will be variables distributed as 

befoie, 


since, according to equation..(30), the sum of the squares of the coeffloients of 
the y’s is unity. Moreover, from equations (83) it follows that the ac's are 
independent of one another ; and, since they depend only on the y's which 

* In order that it may be pcaaible to draw making given angles, oos'^r^ 
(« « 1 , 2 , ..., n), with the n lines Og« (s « 1 , 2 | n) the sum of the two angles qfiqgt 
gK>79ian8t not be less than the angle (a, 1, 2,..., n); thati8ri9*+ri^*+rj^-2r.,ri^.« 

must be 1 ; or (I -ri^*)(t must be sO, since, as we are about to see, r^g » ; 

and this last in equality is always satisfied, since 2 1 (s » 1, 2, n}. ^ 



102 Mr. J. C. M. Garnett. On Certain Independent 

are independent of they also are independent of Substituting from 
equation (34) in equation (39), and writing for qg in that equation, we 
obtain 

qg — *^'gg • "b \/^(l • ti’ir (^ " 1| 2, w), (3^) 

in which are n+1 independent variables, each of which is 

distributed according to the normal law with the same probable error as that 
of the q\ and among which rg is a general facior,^ while all the other 
are specific factors. Theio are no group factors. 


IV. 


We have now to examine the consequences of the fulfilment of Prof. 
Spearman's conditions that the correlation between every pair of columns (or 
rows) in the table 

~ '*13 

/'la — raa ra* 1 


>’i3 rsa — f 


(26) 


r\n r2n 


is ±1, where (.s, ^ = 1, 2, ..., n) is the Bravais-Pearson coefficient of 
correlation between q, and being any two of n correlated variables each of 
which is distributed according to the normal law with the same probable 
error. 

We first observe that, if the correlation between any two sets of quantities 


^l» ^2t •••> •••» 


yi. //a, .... •.•»?/« 

(where Xg, y, are corresponding values) is +1, then y, = + For let 

bars denote mean values and put — r, Then we have 



, 1 _ 

so that 

= 0. 

or 


whence 

S./Vi = ft/vt («. < = 1, 2, .... »); 

that is 

X,—X ^ Xt—j- _ ^ , < as 1, 2, 

i/.-y yt-y y.—yt 


It follows that yg:sAxt+B (« = 1, 2, (36) 

where A and B are constants independent of s. 

* It will be remembered that if the italicised condition on p 100 were not satisfied rg^ 
would be imaginary. 
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Conflider thou the four coeSioients, ia table (26), where 

a, d, 8y t have any different values from 1 to w inolusive. 

Equation (36) applied first to the ath and 6th columns and then to the sth 
and ^th columns (between each which two pairs of columns the correlation is 
± 1)» gives us. first, 

(37) 

/if = (38) 

where A**, depend on a and h alone, and then 


‘i’fit — AxtJoa-f* jBb£, (39) 

-f* B,j, ( 40 ) 

where A,!, B,e depend on s and t alone, from the second and third of these 
equations wo obtain 

= AafrAj^rett + A„frBit + Bflft, 

while the first and fourth equations give 

^'bt * A/rfi AjiJVw “i" Ai^Bfl* + B*/. 


Subtracting one of the last two equations from the other, 
0 = B^(A,,^l)-B,i(A^-.l), 

Baft Bff 

= iCT - 


80 that 


where C is a constant independent of a, h, s, t. Eqiiation (37) now becomes 

^»«+C s= Ai,t,(r„+C); 


so that the four equations (37) to (40) may be replaced by 


y<i« + C _ rjt-hC 

fat + C ru+0 


(". 6. », < = I, 2 n). 


(41) 


relations resembling Mr. Bart’s conditions for a hierarchy. 
Eciuation (41) gives 


C = 


r„trt,—r„rtt 
r„—ru—rat + ru 


(a, b,$,t SI 1, 2 n). 


(42) 


If we alter the signs of the units in terms oi which and qt are measured, 
without altering the signs of the units in terms of which and qt are 
measured, we shall alter the.eiga of 0 without affecting the fulfilment of the 
condition that the correlation between every pair of columns in the table (26) 
is ±. We may therefore assume that C is positive and equal to i‘, say. 

Now suppose that 

2. — jfi • fi+A • • ftr! wid 35 1, (43) 

where (N en) are independent variables, each distribnted according 
to the normal law, with the same probable error as that of the Let us 
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now introduce a new set of independent variables, f'l, {'9 defined by 

h = Af'b ..V fN = Ks. (44) 

in which, as will appear from ec^uation (48) below, % is a real quantity, inter- 
mediate in value between + 1 ; and let ns put 

ff'. = Hjii . . ra+-+A ■ rN)-A/(i -/<*). ‘r («= 1.2 «) (45) 

= . f (« = 1. 2 n), (46) 

where is a variable, independent of ^'j, f' 9 , but distributed according 
to the normal law, with the same probable error as Then it follows 

from equation (46), in which the sum of the squaies of the coefficients of 
the ("a is equal to unity, that q', (where a has any value from 1 to n inclusive) 
is distributed according to the normal law, with the same probable error as 
the ^’s, but a different probable error from that of the j’s and ^s. 

Using equations (46), we obtain from equation (16) an expression for 
the correlation, r',(, between q', and q't, namely, 

r'.t = . ,/,+,(9 . ...+ A . A)+(l-A*) (47) 


= AV,*-|-(l-A») = A»(rrt-|-C) = A“(rrt+i*), (41 

if s ^ , from which it follows that A* is positive and less than unity. 

1 T" At 


From equations (48) combined with equations (41) we now obtain 

(«,5,s,< = 1.2, ....n), 

'I" at "f It 


so that the correlations between the q”% satisfy Mr. Burt’s conditions 
expressed in equations (24). It follows from equations (35) that 

2 ’, ts If , S! j+v^(l —•(»*) J! » (s — 1 , 2, ..., w), (49) 

where I, ~ r',f* (50) 

and where x'g is a sin^e general factor of ^'i, q'a, q'n, while x’t is » specific 
factor of q'g. Here x'g and x', (s s 1 , 2 , ..., n) are distributed according to 
the normal law, with the same probable error as that of the q"a. Substituting 
from equations (46), we now obtain 

2. = q'f + ^{l-h») . r 

which, if lix'fSsXf,h^ = y, hx'.szx, (a = 1 , 2 , ..., «) (61) 

becomes 

fV(H-A«)+y . A+®, +**)} (« “ 1, 2, .... »), (62) 

* The words in italics on p. 100 indicate that, under certain conditions, might 

become imaginary. But these conditions do not appear to be fulfilled in the case of 
correlations between mental tests. 
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or 2 f — iVi~lf • ■ *V"^ ••• (^3) 

for all values of « from 1 to m inclusive. A oomparison of equations (44) and 

(51) shows that Xg, y, and j:, (s = 1, 2 m) are variables distributed according 

to the normal- law, with the same probable error as that of the 7 ’a More* 
over, y is independent of the tfs, while the x's in equations (52) and (53) are 
M-f>l independent variables, of which u-, is a single general factor of the 
» expressions on the left-hand sides of equations (53), while .'V is a speciiic 
factor of the expression on the left of the sth equation. Finally, y," in 
equations (53) is proportional to q'„ being given by y', = 7 /' v/(l-i- !-■*), so 
that the con'olations of the y^’s are the same as of the y'’H ; and the 7 "’$ are 
distributed according to the normal law, with the same probable error as 
that of the y's. 

We conclude that if the correlation between every pair of columns in a 
table of coefficients of correlation between variables 71 , 73 , ..., 7 n (each of 
which has a normal probability distribution, with the same probable error) is 
+ 1 , then the difference between the n y’s and a constant multiple k (which 
becomes zero when Mr. Burt’s conditions for a hierarchy are fulfilled by the 
correlations of the 78 ) of an (a-l-l)!!! variable y (that is independent of the 
y’s, but dist^buted according to the normal law with the same probable error) 
may he expressed in terms of n-f-l independent factors (distributed according 
to the normal law with still the same probable error), of which one is a single 
general fisetor, while the remaining n are specific factors. There are no 
group factora 

When ib ss 0 equations (52) or (53) become the same as equations (35), in 
which case the 7 ’s will be expressible in terms of »+l independent variables, 
each of which is distributed according to the normal law, and one of which is 
a single general factor, while the others are specific factors. Equation (42) 
shows that C and k will be tero whenever Mr. Burt's conditions for a 
hierarchy are satisfied, unless indeed ra,+rtt = rt,+rat tdr all values of 
0 , 5, «, t from 1 to n inclusive. It is evident that, if the correlations in 
table (26) represent the correlations between a sufficiently large number of 
sufficiently diMimiUr menta^ testa, the average correlation between any one 
tett and all others will be zero, and C and k will consequently vanish. It 
follows that, if the correlation between every pair of columns in a correlation 
table representing the results of a large number of mJfUiemUy dnuimUar 
mental teste be ± 1 , the measures of the correlated qualities can be expressed 
by means of equations (36), in terms of a single general factor and specific 
factors only. There will be no group factora 
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V. 

We now I'etum to the conflideration of equation (18), which gives the 
oondition that three qualities Qi, Qsi and Qa should depend upon two inde- 
pendent variables and u|)on two only. Our equation was : 

C0fl“^ rasH- cos”^ rai + cob“‘ ria = O, (18) 

where, if X and Y are the two independent variables in (][uestion, the 
measurements of Qi, Qa, and Qa are given by 

qy = ,r COS 6x^1/ sin 6i ^ 

q:i = X COS ^ 3 +y sin > (64) 

^3 = X cos 0 ^ + // sin 0n, J 

Dr. Webb, in his paper on Character and Intelligence” describes an 
investigation of 48 mental qualities. The subjects of his enquiry were 98 
men students (average age 21) at a training college during the last six nionths 
of their second year of training (January to July, 1912), and a similar group 
of 96 students during the corresponding period of the following year (January 
to July, 1913). Of the students’ 48 mental qualities investigated, 43 were 
estimated by pairs of prefects who acted as judges ; to each pair a group of 
20 (or 19) students was assigned. The measurements of the qualities were 
eo chosen os to give the same constant to the frequency distribution of each.* 
The 43 mental qualities estimated by the prefects included the following, 
described in Dr. Webb’s schedule under the head * Intellect ’ ;t 

No. 35. Quickness of apprebousion. 

36. Profoundness of apprehension. 

37. Soundness of common-sense. 

38. Originality of ideas. 

Among the five qualities not estimated by the {frefects, two were objectively 
measured, namely. Examinational Ability and the general &ctor — Qoneral 
Ability — whose measure is The manner in which g was measured is fully 

described in Dr. Webb’s paper. Following Dr. Hart and Prof. Spearman, 
Dr. Webb described ’ as a ** General Factor of Intellective Energy but 
Dr. Webb produces no additional evidence for regarding y as a measure of 
intellective energy rather than as, for example, a measure of power of 

* See footnote t, p. 93. 

t Xoo. oA., pp. 18 and 19. 

I It will be remembered that y, like the measures of the other qualities with which 
we are concerned, is distributed according t6 the normal law, and may have any value 
— OD to + CD, its mean value being aero. For brevity we shall, for the future, commonly 
write ‘y’ instead of “the quality whose measure isy.*’ 

g Loc, eit-^ p. 37. 
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voluatarily concentrating nervous energy, or, what amounts to tlie same 
thing, voluntarily concentrating attention. 

The correlations of g with the four intellectual qualities* just enumerated 
lie between 0'29 and 0'66. The qualities in question are not, therefore, 
functions of g alone. Dr. Webb observes that these correlations “ are certainly 
high and significant, and among the tiighest correlations of g with any of the 
estimates, but the question naturally arises why they are not higher — the 
inter-correlations among the estimates themselves reaching in all cases- over 
0*80."f Dr. Webb, noticing that the correlation of quality No. 8 — “ Degree of 
Sense of Humour*' — with g was very small ( — O’ 17), while its oorroLations 
with the four qualities enumerated above are respectively 0*86, 0*49, 0*45 and 
0*79, tried the effect of eliminating the influence of “ Humour ” from the 
correlations between g and the prefects* estimates of the four intellectual 
qualities enumerated. For this purpose Yule's formula, obtained in equation 
(20) above, was used. The four partial correlations thus calculated were respec- 
tively 116, 0*75, 0*42, and 1-00. It follows that not only ‘y,* but some other 
quality or qualities independent of ^g' one or more of which is connected with 
Humour, enter into the prefects' estimates of the four intellectual (lualities. 
Moreover, the fact that, when the effect of variation of Humour is eliminated, 
the partial oori*elation8 between "g ' and Quickness, as well as between ’ and 
Originality, are approximately +1. suggests that each of the four qualities— 
‘y,' Humour, Originality and Quickness — depends upon two independent 
variables and upon two only. 

Let us denote these four qualities by Q^, Qa, Qo, and respectively. 
According to equation (18), if the first three of these depend upon two 
independent factors, and upon two only, 

cos-^rAo + cos-ircy+cos^^rpA = 0. (55) 

Dr. Webb's table of corrected coefficients between all the 48 qualities 
involved in his investigation gives 

Tho = *79 ; Tog = *47 ; = -’17 ; 

so that 

ooB“^rjto“ ±37°’82; ±61®*97; cos^'r^A = +99®‘81. 

If we take the same sign for the first two and the other sign for the last of 
these angles, we have 

cos*‘rjto+cos*ir^+co8“* />A = ±0°02, (56) 

.which differs from zero by much less than the probable error. We conclude 

* Here, and often in the sequel, the word “ quality '* is used for brevity, to denote the 
meMore of the same quality, 

t Log, eitt p. 43. 

YOU XCYL—A. .tlRfi 


I 



108 Mr. J. C. M, Garnett. On Certain Independent 

that " g! as determined experimentally, and Humour and Originality, aa 
estimated in a very large number of oases by Dr. Webb*s collaborators, are 
compounded of two, and two only, independent factors. 

Let us now construct a diagram by drawing lines 0^, OA., Oo in one plane, 
making the following angles with each other: — 


gO?i 5= cos“' f'go = 100°, 
7tOo = cos"' f'jio = 38°, 

COS"^ i‘og = 62° 


If we would see whether the axis of Quickness, lies in the same plane 
as the axes of * g,' Humour and Originality, we obtain from Dr. Webb's table 
t'gg ••‘13 ; r,ju 5= 85 ; =] *04 = 1 -0 ; 

so that 

cos’^ Tqg =s ± 58° ; co8“* Tgh = ± 32° ; cos" ^ = ± 0°. 

We obtain from eiiuatioii (18), if, as before, we take the two smaller angles 
with one sign and the larger angle with the other sign, 

cos"*’ + Vgq = ± 10°, 

cos~^ rgo+eos*^ roy+cos"'* /'jg = ± 4°, 

cos**' Vgk + cos“' ?’Ac»+ cos'^ 5= + 6°. 

We may take it, then, that the axis of Quickness lies very nearly, if not 
quite, in the same plane as the three axes of ‘y,’ Humour and Originality. 
Or, in other words, Quickness consists almost entirely, if not quite, of some 
combination of the same two independent factors as constitute the otlier 
three qualities. We might therefore add to the diagram another line, O^, 
coincident, or almost coincident, with Oo. The angles gOg, gO^, gOo would 
then be very nearly equal to cos"'%, cos'Vg*, and cos'^rg,, os obtained from 
Dr. Webb's table. 

If the Training College students who formed the subjects of Dr. Webb’s 
investigation constitute a fair sample of adult Englishmen, the g, Sense of 
Humour, Originality, and (probably) Quickness of Apprehension of every 
Englidunan can be represented by a single point on the plane of the 
disgram — ^the intellectual plane, as we may perhaps facetiously call it. And 
the proportion of Englishmen whose intellectual qualitieB (if for the moment 
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we may confine this term to the four qualities just named) are reprosonted 
by points lying within any small area SA, would be equal to the volume of a 
cylinder having its axis perpendicular to SA, its base on SA, and bounded at 
its othef extroinity by the surface 




27ra“ 




(57) 


where x and y are the measurements of the two independent variables X 
and Y whose axes lie in the plane of the diagram, and where, as in 
equation (14) above, 

so that e measures the degree iu which subjects reprosonted by points in hk 
are exceptional. Since equation (57) is independent of the particular axes 
chosen, the number of individuals represented by points in hk is independent 
of tlie orientation of the radius joining O to SA. 

Since the equation (57) is independent of the particular axes chosen in the 
‘intellectual” piano, wo may choose Or/ as one axis. What, then, is the 
other axis, represented by a line 0<; at right angles to 0^ ? Evidently, since 
the Humour axis makes with it an angle of only some 10°, it is very nearly 
identical with Humour. 

Now Mr. McDougall has suggested that the process of reproduction by 
similars, or, as William James* called it, ” association by similarity,” is due 
to ” a partial identity of the complex neural systems involved in the percep- 
tion of two objects. Each system consists of many sub-systems, and one or 
more of these sub-systems is common to the two. When the one system is 
excited, its excitement spreads, not, as is most commqnly the case, through 
some association-path previously established by some temporal contiguity, but 
from the sub- system, which forms also a part of another system, radiates 
itself through that other system. In the commonplace type of mind this 
process comparatively rarely occurs. It would soem that, in the brainB of 
such persons, neural systems tend to become circumscribed and individualised, 
whereas in a higher type of brain the neural systems ore more complexly 
interwoven, sub-systems becoming freely associated with many principal 
systems. In a brain so constituted, reproduction of similars will frequently 
occur, causing the dull chain of simple redintegration, the serial reproduction 
of impressions associated by temporal contiguity, to be broken across. The 
possessor of a brain so constituted will never be a commonplace person ; he 
may be a crank or an original thinker, or merely a wiff 


* * Principles of Psychology/ vol. 1, p. 578. 
t * Physiological Psychology/ p. 139. 

2 2 
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There is no evident reason why such a constitution of brain should have 
anything to do with capacity voluntarily to concentrate attention, the 
oapacify which Binet and others have identified with the quality whose 
measure is g. Now the quality independent of ’ for which we are seeking is 
very closely connected with Wit or Humour, and also closely connected with 
Originality. Its correlation with Humour is, as we see from our diagi'am 
(p. 108), cos 10® or O'OS, and its correlation with Originality is cos 28® or 0*88. 
Let us call it Cleverness. Then Cleverness is defined as a quality, inde- 
pendent of which, combined with "g* in different proportions, wholly 
constitutes Humour or Originality, and wholly or mainly constitutes Quickness 
of Apprehension. Being closely connected with Humour and with Originality, 
Clev^nesB as thus defined is also closely connected with the form of brain 
constitution described by Mr. MoDougall in the passage we have quoted. 
Moreover, so far as we can see, this form of brain constitution, like Cleyerness 
as just defined, is independent of We have, therefore, grounds for identify- 

ing it with Olevemess. 

If further investigation confirms these conclusions and shows, as appears 
probable, that, of the two independent qualities measured by g and c respec- 
tively and here described as Ability and Cleverness, the former alone is 
educable (although its educability may be innate), the distinction between *g* 
and * 0 * should have important oonsequeuces for education.^ 

The correlations of Cleverness (* c ’) with the 48 qualities investigated by 
Or. Webb may be calculated as follows: Let us take the general factor 
measured by // and Cleverness measured by c os two of the independent 
variables in terms of which any of Or. Webb’s qualities may be expressed. 
Then the measure of any of his qualities is given by equation (8) which now 
becomes 

where are the remaining independent variables. Any of the 

qualities represented in our diagram, say Humour, is measured by 

A =s r,* . + i-M . c [v/(l-r,**)] . C, (69) 

* Cf, Dr. Mercier's essay on ** Cleverness and Oapabilityi'* * Hainan Temperament,* 
1917. 

[Abf« xsM&d^ March S7, 1918.--Cleverness, measured by 0 , is a “group factor *' whioh, 
along with the general factor, g^ enten into the constitution of a group of “ intellectual '* 
qualiUes. From auy set of cujieienilg dimmilar mental tests the oorre]atiaa>produoing 
effect of c will tend to disappear, leavii^ the single general factor g as the only common 
factor. The same is true of the “ group fakctor,** closely oonnected with Forpose, discussed 
in the next section : it is an important common factor in a certain group of “purpose** 
qualities^ but its effect in any set of mitjftcieiulg dunmUar mental tests tends to be 
negUgiUe. Iheee qnesUone are more fully dlscnssed in a further paper just completed.] 
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BO that, according to our Unt\ O(|uation (16), 

from which we obtain 




/ cq 


= 




/n . • (60) 

v/(l— 'V a ) 

All the r*>t on the right-liand aide of this equation am given in Dr. Webb’s 
table of corrected coefficients for the students. If we substitute Dr, Webb’s 
values and calculate r^g for all values of ij, except fj = k and 7 = ly, wo obtain 
the required series of coefficients of correlation. The highest correlations of 
Cleverness include those with Cheerfulness (0*97) and Quickness of Appre- 
hension (0'96). It follows that Cleveraess may be recognised in practice — as, 
for example, when interviewing for an appointment a candidate^ to whose 
general ability (g) testimonials or examination tests bear witness — by noting 
his Sense of Humour, general tendency to Cheerfulness (which is perhaps 
difficult to judge on the occasion of such an interview !), or Quickness of 
Apprehension. 


VI. 


It may be shown that the group* factor discovered by Dr. Webb to be 
independent of ' g ’ and in some close relation to “ persistence of motives ” 
or Purpose ” is independent of Cleverness as well as of *g' By adding a 
third axis at right angles to those of * and * c ’ in the diagram on p. 108, we 
may represent the extent to which a given individual possesses all three 
independent factors, and any other quality wholly dependent upon those three, 
by a single point in a thxee-dimensional diagram. It will be found that, when 
a person’s “representative point” in this diagram has been determined, a 
surprisingly large proportion, but of course by no means the whole, of his 
moral as well as of his intellectual qualities have also been defined. 

It is even possible to classify certain important types of character 
according to the region occupied in such a three-dimensional diagram by the 
representative point that corresponds to each character in question in so far 
as that character depends upon the three independent factors, two of which 
we have called Ability and Cleverness, and of which the third is closely 
related to Purpose. 


* See preceding footnote. 
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Note on the Jntemify Decrenu^nt in the Balmer Series, 

By T. B. Mkiiton, D.So., and J. W. Nicholson, F,RS. 

(Beoeivdd March 13, 1919.) 

One of tile most remarkable e^fainplcsof spectrum Hues which are common 
ill celestial bodies, but which have hitherto resisted all attempts to reproduce 
them in the laboratory, is afforded by the higher members of the Balmer 
series of hydn^ri. As many as 29 members of this series liave lieen 
observed by Dyson* and Evershedf in the chromosphere of the sun, but the 
greatest number observed in the laboratory by Anies{ and by Cornu was only 
13, and the last of these were of such a character that it would lianlly have 
been possible to reconi them without a previous knowledge of their localisa* 
tion. In many respects the failure to reproduce in the laboratory lines 
whose chemical origin is known, and which are so prominent in celestial 
spectra, is even more conspicuous than in the case of the nebular and coronal 
lines, which cannot yet be referred to any atom known in chemistry, and 
whidi may be due to substances which do not, or perhaps cannot, exist under 
terrestrial conditions. 

A further interest has been added to the problem by the important 
theoretical work of Bohr, whose theory of the production of the Balmer series 
requires that the space occupied by a hydrogen atom, in the process of 
emitting lines of the higher members of the Balmer series, is such that these 
radiations cannot be expected to be visible except under conditions of 
extremely low pressure. Bohr has pointed out that this view is consistent 
with the appearance of the lines in celestial spectra, and our inability to 
produce them under the conditions ordinarily obtaining in the laboratory, 
liveing and Dewar§ have found that in a mixture of the more volatile gases 
of tile atmosphere, consisting mainly of neon and helium and containing 
hydrogen, the Balmer series could be traced as far as the ninth member ; and 
in a recent investigationll we have inade a quantitative comparison of the 
distribution of intensity in the earlier members of the series in hydrogen, 
and in neon containing hydn^n as an impurity. This observation of 
Liv^g and Dewar is remarkable, but we have recently found that similar 
results can be obtained in helium containing hydrogen at pressnres so great 

• « «Boy.Soc.iW./voI.68,p.83(1901). * 

f * Phil. Trsaia.,* A, vol. 197, 881 (1001). 

X ^PhiL Msg./ voL 30, p. 48 (ISOO). 

§ * Roy. Soc. ftoc,/ vol. 67, p. 467 (1900). 

II * Phil. Tmns./ A, voL 817, p. 837. 
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that, on the theoretical cuneiderationB above referred to, it would seem 
impossible that these radiations should be detected. 

QtuUitatire Hjrperivients. 

Vacuum tul)eB of the H type were filled with pure helium at a pressure of 
41 mm. of mercury in the usual manner by heating powdered thorianite in a 
silica side-tulie, and allowing the gases evolved to pass into the exhausted 
tube through a tube containing pieces of fused caustic potash and a U-tubu 
containing charcoal, which was cooled in a vessel containing liquid air. The 
electrodes of the vacuum tube had not been completely cloaicd of hydrogen, 
and when the helium was admitted, a fresh evolution of hydrogen from the 
electrodes took place. The partial pressure of the hydrogen thus liberated 
must have been very small, and was, in fact, scarcely noticeable on the 
U>tabe containing mercury which served as a pressure gauge, and which 
showed a pressure of 41 mm. of mercury. At this pressure, however, the 
spectrum of hydrogen predominated and far surpassed the helium lines in 
brilliance. In another series of tubes, which were filled in a similar way, 
but which contained helium at a pressure less than 1 mm. of mercury, and 
into which a larger quantity of hydrogen had been admitted by heating a 
palladium tube 'connected with the circuit in a Bunsen burner, and which 
therefore contained a far greater pi-oportionof hydrogen, the helium spectrum 
was predominant. 

The spectra obtained with these tubes at 41 mm. pressure were somewhat 
surprising. The spectrum was first photographed with a small quartz spectro- 
graph, but the results were disappointing, owing to the fact that in the 
region more refrangible than about 3850 A the individual lines were to a 
great extent masked by a continuous spectrum. A higher dispersion being 
desiiable, the spectrum was photographed with a concave grating spectro- 
graph having a grating of 4 feet radius of curvature and ruled with 20,000 
lines to the inch. With this instrument the continuous spectrum was less 
troublesome, and 12 members of the Balmer series could be seen on the 
plate. The lines were surprisingly sharp; the last member observed, of 
wave-length' 3722 A, was very^unt, but there was no doubt as to its presence. 
In thin region of the speotruni some of the hydrogen lines might be confused 
with certain of the higher members of tire helium series. In our experiments 
the helium spectrum was weak in comparison with the hydrogen spectrum, but 
oonfhsionanight be suqieoted in the case of the hydrogen lines of wave-lengths 
3770'7 and 3734'15 A, the wave-lengths of the helium lines in question being 
3770'72 A (int. 1), and the pair 3733*14 and 8733*00 A both of ink 1, tiie wave- 
lengths and intensities being those of Bunge and Pssdien. It would be 
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possible for thehydiogen line at 3734*1.^ A to Iw confused with and enhanced 
by the helium pair at 3783 A, since the preceding member in the helium 
series at 3868 A appears to be present ou the plate, but the hydrogen line at 
3770'7 A cannot be affected by the helium line of the same wave-length, 
since the preceding line in the helium series is not visible. 

At first sight it might appear that under these conditions there was a 
transfer of energy to tho higher members of the series, but the nebulous 
character of these lines as they appear in pure hydrogen suggests that this 
may not be the case, but that the energy content of the lines as distinct from 
the intensity at the maximum may be the same, and that their visibility 
under these conditions may be due to the fact that the energy is concentrated 
between a narrow range of wave-lengths, instead of being distributed through 
a broadened line whose apparent intensity is in consequence vanishingly 
small. Ames,* referring to the higher members of the series, states that 
“these lines were the only nebulous lines in the spectrum, but they were 
sometimes so Mnt as to escape notice until looked for.” 

Quantitative SxperimerUs. 

To obtain further evidence on this point we have made quantitative 
experiments with a view to determining the distribution of intensity in the 
lines of the Balmer series under different conditions. These quantitative 
observations have been necessarily confined to the earlier members of the 
series, but the conclusion is probably justified that the phenomena which they 
exhibit will be continued by the members of higher term-number. For this 
purpose we have compared the spectra of four vacuum tubes, which will 
be referred to by the letters A, B, C, and D. A contained water-vapour and 
was connected to a small bulb containing a few pieces of anhydrous calcium 
chloride and soda lime. It may be mentioned that such tubes are very 
convenient on account of their permanence, when the earlier members of the 
Balmer series are required (comparatively free from the secondary hydrogen 
spectrum), the calcium chloride and soda lime acting as a kind of reservoir of 
water-vapour at a low pressure. At the time this tube was filled it was 
sealed off at a pressure of about 7 mm. of mercury. The precise pressure of 
water-vapour in the tube while it wftl in use was not known, but it may be 
safely assumed to have been between 5 and 10 mm. of mercury. B was a 
tube containing pure hydrogen at a pressure less than 1 mm. C and D have 
bpen described %bove, the former containing helium with hydrogen at a 
pressure less than 1 mm., and the latter helium with a small quantity of 
hydrogen at 41 mm. pressure. 

* Anm, toe. eit. 
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The method of determining the relative photographic inienisities has been 
identical with that adopted in previous investigations (loc, cif,), in which a 
wedge of neutral-tinted glass was set in front of the slit of the spectrograph, 
and the photographic intensities determined from the “ lieights ” of the lines 
on the plate. 

The photographic intensity of a line of wave-length \ is dchned by 

'»«■■■’ 

according to the theory proviously given, where is its height as shown on 
the enlarged photograph, whose magnification is m, the change of density per 
millimetro of the wedge at wave-length \ toeing denoted by r/X. Absolute 
intensities of any line photographed on the same plate are proportional to the 
photographic intensities defined in this manner, and the photographic 
intensities thus form a sufficient basis for comparison of the behaviour of lines 
in the same spectrum, relatively to one another, when produced under different 
conditions of electrical excitation. The wedge was the same as that used in 
the work described in one of our previous communications (foe. eit.), in which 
we substatnted the method of calibration of density per millimetre for that of 
density at the thick end of the wedge, previously adopted.* The heights of 
the Balmer series lines on the enlarged photograph, with the consequent 
calculation of their photographic intensities, are given in the subjoined tables. 
Owing to a small error in the adjustments in the process of enlargement, the 
values of m were not absolutely identical, the respective values being 
= 2*346, fils ss 2*337, = 2*326, and = 2*320. 


Table I. 




B. Pure hydrogen. Preisure < 1 niuj. 

D. Trare of hydrogen in iielium 
Prestfure 41 uiin. 

X. 


/u 


Phot iut. 

Aa. 

h^dxlut. 

Phut, int 

H. 


17-0 

2-S02 

318 

21 7 

3 -217 

1048 

H« 

0*41G 

12-0 


136 

15 -2 

2-710 

624 

H, 

0-4100 

8-8 

1-740 

•6-U 

9 7 

2 041) 

112 

H 


4 '3 

1-096 

12 -4 

t H 

1 -231 

17-0 

H. 

0 700 

1 

0-609 

j 

3 7J 

1 

1 

0*4K3 

3-04 


* * Phil. Tnuia,’ A, vol. 816, p. 4.59. 
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Table IT. 


‘A IIjO. Piv^supe 5-10 lum. 

0. flytltogea ami lieliuin 
< Imiu. 

ProMura 

hK. 

hkd\lnt. j 

1 1 

infc, 

i 

1 hx 

hxdx/m. 

Fhot. mt. 

15 *7 

2 -303 

201 

16 ‘S 

2‘4H5 


305 

9-4 

1-064 

46-1 

12 '7 

2*266 


184 

6«l 

1-066 

11-63 

7-7 

1 *622 


41 *0 

1-3 

0-320 

2-18 

1 

3-4 

0-800 


7-40 


On Plate A, H, ia just visible, and on C it is masked by the strong line of 
the helium principal series. For convenience of disoossion, it is desirable to 
reduce all the values of the photographic intensities to a uniform standard. 
This is given in Table ITT, on the basis of an arbitiary intensity of 100 
for H.. 

Table III. 


V. 

A. Water- 
vapour. 

B. Pure 
liydrogao. 

C. HTdrogeu and iielium. 
Fresinro<l mm. 

0. Trace of hydrogen in 
helium, Premiira 41 mm. 

H. 

100 

100 

100 

100 

1 

22-0 1 

42*4 

60-8 

31-8 

H, 1 

5-78 

17*0 

18 -7 

6-80 


1-06 

a-eo 

2-42 

1-08 

H. 

Just vUible 

1*17 


0-184 


Thi Hydrogen Speetruni in Waler-vapvnr. 

No exact investigation of the intensities of the hydrogen lines in water* 
vapour has apparently been made hitherto, and a comparison of Plates A 
and B gives interesting quantitative data in this connection. Evidently, 
in comparison with the spectrum of pure hydrogen, Plate B, there is a 
reduction of intensity in the lines from water*vapour, which increases in 
a regular manner towards the violet end of the spectrum. In the present 
instance, with H« of the same intensity in both cases, is reduced almost 
precisely in the ratio 1/2, 'EL, in thb ratio 1/3, and H« in the ratio 1/4. The 
actual numbers are no doubt accidental, and dependent on experimental 
conditions such as the pressure, but the general phenomenon is obviously 
regular and capable of this simple statement. 

Another very prominent feature of this oomparieon is the remarkable 
suppression of the secondary spectrum of hydrogen in water>Taponr. This is 
of course well known to occur, but its magnitude has never been measured 




Note on the Intensity Decrement in the Balmer Series. 117 

Plato B shows this spuctrum very strongly, but on Plato A, from water- 
vapour, only a few of the stronger lines of the secondary spectrum appear, 
and these are much reduced in intensity relative to the series spectrum 
There are visible on the plate from water-vapour the lines of wave-length 
\X6122, 6080, 6052, 6018, 6076,5932, 5884- 5888, 5813, 4634, and 4580 A. 
We have not, however, thought it desirable in this conimunication to enter 
into a qxiantitiitive discussion of this phenomenon. The reduction appears 
to l)e more or loss uniform in order of magnitude throughout the secondary 
s|>eotrum, but it exhibits selective eH'eots, of which an example is alfonled 
by the two strongest lines of wave-lengths 601 8*5 and 4634 A (the latter 
double). Their heights are reduced resjKJctively from 8 5 mm. and 8'8 nim. 
to 2'8 mm. and 2'5 mni., the values of being 0'355 and 0'444, and the 
inaguification 2*3. We find that the photographic intensities arc reduced in 
water-vapour in the ratios 1/10'2 and 1/13'2, respectively, showing tho 
presence of a definite selective action, while H« is only reduced in the ratio 
2/3. Their reduction-ratios relative to H« are therefore 6*8 for \6018*,), 
and 8*8 for \4634. These give sufficient data as to the order of magnitude of 
the effect. Owing to the great difference in pressure in the two tulies, it 
must be emphasised that our results refer to this particular case, for tho 
dependence of the water-vapour spectrum on the pressure has not Ixseu 
investigated in a quantitative manner. 

T/ie Hydroijm Spectrum in /felium at 41 mm. Presmirr. 

It has already been pointed out that although in the tubes which were 
filled with helium at 41 mm. pressure, the hydrogen consisted only of the 
small amount which came out of the electrodes when a heavy discharge was 
passed through the tubes, the spectrum of hydrogen was nevertheless pre- 
dominant, that of helium being relatively very weak. Ctiaiiges in the 
distribution of intensity were to he expected under these wholly new oou- 
ditions, and, in fact, those which occur are somewhat striking. 

By comparison of Plates B and D, as exhibited in Table III, where the 
intensity of H. has been taken as 100 in each case, we see that in helium at 
the high pressure is redueed roughly in the ratio 3/4, as aguinst 2/5 
tor H,, 1/4 for Hi, nnd 2/13 tor H,, showing a progressive reduction of a 
rapid kind towards the violet end of the spectrum. There is no transfer of 
energy to the shorter wave-lengths, but on actual transfer in the oppomte 
dixeotiou. It therefore seems certain that in our tubes at 41 mm. pressure 
the obeervation of the higher members of the series depends on the toot that 
their low intensify, relative to that in tubes at a lower pressure oontaining 
pure hydrogen, is more than compensated tor by the fact that they do not 



118 Note on the Intensity Decremetvt in the Bahnev Series. 


suffer the same degree uf broadening under these conditions. This opens up 
an interesting field for enquiry, for if the broadening (of this type) is due 
to the electric field of neighbouring charged atoms, which previous investi* 
gations have, we believe, established, it would appear that the reduction of 
the broadening in helium may perhaps afford some olue as to the structure, 
from certain points of view, of the helium atom. 

The transfer of energy to mombers of lower term-number in water-vapour 
at 5 to 10 mm. pressure, and in helium at 41 mm, pressure, would appear 
to accord with the theory of Bohr, which demands the existence, (or the 
production of the higher members, of a considerable number of greatly 
enlarged atoms, but this would appear to be outweighed by the fact that 
members of the series having a term-number as high as vt = 14 are visible 
at all such pressures. A precise estimate of the relative intensity which 
any line should have on this theory is not possible, on the sole basis of 
tlie assumptions at present inherent in the theory. But some simple con- 
siderations, based on the degree of packing of tlie atoms in relation to the 
diameter of Bohr’s hydrogen atom in its various stationary states, seem to 
require further assumptions which we cannot regard as reasonable. 

Taking the value of N, the number of atoms in a cubic centimetre 
of gas at 0° C. and 760 mm. pi-essure, as 275 x 10“ we have 
^i»<>u.ii4iiiiia.i>rc«ure = 1‘41 X 10“. Thus the mean distance apart of the 
atoms in our tubes is 2*^xl!r“'^ or I'OxlO"*. Now the normal diameter 
of Bohr’s hydrogen atom (t as 1) is 1'06 x 10"* cm., its diameter in the 
various stationary states being 1*06x10"* (1*, 2*, 3*, ... t* where t 
takes a series of integral values, such that, when a lure uf the spectrum 
V aa B(1/ti*— l/xa*) is developed, the electron is passing from the state 
defined by tj to that defined by n. For the 12th member of theBalmer 
series, tj •m 14, ti = 2. The presence of this line thus recpiires the existence 
of the state tj sa 14 in a sufficient number of atoms, and their diameters 
when in this state are ^ l-6x 10~*x 196 as 2*08 x 10"*. The diameters 
are therefore larger than the mean distance apart of the surrounding helium 
atoms, in the ratio of about two to unity. Even for the 10th member of the 
Balmer series, whioh is very definitely shown on our plates, the diameter of 
the atom, according to Bohr’s theory, would be 1*53 x 10"*, or about 
1| times the mean separation of the atoms. Even if an atom could emit 
such radiations when in actual contact with another atom, a possibility 
whioh could hardly be entertained seriously, the chanoe of its being able to 
do so must be va n i s hingly small, and it cannot be assumed that an atom will 
expand into the state r = 14 or more, whenever it occupies a sufficiently 
isolated position to do so, for in this case the hydrogen spectrum from such 
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attenuated sources as the nebula: might reasonably be expected to be con- 
centrated near the limit of the series. In the absence of any theory or 
experimental data which would give a clue to the energy distribution from a 
source of infinite attenuation, even an approximate estimate of the probable 
relative intensities of the higher members under the conditions of our 
experiments is impossible, but, from the available evidence, we feel justified 
in concluding that assumptions of a far-reaching character will be needed to 
explain our results in the light of Bohr’s theory. We can at present offer no 
explanation for the phenomena observed; we fear that they constitute a 
fresh difficulty of some importance in the construction of any theory of the 
genesis of spectra. 


Researches on the Chemistry of Coed. Part 1 . — The Action of 
Pyridine ujton the Coal Std>stance. 

By William A. Bonb, iXSc., F.K.S., and Rboinalu J. Sabjant, M.Sc. 

(Received March 28, 1919.) 

Mrodvftwti. 

The experiments recorded in this pajicr aic i>art of a research carried out 
in the Department of Chemical Techuoli^ at the Imperial College of Science 
and Technology, at the instance of the British Association Fuel Economy 
Committee, with the double object of clearing up certain discrepancies in the 
work of previous investigators and of gaining further knowledge of the chief 
types of constituents contained in the coal substance. 

One of the authors having recently reviewed at some length the present 
state of science with regard to the composition of coal in his monograph on 
" Coal and its Scientific Uses ” (pp. 35 to 163 inclusive) there is no need to 
treat of the matter again at any great length here. S^iecial attention may, 
however, be drawn to the summarised statements given on pp. Ill to 112 and 
124 to 128 (inclusive) of that monograph concerning the results and views of 
previous workers and the present state of our knowledge with regard to the 
primary action of heat upon coal 

There is now general agreement amongst chemists that the constituents of 
the coal substance may be regarded as consisting principally of three distinct 
types derived respectively from the ligno-celluloses, resins, sad proteins 
contained in the vegetable dUnis from wfaiidi the ooal originated. 
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Tbeae bodies have, during the formation of coal, been subjected first of all 
to the disintegrating influence of decay and bacterial action, as in modem peat 
bogs, followed by the combined action, continued through long geological 
ages, of great pressure and a slowly rising temperature, which latter, however, 
has probably not exceeded 300*^ C. and may liave been considerably less. In 
these circumstances, the relatively unstable uellulosic and proteid oonstituetits 
would probably undergo such profound changes as would to a great extent 
mask their original characters, whilst it might be expected that the more 
stable resinons constituents would be effected to a considerably less degree. 

Hitherto it has not been found possible to devise an experimental method 
for separating the three types of constituents sufiiciently well to permit of 
more than a partial delineation of their chemical behaviours being made. 
Strangely enough, also, some investigators have spoken of the coal substance 
as though it contained only cellulosic and resinic derivatives, ignoring the 
equally important nitrogenous constituents. 

Amongst the melhods chiefly employed for separating the said oonstituents, 
perhaps the most important has been the action of various solvents, and 
particularly of pyridine, picoline, quinoline, and aniline, upon the coal 
substance. 

Bedsou (in 1S99) was the first to draw attention, in a paper before the 
North of England Institution of Mining Engineers, to the remarkable solvent 
action of pyridine upon bituminous coals, and subsequently, in 1908, ho 
described tlie details of his work in tliis connection in a paper read before the 
Newcastle-on-Tyue Section of the Society of Chemical Industry.* Since that 
time the method has been extensively employed by other investigators 
chiefly by R. V. Wheeler and his co-workers, f and also by Wahlf, and 
Harger.§ Vignon|| has similarly investigated the solvent action of aniline and 
quinoline upon the coal substance. 

Clark and Wheeler {loe. cU.) have ohuiued that if the solvent action of 
pyridine is supplemented by a subsequent chloroform extraction of the 
original pyridine extract, a complete separation of the resinic from the 
cellulosic constituents may be effected. But a critical examination of the 
analytical data published in their paper leaves some doubt in the mind as to 
the validity of this oonduaion, although doubtless a partial separatiou can be 
BO effected. Their experimental results also show that there had been some 

* ‘ Journ. Soc, C!bem. lud.,' p. 147 (1808). 

f Bnrgew and Wheeler, ‘Trane. Chem. Soc.,’ vol. 90, p. 048 (1011); C3ark and 
Wheeler, tMA, vol. 108, p. 1704 (1018). 

I ‘ Oompt. Bend.,' vol. 164, p. 1004 (1018). 

S < Joum. Soc. Chem. lad.,’ p. 880 (1014). 

II ‘ Oompt. Bend.,’ vol. 168, p. 1481 (1014)^ 
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absorption of oxygen by tho material daring the extraction px'ocesses and, in 
onr opinion, these authors did not sutfioiently take into account the nitro- 
genous constituents of tlie coal substance in applying their method. 

The subsequent independent investigations of Harger, Wahl, Vignon, and 
others have raised the question as to whether the action of pyridine, and 
other similar basic solvents, is really a case of ordinary solution, for much of 
the evidence suggests that it is essentially a depolymerising one. Our own 
work on the subject supports the view recently put forward by one of us 
that “besides any ordinary solvent action whicli pyridine may have upon the 
resinic constituents, which is probably fairly rapid, it also at the same time 
slowly attacks and resolves into simpler molecular aggiegates the complex 
structure of the coal substance as a whole.”* 

In extracting a coal with pyridine in a Soxhlet apparatus in tlie mauuer 
first described by Bedson, and afterwards (with slight modification) by 
Wheeler and his co-workers, irregularities are frequently encountered, both 
in regard to speed and ultimate extent of the solvent action. So marked 
were these found to be in the cases of certain coals examined that the 
authors determined to subject the action of pyridine to a close examination, 
with a view to determuiing the causes of such irregularities. 

Expenmentat. 

In an extended scries of preliminary experiments, the results of whicli 
need not here be detailed, it was found : — 

(1) That tho presence of oxygen has an important retarding action, varying 
considerably with the nature of the coal, upon tho extraction process. This 
is due to the fact that the coal substance, and any pyridine solutions 
obtained therefrom, absorb oxygen and undergo oxidation during the extinc- 
tion process. Also, it was found that the previous “ oxygenation ” of tho 
coal substance renders it much less susceptible to tho solvent action of 
pyridine. Therefore, in oi’der to obtain comparable results with various 
coals, it is necessary to exclude access of oxygen during the extraction 
process, which is best carried out in an inert atmosphere. 

(2) That the presence of water in the pyridine used has a strong retarding' 
influence upon its solvent action. On the other hand, the presence of 
pioolino and higher homologues of pyridine affect the solvent action but 
are leas stable. Hence the pyridine should be carefully purified and 
dehydrated before use, or otherwise discordant results as between various 
coals may be obtained. 


* ‘ Goal and its Sdentifio Usea/ p. d3. 
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(3) That the degree of fiaeness of the ooal operated upon must also be 
taken into consideration. The coal itself should be carefully dried before- 
hand, and then ground until it passes through a standard mesL This, 
however, should not be too fine, because after a certain limit of fineness has 
been passed there is a tendency for the finest particles to be carried over 
mechanically into the tlask of the extraction apparatus during the periodic 
siphoning. Thus, for example, we have found that in most cases the best 
results are obtained when the dried sample has been ground so as to pass 
through a standard mesh of 90 to the linear inch. 

(4) It is also preferable, though not essential, to arrange the conditions so 
as to ensure, as far as possible, equality of temperature in the extraction 
chamber of the apparatus, and also to maintain a regularity in the rate of 
siphoning during the extraction process. Hence it is desuable to employ 
some uniform or standard size of extraction chamber and to lag it efficiently. 
Also, to have all the temperature conditions well under control, and especially 
the rate of vaporisation of the solvent. 

We will now describe the methods and apparatus employed by us to meet 
the foregoing requirements. 

Puiifkation of the Holvent. 

Commercial pyridine always contains picolines and lutidines, and it also 
has a strong affinity for water forming hydrates, principally C5H6H, 3HiO 
(b.p. 96° C.). That supplied to our laboratory was found to contain only 
about 40 per cent, of basic substances, the remainder lieing principally 
water. 

After investigating a number of possible methods of separating the pyridine 
from its various homologues (such as, for example, by means of their hydro- 
chlorides, zinkichlorides, or their compounds with potassium ferricyanide), all 
of them were finally abandoned in favour of oxidising these impurities by 
means of a mixture of nitric and chromic acids. 

To 900 c.0. of the crude liquid were added 60 grm. of chromic acid and 
100 c.a of nitric acid, and the mixture was then heated in a reflux apparatus 
.for 18 hours. To the cooled liquid 70 grm. of sodium hydroxide were 
cautiously added. Care was taken not to allow the liquid to become too 
hot during these operations, for otherwise a point of sudden decomposition 
would have been reached involving loss of material and some risk of fire. 

The liquid was thereupon filtered and afterwards fractionally distilled. 
Each fraction was dehydrated by the action of quicklime or sodium hydroxide 
in the first place, and subsequently by prolonged contact with solid canstio 
potash. After dehydration the fractions were re-^tilled under reduced 
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pressure, moisture beiu^ carefully excluded from the apparatus. Only those 
fractions boiling at atmospheric pressure between 116° and 117° 0. were 
employed for the subsequent extraction operations. 

The purity of the solvent so obtained was always carefully checked by 
density determinations. Thus, for example : — 


Boiling point of 
fraotion. 


°C. 

116-116 

116-117 


According to Perkin, the density of pure pyridine (b.p. 115‘2° C.) referred 
to water at 4° C. is 0'9855. 

Preparation of the Coal Samples, 

The cool was first of all ground so as to pass a mesh of 90 to the linear 
inch, and then dried in a thin layer in an exhausted desiccator over either 
concentrated sulphuric acid or phosphoric anhydride. The upper part of 
the desiccator was fitted with a small electric heater, the radiation from 
which enabled the temperature of the coal to be raised up to between 80° 
and 95° C. This greatly accelerated the drying operations without alteration 
of the coal substance. On the whole, phosphoric anhydride was found to be 
a more satisfactory drying agent than the sulphuric acid. 

Thi Extraction Apparatus. 

The devising of a satisfactory form of Soxhlet apparatus for the extraction 
of coal by such solvents as pyridine in an inert atmosphere w thout inleakage 
of air was not altogether an easy problem. The chief difficulty encountered 
was the tendency of pyridine vapour to penetrate in time through even the 
best ground glass joints that could be made between the evaporation flask 
and the extraction chamber. And any such escape of pyridine invariably 
involved a considerable loss of solvent and an inleakage of air at that joint. 
Finally, it was found necessary to substitute a fused glass joint, which 
involved making the whole apparatus from the extraction chamber down- 
wards in one piece. No difficulty, however, was encountered in preventing 
air leakage through a ground glass joint between the extraction chamber and 
the water-cooled condenser of the apparatua The final form of apparatus 
and its connections is shown in the accompanying diagtam (fig, 1). The 
evaporation flask had an external diameter of 9*6 cm., and a capacity of 
VOL. xcn. — A. K 


Density referred to 
water at 4® 0. 

TonijH'rature. 


®C. 

0*9856 

16 -2 

0 -9860 

13 1 
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approximately 450 c.o. The dimensions of the cylindrical extraction chamber 
were: Length 20 cm., and external diameter 3*7 cm. The water-cooled 
condenser (length 22 cm., and external diameter 3*7 cm.) contained five bulbs 
in series. 

At the top of the condenser connection was mode through two drying 
towers in series (one of which, 9 " x contained sticks of solid oaustio 
potash, and the other, 12'^ x granulated calcium chloride over lumps of 
quicklime) to a 2-litr6 gasholder containing nitrogen over a mixture of equal 
volumes of glycerine and water. 

The extractors were mounted in pairs on an electric heater. Each heater 
(fig. 2) consisted of a rectangular box of asbestos board screwed on to a 
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framework of angle iron. Two ribbon-wound bar heaters of fireclay, wired 
for use either in series or in parallel, were placed side by side at the bottom. 
The flasks of the extractors were supported on brass frames covered with 
asbestos. The space between the flasks and the sides of the heater was 
lagged with asbestos wool, the extraction chamber being protected with 
shapedfscreens of asbestos board. The arrangement finally adopted of two 
extraction apparatuses, mounted for parallel experiments in atmospheres of 
(i) nitrogen and (ii) “ moving ” oxygen, is shown in fig. 3. 

Method of Extroustion. 

About 10 grm. of the dried coal was weighed out into a dry paper or 
alundum thimble.* The extractor flask was then filled with a measured 
volume of the pure dry solvent, the thimble placed in the extraction chamber, 
and the apparatus assembled, a small quantity of lubricant being used to 
make the ground glass joint tight. The apparatus was then evacuated with 
the Fleuss vacuum pump, and nitrogen allowed to enter slowly from a 
cylinder through a reducing valve.f This operation of evacuation and filling 
was repeated three times, and then the taps on the gasholders were opened 
to put the extractor in communication with the gas in the holders. Gas 
samples were then taken and analysed, and if the oxygen present did not 
exceed 0*5 per cent, the extraction was started. Gas analyses were also 
made at the end of each operation. 

Eemoval qf the Solvent. 

In the subsequent recovery of the extract, the solution was rapidly filtered 
through a Buchner funnel ; the flask was washed out with hot solvent, which, 
being passed through the filter, served also to dissolve any extract precipitated 
on cooling. Filtrations through a Gooch crucible were carried out in s 
jacketed arrangement, which enabled the operation to be done in an atmos- 
phere of nitrogen. 

The clear liquid was thereupon concentrated by distillation under reduced 
pressura Most of the remaining solvent was removed by alternately heating 
the residue in the flask from 60° to 60° G. in an atmosphere of nitrogen and 
evacuating until of constant weight. It was found, however, that this 

* The use of a paper thimble ie usually to be preferred, as it ensures a more rapid 
extraction ; the tendency of the paper to break open during a prolonged experiment 
may be counteracted by strengthening the thimble with a silver gauge sheath, as shown 
in fig. 3. 

f The connections used for these operations are shown In the upper right-hand 
portion of fig. 1. 
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treatment ftiiled to remove all the pyridine, and in all our later experimento the 
concentrated extract wae poured into an excees of hydrochloric acid, and was 
finally collected by filtration throi^^h a weighed Qoooh crucible, washed, and 
dried in vacuo over strong sulphuric acid. 

The insoluble residue in the thimble of extraction chamber was collected, 
and, after being washed with dry ether, was kept in vacm over strong 
sulphuric acid with the object of removing any " absorbed " pyridine. But, 
as will be explained later, so tenaciously was the latter retained, that further 
special treatment had to be resorted to, before .it could all be finally 
eliminated. 

Types of Coal Uted, 

Our experiments have so far been principally confined to two typical 
bituminous coals, namely, (i) a Durham "coking'* coal. A., and (ii) a 
Barnsley “ hard steam ” coal, B., which were selected as having nearly the 
some percentage compositions, notwithstanding considerable differences in 
their other properties. Their ultimate compositions were as follows : — 



C. 

H. 

X. 

S. 

o. 

Ash. 

* 

A* DurliMD ookiiig eonX 

B* Buuilej hard itMin oobX 

p«r oeQfc. 
88 78 
88*88 

per 

4*76 

4*09 

per cent. 
1-09 
1*50 

pw cent. 
1-28 
0-70 

■ 

per cent. 

1 82 
2*76 


These coals behave quite differently on carbonisation at 950** O. The 
coal A. intumesoes and swells considerably, yielding 26’3 per cent of volatile 
matter and a residue of very hard " metallurgical ** coke. Coal B., on the 
other hand, does not swell or go through a stage of intumescence, but yields 
82*2 per cent, of volatile matter and a much weaker coke. Moreover, when 
both were exposed to the action of oxygen at a constant temperature of 
about 108”, the Barnsley coal absorbed the oxygen mote quickly than did 
the other. 

In this connection, it may be stated that a comparative study of the 
behaviour of the two coals, when separately carbonised at a temperature of 
SSff* C., indicated that B. was relatively richer in oellnlosio oonstituents than 
was A 


Part I.— Exfxbimknts with Coal A. 

(1) Oomforinin hchocvn the Action of PyrHine and Fieolinee. 

The olyect of these experimentB was to determine whether or not, on 
extraction under ordinary pressure in the Soxhlet apparatu8i~- 
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(a) There is a limit to the solvent action of pyridine or picolines on the 
coal substance ; and 

(&) There is any difference in either the rate of solvent action, or ultimate 
proportion of the constituents extracted, by pyridine and picolines respec- 
tively. 

The pyridine employed was a fraction of the purified anhydrous solvent, 
boiling between 116*3° and 116*3°, whilst the picolines were a fraction of 
anhydrous pyridine homologues boiling between 130° and 160°. For this 
purpose the dried coal was continuously extracted in an atmosphere of 
nitrogen, in the first instance for an uninterrupted period of 159 hours, 
after which the residue was similarly extracted for a further period of 
24 hours. 


Experinunt. 

Solvent. 

Peroentago of dry coal extracted in 

169 hours. 188 hours. 

A, 1 

Pvridine 

81 *84 

82*27 

A. 2 

PiooUnea 

30*26 

81 *20 


The above figures show that the amount extracted in the two oases 
approached the same practical limit, which, it should be noted, exceeds 
considerably the amount of volatile matter expelled from the coal at 950*. 
There was nothing to show that the picolines acted more quickly than 
pyridine upon the coal substance ; indeed, owing to the leaser stability of the 
picolines, pyridine appeared to be the better solvent generally. 

The " residues " were subsequently extracted with dry ether to remove any 
meohanioally-beld solvent, and afterwards kept in a vacuum over sulphurio 
acid for 48 hours. After such treatment their weights were 72*3 and 
73*2 per cent, respectively of the original dry cool, from which already 
32*2 and 31*2 per cent of material had been extracted by the solvent. 
The explanation of this is that the coal substance has a marked affinity for 
the basic solvents employed, the actions of which ate not merely those of 
ordinary solvents, but partake of a chemical character. The best way of 
removing from such residues the proportions of “ combined ” pyridine, etc., 
which they so obstinately retain, is to wash them first with dilate hydro- 
ohlotio acid and then with ether. 

CharacUr of the " EsAta/iU " and " Eetiduee.** 

The "extracts ” so obtained were tesinoaa powders of dull ohoedate brown 
coloar. The " residues " were very hygrosoopio powders, dull black in colour. 
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On carbonisation, the “extracts” passed through a definite stage of inta> 
meecence, leaving a very swollen and puffy coke. The " residues,” on the 
other hand, passed through no such stage of intumescence, the carbonised 
remainder possessing hardly any oohesiveness. 

(2) The Retarding Influence of Oxygen upon the Extraction Proeess, ParaUd 
Extraction in (i) Nitrogen and (ii) 0.cygen. 

The next experiments show how greatly the extraction process with this 
coal Was retarded by the presence of oxygen. In two parallel experiments, 
carried out simultaneously and under precisely the same conditions, the dry 
coal was extracted in an atmosphere of (i) nitrogen and (ii) oxygen for a 
definite time period until the solvent action appeared to have almost ceased 
in the first-named case. In one pair of experiments the oxygen was 
continuously circulated in the Soxhlet apparatus by means of a special 
mercury pump operated by an electric motor and an air-pump (fig. 3). In 
the other pair of experiments no such artificial movement was imparted to 
tile atmosphere. Seeing that each apparatus was throughout an experiment 
in free connection with the gasholder containing the nitrogen or oxygon, as 
the case might be, the gaseous pressure would be kept constant, and any 
oxygen absorbed would at once be automatically replaced. 

As a rule, visible solvent action had almost ceased after about four days, 
although the experiments were kept on much longer, so as to allow ample 
time for a practical limit to be reached in each case. In the ” oxygen ” 
experiment about 80 c.e. of the gas (equivalent to about 1 per cent of 
the weight of the coal substance used) were absorbed during the first four 
days, and some further absorption occurred during the lemainder of the 
expmiments. The following results of two pairs of parallel experiments may 
be quoted as typical : — 


Experiments A. 3 and A. 4. Goal ground to pass mesh 90. 
Total Period of Extraction s 11 days 1\ hours. 


Sipmmmt. 

Atxnotphm. 

Percentage estimotad. 

A, 8 

Nitrogen 

Moving oxjgeu . 

29 -fa 

A. 4 

17-08 
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Experiments A. 9 and A. 10. Coal ground to pass 150 mesh, but not 200. 
Total Period of Extraction s 7 days 2} hours. 


Experiment. 

Atmoiphere. 

Percentage extracted. 

A. 9 

Nitrogen 

83 -48 

A. 10 

Oxygen 

17-76 


In addition to the proof thus given of the marked retarding o£feot of 
oxygen upon the extraction process, there was also clear evidence of a 
definite “ affinity ” of the coal substance, and particularly of the ” residue " 
left in each case, for pyridine. Thus, for example, in the case of A. 9, the 
" residue,” after being washed with dry ether and subsequently kept in vaeuo 
over strong sulphuric acid for 23 days, weighed 77*33 per cent, of the 
original coal substance, although no less than 28*86 per cent, of the latter 
had been extracted in a first treatment. In the case of A. 10 the “ residue ” 
weighed as much as 92*75 per cent of the original coal treated, although 
16*23 per cent, of the latter had been extracted. 

(3) Practical Limit of Pyridine Extraction and Proportion of Eoetraet 
soluble in Chloroform. 

From the four following experiments, in which the coal was extracted with 
pyridine in an atmosphere of nitrogen until the process had reached its 
practical limit, it would appear that the extractable matter amounted to 
somewhere between 30 and 33 per cent, of the weight of the diy coal, 
thus : — 




Experiments. 

Mean. 


A. 1. 

A. 2. 

A. ft. A. 13. 

Percentage extracted 

82-27 

81 -20 

82'48 1 80*44 

1 

I 81-60 

1 



A composite sample of such extracts was subsequently extracted in the 
Soxhlet apparatus with chloroform in an atmosphere of nitrogen for a period 
of two days, when approximately 52 per cent, of its weight was dissolved. 
The resulting “ chloroform ” extract certainly contained both nitrogen and 
sulphur, and could not be regarded as a pure resinous substance, although it 
was undoubtedly for the most part resinous in character, as was also a^wn 
by its action upon a photographic plate at a temperature of 45° to 66°. 
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The following analytical results show that, whilst the composition of the 
“ residue ” left after the pyridine extraction is far removed from that of any 
"resin” hitherto found in, or associated with, coal (suoh resins usually 
contain upwards of 8*0 per cent, of both hydrogen and of oxygen), that of 
the pyridine-chloroform " extract ” (e) does not sufficiently agree with the 
same to warrant the view that it represents even a nearly pure ooal-resin. 
A method (discovered daring the course of another cognate research at the 
Imperial College) for isolating pure resins from the coal substance will be 
described in a later connnunication. 



Percentage oompoeition. 

!Ratio 


C. 


s. 

N. 

O. 

Aeh. 

C/H. 

(a) Original coal 
(A) **Beflidue” after pjrri-i 
dino extraction 

88 '78 
84-14 

4 '76 
4-40 

1*28 

0*08 

1-09 

1*86 

7 '68 
4-68 

1*62 

4*14 

• 17*60 
10 -12 

(c) Pyridine-rhloroform 
“extract** | 

ftO-(0 

1 

6 06 

is'-oe 

“ 

13*44 


(4) Character of the Prolonged Action of Pyridine. 

In all the pyridine extraction experiments, evidence was forthcoming that 
the action, whilst it finally approached the aforesaid " practical limit,” never 
ceased altogether'. Generally speaking, the solvent action was marked by 
the appearance of a distinct reddish colour in the liquid around the thimble 
in the extraction chamber, and its termination was signified by the dis- 
appearance of such discoloration. Now we repeatedly observed daring the 
investigation that, after the coloration had entirely ceased, and the extrac- 
tion had therefore been suspended, it re-appeared whenever the apparatus 
had been left standing for several days with the solvent still in contact with 
the “ residue ” in the thimble in the nitrogen atmosphere. Thereupon, on 
resuming the extraction process in the usual manner, the colour would again 
disappear after a few hours, but would once mote reappear- on furthmr 
standing. In one experiment the phenomenon of alternate disappearance 
and reappearance was repeated no less than 11 times daring a period of 
6S days in which the .coal was intermittently extracted tor altogether 
IS days and 19 hours, and betweenwhiles left in contact with the solvent 
at the laboratory temperature. This supports the view tiiat the so-«alled 
"solvent action” of pyridine upon the coal substance is really a more 
complex phenomenon than has usually been supposed, involving, in addition 
to a rapid dissolving of the " resinous” constituents, a simultaneous and much 
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slo^r “ unbuilding ” or depolynierising, of the whole coal structure, which 
was thus gradually brought into a more soluble condition. 

• (6) Action of Pyridine at 130® to 150® C. under Pretmre, 

Confirmation of the foregoing supposition was forthcoming when the coal 
was subjected to prolonged heating with pyridine at temperatures between 
130® and 160° C. in sealed tirbes, the air in which had been displaced by 
nitrogen before sealing. No apparent thermal decomposition, either to the 
coal or to the solvent, occurred during the operation. After opening ttie 
tubes and filtering their contents, the " residues ” were repeatedly treated with 
successive portions of boiling pyridine until no further matter could be so 
extracted. Finally the " extracts ” were removed, washed with dilute hydro- 
chloric acid, and dried. The following results show how greatly the per- 
centage amounts of “ extracts ’* exceeded those previously obtained by the 
usual Soxhlet method 


Experiment. 

Weight of coal 

taken. 

Volume of 
solvent used. 

Ihiration of 
heating in days. 

Percentage of 
dry coal extracted. 


grm. 

j c.c. 



A. 21 

2*01 

123 

19 

67 16 

A. 22 

2 00 

163 

26 

63 '68 

A. 28 

1*21 

129 

26 

67-63 


Part IL— Experiments with Coal B. 

The results of the following experiments demand attention because they 
are so strikingly different from these similarly obtained with the “ isomeric ” 
coal A. 

(1) Parallel Eoctraction in Atmo^keres of (i) Nitrogen and (ii) Oxygen. 

In these experiments, which were carried out in a similar manner to A. 3 
and A. 4 {q.v.), the dry coal was extracted with pyridine first of all (a) for a 
period of 2 days and 22 hours, after which the solvent was replaced by a 
fresh portion, and (i) the probess continued for a further period of 46 days 
and 17i hours, with the following results ; — 


Experiment. 

Atmosphere. 

Duration. 

Feroentafe extracted. 

B. 8 

B. 4 

Nitrogen 

Oxygen 

(a) adw* 22lio«H. 

48 „ m „ 

M 2 » 22 „ 

0)46 17* „ 
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Comparing these results with those of A. 3 and A. 4 Tespectively, it will be 
seen that whereas the Durham coking coal (" volatiles ” ss 26*3 per cent.) 
fielded (in nitrogen) between 30 and 32 per cent, of "extract,” the Bamslej 
coal (“ volatiles ” s 32*2 per cent) yielded only 11*6 per cent, of “ extract,” a 
fact which sufficiently proves that there is no neoossaty relationship between 
the amount of " volatiles ” yielded by the coal at 960^ C. and its susceptibility 
to the attack of pyridine. Also, whilst the retarding influence of oxygen 
upon the latter is again evident in B., it is far less marked than it was in the 
case of the Durham coal. Indeed, in the case of the Barnsley coal, the 
amount ultimately extracted in oxygen was a little more than that removed 
in nitrogen, even after allowance is made for the fact that the larger gross 
weight of the former is partly due to an absorption of oxygen, as the following 
analyses show : — 



Feraentage oompoflUion of extract. 

Total carbon extraoted 









• 




per 100 coal. 


C. 

H. 


O.andS. 

Ash. 

B. a 

8T -98 

6*92 

1*60 

10*43 

0*17 

9*6 

{ 

(a) 79 60 

.6*97 

1*48 

12 *21 

0*05 

} . w® 

(6) 76 -87 

3*82 

1*60 

18 *74 

0*67 


To discover the cause of the great difference between the behaviour of the 
two coals towards pyridine would probably require a much longer investiga- 
tion than wo have so far been able to make. 

It may prove to be connected with another fact, discovered daring the 
present enquiry, that the substance of coal B. apparently had a markedly 
stronger affinity for pyridine than that of coal A. Indeed, after the ether- 
washed “ residues ” had been kept in meva over sulphuric add for 19 days 
they still retained pyridine with such tenacity that their weights alwa^ 
exceeded those of the original coal, taken (e.y., by 6*63 per cent, in B. 8 and no 
less than 9*47 per cent, in B. 4). This stronger offimty would seem to imply 
that the coal structure would be more easily " unbuilt " in the ease of B. than 
in that of A., and, therefore, whatever proportion of really pyridine-soluble 
matter B. might contain would probably be more easily extraoted, and ^ 
retarding influence of oxygen would be proportionately lees marked than in 
the case of A. 

It may here be mentioned that, in conformity with the foregoing suppo- 
sition, the repeated disappearance and reappearance of colour during inter- 
mittent extraction, always observed in the ooel A. was not noticed in the 
case of B. This again points to the structure of A being more complex and 
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difficult to resolve than that of B., and it is possible that the much more 
pronounced coking properties of the former are attributable to this circum- 
stance. These matters are, however, reserved for farther investigation. 

Part III. — The Action of Pyridine upon “ Oxygenated ” Goals A. and B. 

Seeing that the presence of oxygen has a retarding influence upon the 
solvent action of pyridine (more marked, however, in the case of coal A. than 
in that of B.), it seemed desirable to ascertain what would be the influence of 
" oxygenating” each coal beforehand, but excluding oxjrgen during the actual 
extraction. 

Both of the coals in question absorb oxygen, forming "oxygenated" 
products, rather rapidly at temperatures above 80^ and, as already stated, 
coal B. is, under such conditions, more readily oxidised than coal A. For the 
purposes of these experiments a sample of the “oxygenated" coal was 
prepared by circulating oxygen over about 90 grm. of the dried coals in 
question (previously ground to pass a 90-mesh sieve) at a temperature of 
108*’ until between 10 and 11 litres of the gas had been absorbed. In such 
circumstances, although oxides of carbon and steam were evolved, the greater 
part of the oxygen remained in combination with the coal substance, 
producing “ oxygenated ” coals of the following percentage composition : — 



C. 

H. 

N. 

s. 

0. ! Ath. 

Oxygenated Goal k 

Oi^genated Coal B 

79*89 

74*01 

8*92 

4*08 

1*09 

raa 

1*28 

0*69 

18-27 

16-97 



Ten grm. of each of these “oxygenated” coals were subsequently extracted 
with pyridine in the Soxhlet apparatus in an atmosphere of mtrogen, parallel 
experiments being .also made simultaneously with the original coal in each, 
case for purposes of comparison. The extractions were carried out (a) in the 
first instance for a period sufficient to remove the greater part of the 
extractable constituents, after which if) the solvent was replaced by a fresh 
supply and the extraction oOntinued fora further period until the " practical ” 
limit had been well exceeded. The results in each case proved that “ combined *’ 
is quite os potent as “ free ” oxygen in retarding the action of the solvent, as the 
following figures show:— 
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Coal A. 



Experiment A. 6 with 

Experiment A. 6 with 


originAl coal. 

oxygenated ooal. 


(Feroeu^e extracted.) 

(Percentage extracted.) 

Dmtion of "Extruction Period— 1 


1 

( 4 ) 108 hours 1 

28-90 

12*58 

(i) 130 .. 

ir« 

3-58 

Totid . 2^8 p 

25 -68 

16-06 


Coal B. 



Experiment B. 1. 
(Percentage extracted). 

Experiment B. 2. 
(Percentage extracted.) 

Duration of Extraction Period — 



(a) 128 hours 

9-00 

8-81 

(i) 6*4 „ 

166 

3*28 

Total 762 „ 

11 -50 

1 

12-00 


Comparing now the reaults of A. 6 and A. 6 with those of A. 3 and A. 4 
(recoided on p. 130), it will be seen that the "oombined” oxjgen in A. 6 retarded 
the extraction in almost the same degree as did the " foee ” oxygen in A. 4. 
The same also applies in the corresponding B. experiments, as a comparison 
between the results of B. 1(a) and B. 2(a) and those of B. 3(a) and B. 4(a) will 
show, although the retarding influence in the case of coal B. was so much less 
pronounced than in the case of coal A. 


The further discussion of the bearing of the results recorded in this paper 
upon the chemistry of the coal substance is reserved for a farther oommonioa- 
tion which will deal with some later developments of tiiie investigation. 
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A Study of Catalytic Actions at Solid Surfaces. I . — Hydros 
genation of Unsaturated Fats in the Liquid State in Presence 
of Nickel. 

By E. F. Armstrono, D.So., and T. P. Hilditou, D.So. F.I.G. 


(Comnranicated by Prof. H. E. Armstrong, F.B.S. Beceived March 28, 1919.) 

The object of the present communication is, firstly, to compare the 
behaviour of unsaturated fatty oils towards hydrogen, in presence of finely 
disseminated nickel, with that of gluoosides, towards water, in presence of 
enzymes ; secondly, to emphasise the remarkable analogy that is apparent 
between these two difierent types of interaction. 

The nature of enzymes and of their action as hydrolytic agents has been 
fully discussed by one of us,* in conjunction with H. £. Armstrong. 

The main thesis put forward, in the communication referred to, involves 
the assumption that enzymic hydrolysis is an operation which takes place at 
the pseudo-solid surfaces of colloid particles suspended in a solution of the 
hydrolyte— not between substances in actual solution, as in the case of 
soluble acids and the soluble gluoosides. 

It was long customary to regard these two cases of change as similar in 
form and as mass-action effects. In the course of the extended inquiry into 
the action of urease on urea, by Armstrong and Hortonf and by Armstrong, 
Benjamin and Horton^: however, results were brought to light which could 
not well be interprete<l otherwise than on the assumption, first put forward 
by Duclaux, that the hydrolysis took place at a practically “ linear rate ” and 
that the approximately “ logarithmic rates ” observed in most cases of enzymic 
hydrolysis were the result of interferences with the “ linear rate ” due to 
the action of the products of change. 

Careful experimental work showed, in fact, that enzymic changes would 
take place at apparently constant rates were it not that they are subject 
directly and indirectly to considerable retardation by the products of change. 
Urea, for example, is hydrolysed to carbonic acid and ammonia by urease ; 
when the hydrolysis is effected in presence of an excess of either of Uiese 
products, the rate is approximately a linear function of the time; Ammonia 
has a definite retarding influence on the enzyme; but if this effect be 

* ‘Boy. Soa Broo.,’ B, voL 8^ pp; 861-066 (June; 1818)i 
t ' Boy. Soc. Froc.,' voL 86, p. 106 (1618 
t ‘ Boy. Soc. Proe.,’ B, voL 86, p. 328 (1613). 
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neutralined by introducing an excess of carbonic add — which presumably 
is too weak an acid to influence the enzyme — the change takes place much 
more rapidly than in the absence of the acid and practically at a linear rate. 

On the other hand, hydrolysis conditioned by acids is a bimoleoular 
process, effected by the breakdown of a system composed of the hydroly te, the 
catalyst and water; as such it follows the laws of mass action, its rate being 
expressed by the well-known logarithmic law. Hence no analogy exists 
between the catalytic action of enzymes and of acids ; indeed that of acids 
is not one in which surface phenomena and colloid structure are concerned. 

In the case of the hydrogenation of oils, in presence of nickel, it is beyond 
question that the catalyst is active in the solid state ; the fact, that, as will 
now be shown, action takes place in a manner which is clearly similar to that 
observed in the case of the hydrolysis of urea under the influence of urease, 
is the strongest possible argument in favour of ttie view put forward to 
explain the action of this enzyme and indeed of enzymes generally. 

The catalytic hydrogenation of liquid fats in presence of nickel has been 
studied by measuring the volume of hydrogen entering and leaving the 
system. In our most recent experiments, this has been effected by water 
meters designed to measure 2*5 litres of gas per revolution ; it was found that 
accurate results were obtainable when the gas entering each meter was 
brought to constant temperature by passage through metal coils immersed 
in the same water-bath. The meters were checked against each other before 
and after each experiment, to guard against constant errors due to the 
meters not recording with equal accuracy ; they were also calibrated fairly 
frequently by passing a known volume (10 litres) of hydre^en through them. 

The purest obtainable oils of a number of types were used, viz. : — 


oa. 

lod, Ko. 

Cbmpoiition (liewkowitaoh, Oili, F4ta and Waxes, 
1914 Edition, vol. 2). 

OllTe 

84*6 

iia -6 

181 *4 
184*6 1 

1 

1 

1 

About 90 per cent, olein, 6 per cent, linolein, and 
2fi per eent. palmitin. 

About SO per cent, linolehi, 86 per cent, ol^, and 
86 per cent, palmitin. 

Gljomdes of ams of rtajing degrees of ansatoration. 

A large nroportion of linMenin and linolein, irith 
about sfi} per cent, olein and about 6 per eent. of 
saturated glycerides. 

Cotfton-iMd 

Whale 

Xonieed 

1 


Very many experiments have been made, but it will be sufficient for the 
purpose of the present discussion to quote only the results of three. 
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(i) Cotton-seed Oil. 300 grm. oil ; 0-3 per cent NL ; 180^ C. 


Hetor 

tonpera- 

tnre. 

Time. 

di. 

Tempera- 

ture. 

I’aBsed. 

Gas V 

Emerged. 

olume. 

Absorbed. 

dv. 

dv/dt 

"0. 

mins. 



lifcroB. 





26 

0*00 

— 

176 

0*00 

— . 

— 



__ 


a -07 

a -07 

186 

2*60 

0*76 

1 *75 

1-76 

0*86 


4*03 

1*00 

182 

6*00 

1-36 

3-64 

1*80 

0-97 


6*05 

1*02 

182 

7*60 

2*01 

5*49 

1*86 

0-06 


7*08 

2*03 

181 

10*00 

2*56 

7-44 

1-96 

0*06 


10*03 

2*06 

182 

12*60 

3*14 

e -86 

1*02 

0*93 


ia -07 

a -04 

181 

16-00 

3 76 

11 *26 

1*89 

0-08 


14*02 

1*95 

180 

17 *60 

4*48 

18 *02 

1*77 

0 -91 


10*06 

2*08 

179 

20-00 

6*43 

14 *67 

1*66 

0*77 


18 08 

2*03 

179 

I 22*60 

6*57 

16 *93 

1*86 

0*07 


20*13 

2*06 

181 

; 25 -00 I 

7*66 

17 *86 

1*42 

0 69 


22 *08 

1-00 

181 

! 27*60 i 

8-01 

18*69 

1*22 

0*64 


24*06 

0*02 

180 

80-00 1 

10*09 1 

10 91 

1*82 

0*66 


26*13 

2*08 

1 179 

82*60 1 

! 1*36 1 

1 21*15 

1-24 

0*60 


28*07 

1*04 

1 170 

35-00 

12 *06 

22*36 

1-20 

0*62 


20*06 

1*88 

170 

87 *60 

14*16 

23 *36 

1*00 

0-53 


81*06 

2*00 

179 

40*00 

16*67 

24*43 

1-08 

0-64 


88*97 

2*02 

170 

42*60 

17 *07 

25 '43 

1*00 

0-60 


86*08 

2*06 

179 

46 00 

18 *67 

20 * 4 :) 

1*00 

0*49 


! 88*07 

2*04 

180 

47 *60 

20*14 

27*86 

0*08 

0-46 


40*10 

2*08 

170 

50*00 

21 *80 

28*20 

0*84 

0*41 

27 

42*17 

2*07 

170 

62 *50 

23 *60 

20*00 

0*80 

0*89 


44-15 

1 *08 

178 

66*00 

26 *81 

29*69 

0*69 

0*86 


46*22 

2*07 

180 

67*60 

27 *17 

80*33 

0*66 

0*82 


(ii) Whale Oil. 1 50 grm. oil ; 0-5 per cent. NL ; 180° C. 


Meter 

tempera- 

ture. 

ONme. 

dt. 

Tempera* 

turo. 

Passed. 

Gas volume. 

dv. 

dvidf. 

Emerged. 

Absorbed. 

''0. 

mins. 


•c. 

litres. 

1 




28 

0*00 

— 

176 

0-00 

— 

— 

— 

— 


1*86 

1-85 

180 

2*60 

1*00 

1*41 

1*41 

1*06 


2-86 

1*60 

180 


2*05 

2*96 

L *64 

1*08 


4-28 

1-48 

179 

7*60 


4*34 

I ‘89 

0*97 


6*80 

1-62 

178 


4-28 

6-72 

1*38 

. 0*01 


7-82 

1*62 

178 


6*47 

7-08 

1 *81 

0*86 


8 -88 

1-66 ; 

180 


0*88 

8-12 

1*00 

0*70 


10 *88 

1-60 ! 

IV 

Bv! 


0-14 

1 *02 

0-66 


11 -96 

1*67 1 

182 

B?i S!iB 

0-86 


1*01 

0-64 


18 *40 

1-46 1 

182 

22*60 

11-87 

11*13 

0*98 

0*67 


14*06 

1-65 

188 


13 *87 

12-18 

1*00 

0*06 


16 -48 

1*68 

184 

27 so 

14*44 

18-06 

0*08 

0*61 


18 *08 

1*60 

182 

80-00 

16 *02 

13 *08 

0*02 

0*68 


21 -86 

8*27 

178 

86*00 

10 * 4<1 


1*12 

0*60 


24 *46 

8-10 

178 

40-00 

28-14 

16*86 

1-26 

0-41 


27*87 

2-92 

180 


27*20 

17*80 

0*04 

0*82 


80-46 

8*08 

182 

60*00 J 

81 *60 

18-40 

0*00 

0*20 


TOL. XOTI.— A. 


L 
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(iii) LinBeed Oil. 150 ^{rm. oil ; 0*2 per cent. Ni. ; 230° 0. 


Motor 

tempera- 

ture. 

Time. 

dt 

Teicipeni- 

ture. 

Ta^aed. 

Oas volume. 

dv 

dv/dt. 

Smerged. 

Absorbed. 

“0. 

mioB. 


"0. 

litres. 





22i 

0-00 



226 

0-00 

— 

— 

— 

— 

1-70 

1-70 

237 

2-60 

0-04 

1-86 

1*86 

1*09 


3-88 

213 

230 

6 00 

1*09 

3*91 

2 06 

0*96 


6*68 

1*76 

230 

7-60 

1*07 

6-88 

1*02 

1-09 


7 63 

1-96 

231 

10*00 

2*14 

7-86 

2*03 

1*04 


»'48 

106 

291 

12*60 

2*04 

9*86 

2*00 

1*08 


11 -46 

1‘97 

231 

16*00 ! 

3*86 

11*66 

1*79 

0*91 


18-40 

106 

230 

17 *60 

4-71 

12*79 

• 1*14 

0*68 


16-88 

108 

228 

20*00 

1 6 66 

18 *44 

0*66 

0*80 


19-67 

4 10 

228 

25*00 

1 10-32 

14 *68 

1*24 

0*80 


28-48 

3-86 

281 

30*00 

; 14-26 

13 *75 

1*07 

0*27 


27-87 

3-04 

231 

36*00 

18-16 

16-84 

1*09 

0*27 


81-60 

4 1.3 

220 1 

I 40*00 

1 22 08 

17*92 

1*08 

0*26 


80-46 

7-06 

228 

60*00 

1 30-26 

19 *76 

1 *88 

0*23 


47-62 

8-07 

280 

60*00 

1 38-67 

21 *33 

1-68 

0*20 


66-70 

8*18 

228 

70*00 

i 

47-84 

22 *66 

1 83 

0-16 


TYPICAL EXPERIMENTAL DATA 
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The data are reproduced in diagraia 1. It is obvious that the curves 
(representing absorption of hydrogen plotted against time) show a general 
aimilarity. 

COMPARATIVE HYDROGENATION OF VARIOUS aiS 



Diagram 2 is a graph representing the course of hydrogenation of equal 
quantities (160 grm.) of linseed (L.O.), whale (W.O.), cotton-seed (C.S.O,) and 
olive (0.0.) oils. 
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All the curves, excepting those for olive oil, are characterised hj an initial 
linear segment ; this is followed by an abrupt change of direction to a segment 
of gentler slope, which is also linear at first hut subsequently may exhibit 
considerable curvature. 

The position of the point of inflexion on these curves merits some attention, 
as it takes place, approximately, at a corresponding part of each curve, at a 
point when, apparently, only 10-20 per cent, of the glycerides present is 
derived from acids less saturated than olein. This is clear when the rates of 
absorption of hydrogen (litres per minute) are compared for various portions 
of the curves ; — 


Oil. 

To point of 
inflexion. 


Succeeding 


10 mins. 

20 minH. 

30 mins. 

40 mins. 

Olive . .. 1 

0-4fi 

0*28 

0*24 

0*17 

0*14 

Cotton-seed ..! 

O'07 

0-40 

0*28 

0*18 

0-10 

Whttle 1 

0-74 

0*36 

0-2B 

0-21 

0*14 

Linked | 

0-72 

0-34 

0-27 

0*24 



Thus, in oils containing appreciable quantities of glycerides of acids more 
unsaturated than oleic, the rate of hydrogenation is the same as far as the 
point of inflexion ; this point is, as it wem, the pivot of the whole curve, 
since the succeeding rates, during the same time incremonts, are also approxi- 
mately equal for each oil. The case of olive oil, which contains but little 
linolein, is complicated by the change of direction taking place almost 
immediately after the commencement of the action, so that the exact point of 
inflexion is very difficult to determine. Oils from various sources, consisting 
sf mixtures of closely allied unsaturated glycerides, are hydrogenated, broadly 
speaking, at a constant rate until only about 10-20 per cent, of glycerides 
more unsaturated than olein is left, after which an abrupt change occurs. Soon, 
however, the rate settles down again to approximate constancy ; then, after 
an interval, it gradually declines, as a state of saturation is approached. We 
have, therefore, to distinguish two well-defined linear components of the 
curves, namely, (1) the portion corresponding to glycerides more unsaturated 
than olein, (2) the part representing the hydrogenation of olein. In fact, the 
course of the change is to a great extent specific, that is to say, dependent on 
the nature of the unsaturated organic compound. 

Turning to a more general interpretation of the curves, it is seen that 
these never approach the logarithmic type required for a unimolecular action, 
whilst they conform still less to those representative of bi- or ter-moleoular 
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aotionH. On the other hand, over the greater portion of their coui-se, they 
must represent, to comply with the law of mass action, the measurement of 
some change in which the acting mass is constant ; it would therefore appear 
that either the rate of action of the catalyst or (possibly) that of the hydrogen 
is being portrayed, since these are the only substances present whose con- 
centration can remain unchanged. 

Further consideration of the above data have led us to the opinion, (i) that 
the agent in question is the catalyst ; (ii) that the process of catalytic 
hydrogenation, in the solid liquid state, involves the primary formation of an 
unstable complex or “intermediate compound*’ between nickel and the 
unsaturated organic compound; the following is a necessarily condensed 
outline of the reasoning we have adopted : — 

If the acting mass measured be hydrogen, the following changes are 
possible : — 

(i) Direct Interaction of Hydrogen and Fat at the Unsat uraied Linkage, 

This case is excluded, as, on the one hand, such an action is intiiiitely 

slow, except in presence of a catalyst; whilst, on the other hand, if we 

assume that the catalyst does not play a chemioal part but merely acts in 

virtue of some physical peculiarity of its surface, the interaction should 

follow either a " unimoleoular ” or a “ bimolecular ” course. 

% 

(ii) Friimry Formation of a NickeUHydrogen Complex, followed by Interaction 
of the Latter and the Unsaturated Organic Compound. 

In this case, if the speed of each component action be of the same order, 
the absorption-time-curves cannot be linear, since the rate of interaction of 
the nickel-hydrogen complex and the unsaturated compound must affect the 
equilibrium of the first action. 

If the rate of the second action be so great that the absorption measured 
is only an indication of the speed of formation of the supposed complex, the 
latter, being independent of any factors but nickel and hydrogen, should lead to 
identical absorption-time-curves throughout ; moreover, in particular, the well- 
marked point of inflexion on the curve (corresponding directly to a definite 
phase in the composition of the partly saturated glycerides) would be quite 
out of the question. Accordingly, tins explanation is in direct conflict with 
observed facts. 

If, conversely, the rate of the second interaction be much slower than that 
of the first and is thus the actual chemical change that is being measured, 
then, unless the oonoentration of the nickel-hydrogen complex be throughout 
very xnuoh greater than the " concentration of tho unsaturated complex ” 
(which is improbable* if only by reason of the small proportion of nickel 
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present), the effect of the latter, which is of course rapidly decreasing, must 
make itself felt so that the resulting action will appear to be either uni- 
molecular or bimoleoular. 

If the acting mass measured be nicJcel^ we may have 

(ii) Primary Formation of a NkJcd-Hydrogm Complex^ etc,, as dealt with 
in the preceding ; or 

(iii) Primary Intevaxtion of Nickel and Fat at the Unsatm'oted Linkage 
followed hy Further Avtion of Hydrogen on the Unstable System so 
Produced and the Fo'rmation of a Saturated Fatty Compound *and 
Regenerated NicheL 

Here, again, if the experimental data were a measure of the first phase of 
the change, it is difficult to see how linear graphs could result, bearing in 
mind the diminishing concentration of the unsaturated constituent. If, 
however, the formation of the assumed complex (Ni lead — CH : CH — ) were 
a preponderatingly fast equilibrium interaction with the balance strongly in 
favour of the unassociated constituents, it is possible that any variation in 
the speed of formation of the complex would be negligible in comparison 
with the slower rate of the second (measured) action ; at the same time, it is 
also possible that the various complexes formed by nickel with the different 
unsaturate<l glycerides present would be acted on by hydrogen at varying 
rates, thus allowing for linear segments of varying slope. 

We have observed that, when hydrogen containing small quantities of 
carbon monoxide is used to hydrogenate oil, the emerging gas is deprived of 
the carbon monoxide but contains, as near as we can ascertain, an equivalent 
quantity of methane ; in other words, the carbon monoxide has been 
hydrogenated during its passage through the oil : — 


Temperature of 
experiment. 

Per cent CO 
(original). 

Per cent. CO in emerging 
gas (corrected for 
ooutraotion). 

Per cent. CH4 in emerging 
gas (tbe»e figures are 
only approximate). 

•c. 

aoo 

2*0 

1*6 

0*6— 1*0 

200 

0 * 26 ' 

0*26 

0 *8—0 *7 

200 

NU 

Nil 

NU 


In this case, two gases, one of them present in .very small concentration, 
are caused to interact by the solid metal surrounded with oil Moreover, 
the amount of change effected is as much, if not more, than the amount 
which takes place under similar conditiozm in absence of oil. Sabatier* 
* * La Catalyse en Chimie Organique,’ p. 66. 
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states that carbon monoxide and hydrogen commence to interact, forming 
methane and water, in presence of finely-divided nickel, at about 190° C,, 
the action becoming rapid only at and above 230°-260* C. ; we have con- 
firmed this statement. In the case, of the hydrogenation of vapours of 
unsaturated substances, Sabatier* has also emphasiBed the fact that the 
action is absolutely inhibited by any film of liquid condensed on the nickel. 

We therefore consider that it is possiblo that a small quantity of nickel 
carbonyl is formed and tliat this, in solution in the oil, is decomposed by the 
hydrogen, forming methane, water and nickel; again, therefore, we have 
combination between nickel and an unsaturated compound preceding 
hydrogenation of the latter. 

We may cite here a further fact which, in common with the well-markeil 
character of the “ linolein ” and " olein ” linear segments of the pi'eceding 
curves, indicates the dependence of catalytic hydrogenation on the specific 
type of the unsaturated organic compound: the optimum temperature of 
hydrogenation is not the same for all compounds in presence of nickel, as 
might be expected if the catalysis depended merely on the presentation under 
certain special conditions of hydrogen by the catalyst to the organic 
compound. Thus, whilst the simpler olefines and acetylene, according to 
Sabatier, are most smoothly hydrogenated to the corresponding paraffins at 
about 160° C., the hydrogenation of unsaturated glycerides and of the ben- 
zenoid nucleus proceeds best at 170°-180° C. ; again the reduction of carbon 
monoxide to methane does not proceed rapidly till about 230°-250° C. It is 
interesting, in this connection, that copper, which does not form a copper 
carbonyl derivative, is unable to effect the hydrogenation of carbon monoxide, 
although it is active in converting many olefines into paraffins in presence of 
hydrogen. 

An instance has been given by Schlenck (D,B.P. 292310) of a definite 
metallio compound of sodium with an ethylenio linkage, which is comparable 
with that of an unstable nickel-unsaturated-organic-compound-complex 
which we have outlined above. Stilbene, when treated in solution in an 
inert medium with finely-divided sodium, in absence of oxygen, water or. 
carbon dioxide, was observed to give a compound CeH6.CHNa.CHNa.C6Hft, 
which by treatment with water gave 8ym.-diphenylethane, C 8 U 6 .CHs.GHs.GiiH 5 , 
and sodium hydroxide. 

The general aspect of the curves obtained for catalytic hydrogenation is 
markedly similar to those obtained in the case of enzymes and they 
undoubtedly represent related phenomena. In each case, the oatalyst 
(enzyme or reduced nickel) unites primarily with the orgaxuo compoimd about 

« mi., p. 66. 
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to undergo change (hydrolyte or uusaturated glyceride), the complex bo 
formed being decomposed by the other component of the interaction (water 
or hydrogen). In each case, moreover, action takes place entirely at the 
Borfaoe of minute particles and the activity of the catalyst depends entirely 
on the production of the maximum surface and the avoidance of impurities 
likely to destroy or dirty this surface. 

In attempting to explain the nature of the influeuce of the nickel catalyst 
in promoting the hydrogenation of fatty oils, we see no reason to depart from 
the view laid down in the discussion of enzyme action referred to, that the 
interchanges take place in an electrolytic circuit in which the interacting 
substances are necessarily all comprised. The hydrogen and the fatty oil are 
both to be thought of as coupled with the nickel and the interaction as 
brought about through the inclusion in the system of the electrolyte required 
to establish a conducting circuit. Both hydrogen and the fatty oil are to be 
regarded as having some affinity for the catalyst ; and the rate of change is 
to be considered as determined by the rate at which the loss active (hydrogen) 
enters into productive association with the catalyst. A gradual falling-ofi in 
the rate of change is to be anticipated — greater probably than that observed 
in aqueous solutions — owing to the slowness with which diffusion would take 
place in the oily medium and the consequent growth of mechanical inter- 
ference due to the diminution of the amount of the unsaturated compounds 
and increase of the saturated; also, it is to be supposed that the specific 
attractive influence of the nickel for the unsaturated organic compound would 
diminish as the degree of unsaturation of the oils were lowered, as indeed is 
definitely indicated by our experimental results. 
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The Value of the Rydberg Constant for Spectral Series. 

By W. E. Curtis, B.Sc., Domoaatrator of Astrophysics at the Imperial 
College of Science, South Kensington. 

(Communicated by Prof. A Fowler, F.R.S. Received April 9, 1919.) 

lutviKluHoTy, 

In a previous paper,* the results of a series of measurements of the wave- 
lengths of the first six lines of the Balmor series of hydrogen were given, 
together with a determination of the Rydberg constant for spectral series. 
It has recently boon pointed out to me by Prof, Fowler that the value of the 
series constant there obtained is not quite correct, in consequence of errors 
in the corrections applied to tho observed wave-lengths to reduce them to 
vcicuo, the data employed for this purpose having been taken from a Tablet 
appropriate to wave-lengths in air at 20° C., whereas tho tertiary standards 
of iron upon which the wave-length determinations were based referred to 
16° C. Before the introduction of the International system, wave-lengths 
had always boon given for air at 20° C., and there was no explicit mention of 
the change of standard temperature in tho paperj by Burns, from which the 
iron arc wave-lengths used as standards were taken. Tho oversight might 
possibly have been detected earlier but for the author's absence on military 
service from September, 1914, to January, 1919. In any case, however, u 
revisiou of tho previous work would have been necessary in view of the 
recent accurate determinations at the Bureau of Standards of the refractive 
index of air,§ and also of other work, both theoretical and experimental, on 
the Balmer series, which has been carried out since 1914. 

The correction in question is of the order of + 0*02 A, and results, as will 
be seen, in a decrease of nearly one unit in the value of tho Rydberg 
constant. 

Corrected Wavedmgths aiid Wave-numhers, 

The corrected values of the wave-lengths (in vacuo) and wave-numbers are 
tabulated below. The last column gives the values of N derived from each 
line by applying the Balmer formula. Although the observed wave-lengths 
in air are only recorded to the third place of decimals, it is advisable to take 

* ‘ Roy, Soc. Proc.,' A vol, 90, p. 005 (1914). 

+ Kayaer, * Spectrosoopio,* vol. 2, p. 514. 

t <Lick Obs. BulV vol. 8, No. 247 (1913). 

g Bureau of Standards, Washini^'tou, * Scientific Papers,’ No. 327 (1918). 
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out the corrections to the fourth place, in order to prevent the possibility of 
accumulated error afTecting the third figure. 


Table 1. 


m. 

\ air. 

Correction. 

\ TOO. 

V vac. 


8 

C562 -793 I.A. 

-I- 1*8002 

6664 -6022 

1828S-S16 

100679 *166 

4 

4801 'SSS 

•f 1 -3637 

4862-6797 

20684*798 

100678*806 

6 

4840-407 

+ 1 -2160 

4841 -6880 

28088-648 

100678 *776 

C 

4101 -788 

! 4 1 -1686 

4102-8916 

24378-066 

100678-746 

7 

8970 -076 

! + 1 -1190 

8971-1940 

26181*848 

109678*788 

8 

88B8-061 

I + 1 -0979 

8890-1489 

26706*067 

100678*760 


The systematic variation of N, of magnitude exceeding that which could 
be attributed to experimental error, indicates, as was previously found to be 
the case, that the Balmer formula is only an approximation to the truth. 


Discussion of Formulw InvestigateiL 

The formulae examined may all be written in the form 

Since Balmer’s law is so nearly exact, /(m,N) is of the nature of a small 
correction to never .exceeding 0‘002 per cent, of the latter quan- 

tity in any of the formulae under discussion. The exact form of this function, 
however, exercises an important influence on the value obtained for N. 

It is natural to try first a formula of the Eydberg type, viz. ; — 

The moat convenient method of solution is to assume an approximate value, 
N', such that the true value N = N'+£N. Then, n^lecting the second and 
higher powers of p and n, we obtain 

SW I _ inAf XT/ 

4) TO*— 4 m*--4 

A least-squares solution gives 

N = 109678-278, p, = -i-0-O.^lO, p = -0-0.383. 

This, as will be seen from Table II, represmits the results satisfactorily, 
but, before adopting this formula, it is necessary to examine whether an 
equally good representation of the series can be obtained by employing only 
two constants. 
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Eetainiag ft and N, the formula becomes 

_ y y 

4 (TO + /i)*' 

The least-square values are 


(n> 


N = 1096’78-726, ft = -j-00574. 

The observed minus calculated values suggest a slight inferiority to 
formula (I), but not more than would bo expected in view of the elimination 
of one constant Since the representation is within the limits of probable 
experimental error, one must conclude that the introduction of the third 
constant is not justifiable. 

Eetaining^ instead of ft, the formula becomes 


V 


N 

(2+/7)- 



( 111 ) 


A least-square solution gives 

N = 109678*10, j) = -0 0ii63. 


This again appears to bo quite satisfactory as regards the numerical 
agreement with the observed wave-lengths. The superiority over (IT), 
however, is too slight to warrant the definite adoption of ( 111 ) in preference 
to (II), but the conclusion is confirmed that the present data do not 
necessitate a formula including more than two constants. 

Turning now to theoretical investigations in connection with the radiation 
of the hydrogen atom, Dr. Bohr has modified his well-known derivation of 
the Balmer formula by introducing a small correction due to the dependence 
of the mass of the electron upon its velocity.* He thus obtains the formula 


Appljing this to the observed wave-numbers, the method of least-squares 
gives 

N = 109677-68, *=+004387, 

It will be seen from TOble II tliat this formula is inferior to either (II) or 
(III), both of which employ the same number of constants, namely, two. 
The 0 minus C residuals exceed the probable error of the wave-length 
determination in two cases, viz., H 7 and Hf, the former being the best 
determined line of the six. Moreover, the deviation tends to be systematic, 
a feature which is brought out very distinctly by calculatii^ the constants 
from two lines instead of by the method of least-squares. 


• ‘ Phil. Msg.,’ Tol. S», p. S8S (1915). 
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The theoretical expression for k is 7 r*«*/c*A* where 
e = charge of electron, 
c = velocity of light, 
h = Planck’s element of action. 


This, when evaluated, gives k = +0*04133, about one-third of the value 
found above. The sigu and order of magnitude are certainly right, and the 
discrepancy is possibly no more than could be attributed to error arising 
from the compound nature of the lines, a point which is considered in the 
succeeding section. 

Dr. Allen, by taking account of the magnetic moment of the atomic 
nucleus, has obtained an expression of the form 


V 



(V) 


The least-square values derived from this fonnula aiv 
N = 109678-76, B = +0*04629. 


It is singular that the value of H should agree precisely with that obtained 
by Allen on the assumption of five magnetons, but the exactness of the 
agreement can only be acoldental. Moreover, the residual for H/3 is dis- 
tinctly too large to permit ua to regard this type of formula as satisfactory. 
In fact, neither this nor formula (lY) seems to be of a quite suitable shape 
td represent the observed values. It is considered that these latter arc 
hardly likely to be in error by more than the amoants shown in the third 
column of Table II, in view of the fact that the Rydberg type of formula 
gives such good results. 

The formula originally proposed by Dr. Allen was more general than the 
above, and was of the form 


V 


N N 


(VI) 


With this type of formula, B is neoessarily negative, but there would seem 
to be no objection to this on theoretical grounds. A least-square solution 
gives 

N » 109677*79, B * -0*0*3144. 

The representation is much better than in the ease of V, the residuals being 
comparatively small, but they exhibit a distinot tendency towards systematic 
variation, so that the formula cannot be omisidered so good as any of the 
Rydberg forms. It may be noted, however, that the above value of B is 
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exactly that obtained theoretically on the aaaamption of three magnetone in 
the core of the atom. 

One other type of formula has been examined, and the results are perhaps 
worth recording, although it does not give a quite satisfactory fit, nor has it 
any theoretical basis so far as is known. The only point of interest in 
connection with it is that only one constant is employed. If we write 1/N 
for n in formula (II) we get 

•w "KT 

(VII) 


N 


N 


(“ 4 )' 


The average value of N is 109678*70, and the only sensible residual is that 
corresponding to Ha, which, however, is too large to be admissible. 


Table IT. — Comparison of Formulee. 



X obt. (air). 

Probable 


(\ obs. - A calc.) X 10*. 




error x 10^. 

(I) 

(11) 

(in.) 

(IV.) 

(V.) 

(VI) 

(VII.) 

3 

4 

‘ 6 
! 6 
i 7 

1 ‘ 

6662 -708 T.A. 
4861 -826 

4840 '467 

4101 -788 

8970 -076 

8880 -061 

±17 

10 

6 

13 

' 16 

! '' 

+ 2 
-9 
+ 8 
+ 6 

•f 2 
-18 

4 

+ 8 

- 4 

-2 
-6 
+ 8 
+ 3 
-2 
-9 

-11 
+ 6 
+ 15 
+ 6 
- 4 
-16 

+ 6 
-80 

0 

+ 7 
+ 7 
+ 3 

- A 
+ 6 
+ 13 
+ 5 

1 -18 

-47 
+ 9 

0 

- 8 
+ 6 
+ 11 


-2 

224 

1 

-10 

302 

-8 

198 

-6 

637 

, -7 

1 1043 

0 

440 

-26 

2446 


Sffeet of Composite Structure of Lines, 

Before attempting to decide upon the best value to adopt for in view 
of the foregoing discussion of formulce, it is necessary to take account of the 
structure of the lines. It has long been known that at least two components 
existed in the case of Ha and H^, and presumably this complexity exists 
also in the other members. Obviously, then, for the complete representation 
of the series as many forlnulm as there are components will be required, and 
the value of N derived from measurements of the unresolved lines (as they 
were in the present ease) will not necessarily be the true one. If the 
intensity distribution were very unsymmetrical an appreciable error might 
be introduced in this way. An attempt has been made to estimate the 
amount of the uncertainty due to this cause, but it is difficult to do so with 
any degree of exactitude. In the first place, the precise structure would 
still appear to be in some doubt. Bohr mentions the fact that the hydrogen 
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Uties, when observed by instruments of high dispersive power, are split up 
in a number of components situated close to each other/’ but the reference is 
not given, and has not yet been traced. 

According to the observations of Merton and Nicholson,* and are 
doublets, the separations (0*132 and 0*030 respectively) corresponding to a 
principal type of series. They agree with previous investigators that the 
ratio of intensities is about 10 ; 7, the less refrangible component being the 
stronger. If it be assumed that the wave-length determinations really refer 
to the “ optical centre of gravity,” a point 7/17 of the separation from 
the less refrangible component, and if it bo further supposed that the series 
is of the principal type, it is possible to calculate the wave-lengths of the 
individual components. The former assunrption would hardly be permissible 
if their actual wave-lengths were required, but the object here is mei*ely to 
estimate to what extent the duplicity of the lines may afiect the value of N. 

If we adopt formulas of type II we shall have 

._N_ N .. ^N_ N 

^ 4 (wT+z?? * ^ 4 (m -f fi'y 


The wave-number interval, 


_N 




(m+fi'y (m+fiy 

and the wave-length interval 


approx.j 


j/m® 


IT 




km 


where A; is a constant which can best be determined from 


or d\ sss , 

the separation of H«. 

Assuming for this the value 0'132, the separations of TSL0, etc., come out 
O'OSl, 0‘012, 0'007, 0’004, and 0'002 respectivelj. 


Tabje IIL 


Lesi refrangible oomponenta. 

More refrangible components. • 

Aakumed X (air). 

0-0. 

Assumed X (air). 

0-0. 

6662 -847 I. A. 

+ 0-000 

6662 *716 LA. 

+ 0-000 

4861 -889 

-0 001 

4861 -808 

-0-001 

4840-472 

+ 0-001 

4840-460 

+ 0-001 

4101 -741 

+ 0-000 

4101 *784 

+ 0-001 

8970 077 

+ 0*000 

1 8970 078 

+ 0-000 

8889-062 

-0*000 

8889*060 



* ‘PML Trana,' A, vol, »7, p. W (IM7). 









Rydhet'g Constant for Spectral Series. 15S 

By applying the first assumption the wave-lengths given in Table III 
were obtained. The calculation of fomulae of type (IT) for these gave 
N = 109678-73, / = -00ft82, = -hO-OiSO. 

As will he seen, the fit is satisfactory in both cases, and there is no 
appreciable change in the value of N. If instead of formula (II), either (I) or 
(III) be used, a similar result follows, that is to say, the values of N respectively 
obtained differ but little from those* already given. So that if the doublets 
are really of principal type, or, more generally, if they show a rapid decrease 
of wave-number interval as m increases, the consequent uncertainty in the 
value of N is not serious. 

If instead of dealing with the ** optical centre of gravity "it be supposed 
that the settings were made midway between the edges of the lines (and this 
is certainly what was attempted), the values of become — 0'04l2 and 
+ 0*0427, and again there is no appreciable change in the value of K 

On the other hand, the values obtained for are considerably affected by 
the question of the structure of the lines, and cannot be determined with any 
degree of accuracy from measurements on unresolved doublets. Two 
interesting possibilities present themselves, however, and may be noticed 
here. One is that the Balmer law may hold rigorously for one of the com- 
ponents of each line. The fact that the /x of formula (II) comes out positive 
excludes this possibility as far as the more refrangible component is con- 
cerned, and a simple calculation shows that for the less refrangible component, 
fk could only be zero if the settings had been made on a point situated about 
one-fifth of the separation (0*132) from the latter component. This would 
appear to require a much larger difference of intensity than has liecu found 
experimentally, so that in all probability neither component is exactly 
represented by the Balmer formula. 

The second possibility in question is that the components of each line may 
be symmetrically situated on either side of the positions indicated by 
BUmeris law. If this were so, ft' and fi" would be equal and of opposite 
signs, and it is found that the measurements would have to be taken as 
referring to a point five-sevenths of the separation from the less refrangible 
component. This woufd only be the case if the more refrangible were the 
stronger, which is again in disagreement with the experimental evidence. 


The Value of the Series Cmstemt. 

!Fiom the preceding remarks, it will be seen that the chief difficulty in 
determining the moet probable value of N arises not so much from the uon- 
homc^neity of the lines as from the uncertainty as to the proper type of 
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formula to be adopted. The results given by the various formula ate sum- 
marised below : — 


( 1 .) 

(II.) 

(in.) 

(IV.) 

(V.) 

(VI.) 


_ N N 
** (2+p)* {m-i-nf' 

** 4 (m + ^y’ 

_ N N 

‘'“(2+i»)* TO®’ 



N rr 109678-28. 
N = 109678-73. 
N = 109678-10. 
N = 109677-68. 
N = 109678-76. 

N = 10967779. 


It will be observed that the two theoretical formulie (IV ) and (VI) give the 
lowest values, but neither can be regarded as definitely supported by the 
experimental resulta From the latter point of view, (I), (II), and (III) are all 
satisfactory and about equally good. For the present, uhtil accurate determi- 
nations of the wave-lengths of the components (particularly of H«) become 
available, the adoption of 109678-3 as a provisional value is suggested. This 
is in agreement with that derived from (I), and is roughly intermediate 
between (II) and (III). 

The amount of the uncertainty, about 0-6 at most, is probably not of 
serious consequence, having regard to the. degree of accuracy of our present 
data in the case of most of the series lines of other elements. The same is 
true with reference to the correction (—0-9) now applied to the value 
(109679-2) given in the previous paper. Thus, for example, the conolusion Of 
yicholson,* that the Kydberg constant derived from the Balmer series is also 
applicable to the helium series, does not require modification on this account. 

The wave-lengths of all the lines down to m = 37 have been recalculated 
in the hope that they may possibly prove of service in certain eases, such as,- 
for example, the reduction of eclipse spectra, particularly those obtained 
with slitless speotrographa Formula (I) was used for the purpose, and the 
differences from the previous values are extremely small, never more than 
0-001 A, in fact. The new values are given in Table IV below : — 


* ' Bojr. Boo. Proc,,' A, vol 91, p. 8M (1915). 
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Table IV. — Wave-lengths (in Air) of Balmer Series Lines calculated by 

Formula (I). 


m. 

X(I.A.). 

m. 

A (LA.). 

m. 

x(I.A). 

a 

6662 -708 

15 

3711*978 

27 

8606*097 

4 

4861 *327 

16 

8708*866 

28 

3664 *079 

6 

4340*406 

17 

8697*164 

29 

8668 -406 

6 

4101 -788 

18 

8691 *567 

80 

3662 *268 

7 

8970*076 

10 

8686 884 

31 

8661 *221 

8 

8889 *062 

20 

3682*810 

82 

3660*260 

9 

8886*887 

21 

8679*866 

88 

3669 *423 

10 

8797 *900 

22 

8676*866 

84 

8668 *641 

11 

8770*633 

28 

8678 *761 

85 

3667 026 

12 

8760 *164 

24 

8671*478 

86 

8067 *269 

18 

3734*371 

26 

8669*466 

87 

8656*666 

14 

8721 *941 

26 

8667*684 

00 

8646*081 


The above formula gives the convergence wave-number in vacua as 27419*674, 
corresponding to a wave-length in air of 3646*981 LA., which is exactly the 
same as that obtained in the previous paper. 


Summary. 

(1) The results given in a previous paper have been modified on account 
of a alight alteration ndw found to be necessary in the values of the correc- 
tions to vacuum. 

(2) A number of formuhe, empirical and theoretical, have been compared, 
and it is found that a two-constant Bydbetg formula is capable of repre- 
senting the series satisfactorily, and shows an appreciable superiority in this 
respect over the theoretical formulae of both Bohr and Allen. 

(3) The probable effect upon the determination of N arising from the 
composite structure of the lines is investigated, and found to be inapinreciable, 
except in so far as this non-homogeneity renders it somewhat uncertain which 
typb of formula should be employed to represent the observed wave- 
lengths. 

(4) The provisional adoption of the value 109678*3 for N is suggested. 
This is probably suffideutly accurate for present purposes, but could be 
improved upon if accurate wave-lengths of the individual components of Ha 
and H/9 were available. 

(6) The calculated wave-lengths of the members of the series down to 
m 8B 37 are given. These do not differ by more than 0*001 A from the corre- 
sponding values given previously. 


▼OL. XCTI.— A. 


H 




156 


Monoclinie DovMe Selenates of the Cobalt Chroup. 

By A. E. H. Tutton, DBo., M.A., F.B.S. 

(Beceived May 9, 1919.) 

This memoir deals with the four double selenates of the series 
BsM (Se04)j‘6Ht0, in which M is cobalt and R is potassium, rubidium, 
osBsium, and ammonium. Only the potassium and ammonium salts of this 
cobalt group have been hitherto investigated. They were prepared and 
analysed by von Hauer,* the crystals measured by Haldor Topeim.t and their 
optical properties partially determined by Tops^ and Christiansen.^ The 
salts were prepared for this present investigation by dissolving pure cobalt 
carbonate in the calculated quantity of dilute selenio acid, boiling off carbon 
dioxide, and filtering ; then adding the solution of cobalt selenate so obtained 
to a molecularly equivalent quantity of a solution of the alkali selenat^ one 
drop excess of selenic acid being eventually added to the mixed solution to 
ensure perfect clarity. The ammonium and potassium selenates were from 
a very pure stock prepared in some quantity a short time ago ; the rubidium 
and oassium selenates were freshly prepared by dissolving the pun oar> 
bonates in selenio acid, and boiling off carbon dioxide The orystallisationa 
were effected from metastable solutions, with all the precautions previously, 
described, and nximerous crops of the beautiful ruby red crystals of all four 
salts were obtained, of which several in each case proved suitable for the 
measunments and determinations. 

The work on these four salts is especially similar and psiUlel to that on 
Ae four analogous nickel salts desoribed in 1916,§ so that deamiptions of 
methods need not be again given, but memly the results oommunieated. 

Potaufimn, Odbatt Selenate, KtOo(Se04)s . 

Ortfstal -Monoolinia Class Na 5, holdhedral-piismatio. 

uixial Angle .— * 104® 17'. Tops^e’s value 104* 10'. 

Ratio o/AxeB.—a : 5 : c as 0*7622 : 1 : 0*5062. 

Topa0e'8 value 0*7376 : 1 : 0*6066. 

Fbrms ofosnvsd^flOO}, 6{010},e{001},i>{110}, p'{120}, g{0ll}, {SOl}. 
The forms a and wen not observed by Tc^ie^e. 

* • Wien. Akad. BiUber.,* voL 99, p. 819 (1899). 
t * Kryetallogr..keni. ITaden. o. de Selensiiie Beitn,* Oopenhegen, 1870. 

1 'Ann.de(Ad]n.etd«7hyt.,'Ber. 84Vol.l,ppL78aiid?9(1974)k 
S * Phil. Trau.,* A, voL S17, pi 199 (1917), 
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Interfaoial Angles of Potassium Cobalt Selenate. 
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HcMt . — ^That oharacteristio of the potaseium salts of the series, namdy, 
short prismatic parallel to the vertical axis e, to tabular parallel to e{001}, 
with «{001} and vastly predominating, ;{011} being very smalL A 

typical crystal is represented in fig. 1. 



The very small faces of r'{S01} were usually the only other faces visible, 
but on two measured crystals narrow strip-faces of a{100} and &{010} were 
.present. One good little face of the prism j»'{120} was present on one of 
the measured crystals. The p-faoes of this salt were generally more affected 
by striation than those of the other salts of the group, and more difficulty 
was experienced, but eventually overcome, in finding ten crystals adequately 
free from this fault. The crystal measured by Tops0e was obviously much 
affected by striation, his value for the angle pp (110) : (llO) being much 
too small. 

Cleavage . — Excellent parallel to /{SOl}. 

BeUUive Derisitg . — Six determinations were made by the immersion met bod 
using methylene iodide and benzene mixture. 

I. Dentity for 18° '4/4’ 2 *8292 Vvt 20*/4° 2 *6288 


ll. „ 18* *8/4° 2 *6810 „ 2*6806 

in. „ 18* *8/4* 2*6808 „ 8*6804 

IT. „ ISP *0/4* 2 *6800 „ 2*6806 

V. „ ISP *8/4* 8 *5801 „ 2 *6887 

VI. „ 18P*9/4* 2*6202 „ 8*6880 


Mmo 8*6806 

Accepted value for 20*’/4*’ 2*680. 

Molecular rolume.~ea^^^» 208*60. 

Topa^ found the spedfio gravity 2*514, a valuq much too low, and the 
molecular volume correspondingly much too high, 211*6. 

Molecular DiHanee Balm (topic axial ratios). — 

6*2197 : 8*2688 : 4*1866. 

Orientation qf Optical JEUipaoid . — ^Plane of optic axes 5{010}. Sign of 
double refraction, positive. The first median line is the .y axis of the 
indicatrix, and the second mediad line is «. 
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Extinction Direction (2M.L.) in Symmetry Plane. 

Plate 1 5® 21', Plate II 6* 25', Mean 6" 23', 

behind the normal to o(OOl). As the latter is 14® 17' in front of the vertical 
axis e, the second median line lies 8® 54' in front of the vertical axis t. The 
first median line lies 6® 23' above the inclined axis a. Tops0o and Christiansen 
found 3® 25' for the latter. Fig. 2 will render these facte clear. 



Optio Axial Angle . — Besults with three pairs of plates ground perpen- 
dicular to the first and second median lines. Plate 3 was so thick and 
therefore absorptive, that 2£ was not dearly measurable with it 


Apparent Optio Axial Angle in Air, 2E^ of KOo Selenate. 


light. 

Plate 1. 

Plato S. 

Mean 3B. 

li 

0 / 

108 61 

108 68 

104 88 
* 105 12 

106 86 

lt» 84 

108 40 

104 21 

106 28 

105 68 

o / 

108 48 

108 40 

104 26 

106 18 

105 46 

0 

Ns 

T1 

Od 



Top80e and Christiansen obtained 106® 58' for 2E for sodium light 
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Determination of True Optio Axial Angle in Bromonaphtbalene. 


light. 

No. of pUto 
perp. 1 M.li. 

OlMorred 

2Ha. 

No. of plate 
perp. 2 MX. 

Obaerrad 

SBU 

Oaleolatad 

tv.. 

Moan 

*v» 



o t 


0 / 

O / 

o i 


ri 

66 34 

lo 

106 44 

62 71 


Li 

4 2 

66 40 

2a 

108 81 

62 17 V 

62 12 


18 

se 37 

8o 

lOB 40 

62 11 j 




66 84 

la 

108 41 

as 81 


0 


66 40 

2a 

108 28 

62 18 > 

6S IS 



66 87 

8a 

108 88 

62 ISJ 



fl 

66 80 

la 

108 17 

62 141 


N» 

i 2 

66 86 

2a 

108 2 

62 24y 

es IS 

1 

13 

66 88 

8a 

108 7 

62 SOj 



fl 

66 24 

la 

102 62 

62 181 


Tl 


66 82 

2a 

102 24 

62 84 V 

AS >7 


is 

66 28 

8a 

102 20 

62 20j 



Owing to the strong absorption by these ruby-red crystals of light of wave- 
lengths beyond that of the thallium green line, the true optio coial angle 
could only be determined by observations of 2Ha and 2H« in bromonapbtbalene 
BO far as for that colour. In the case of 2E, observations were found possible 
as far as the wave-length of the green cadmium line. 

^ops)fe and Christiansen found 63‘’ 62' for 2Va for sodium light. 

Ditpersim of the Median Lines. — ^This was determined by immersion in 
monoohlorbenzene, the refractive index of which, 1*5248 for Na light, is 
almost absolutely identical with the mean index of the crystals, 1*5262 for 
Ka light. It proved to be exceedingly small, less than 6', and the bmshes 
showed no colour at all on their margins (except tiie pale red of the seotkm itself). 

Efeet of Temperature on OptM Aoeial -2E was determined with 

section 1 for 80” C., and found to be 110” 6' for Nia light. Hence the an^d^ 
in air increases 6}” on heating from the ordinary temperature to 80” G. 

B^fraetive Indiees. — Besults with six 60”-priBm8, each ground to yield two 
indices. The images were clearly discernible even for Cd, F, and G light. 


Befractive Indices of Potasnum Cobalt Selenate. 


light. 

a. 

A 

Y* 

li 

1*6122 

1*6181 

1*6841 

0 

1*6127 

1*6186 

1*6847 

N» 

1*6168 

1*6216 

1-6880 

Tl 

1 *6100 

1-5260 

1-6416 

Od 

1 *6211 

1*5271 

1*6486 

F ! 

1 *6281 

1*6201 

1*6466 

a 

1*6208 j 

1*6864 

1*6632 


Ifeui at e, f, and y toe So light « 1 'OKS. 

• « Tibration diraetioa paiaUal to Neond uadiaB liaak 8^ 64^ in front of asit e. 
d “ » ,. u eyrnwotry atit t. 

y '•* „ „ „ that niaiBtn Uno, S* SB* aboro aaia a. 

Dottbls (ofraotian, Na^. »0 'OW. 
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Gkineral formnia for 13, corrected to a vaoanm >— 




1-5026 + 


813 127 4 606 800 000 000 . 
”1? X* 


The « indices are equally well reproduced by the formula if the constant 
1*5026 be diminished by 0*0060, and the 7 indioes if it be increased by 
0*0163. 

O^Mtrvations at 70° indicated that the refractive indices diminish by about 
0*0026 for a rise of 60° of temperature. 

The values of Tops 0 e and Christiansen were : for P, line C 1*5162, line D 
1*6195, line F 1*5270 ; the « and 7 values were only obtained indirectly and 
for line D only ; they are given as 1*6133 and 1*5368. 

Axiai Bcdio8 the Optical Ellipsoid — 

« : /d ; 7 s 0*9960 : 1 : 1*0106, a : tl : C 1*0040 : 1 : 0-9895. 


Molecular Optical Constants. 



Axis of optical indioatrix. 

«. 


r 

Loreni 

Glftdtton#... 

Speeifio refraction, - « { » 

Kolocular rofnotion, ^ ^ » m . *(2 

SpeoiOo dispoTMOD, no-no 

Molecular dUpenion, m» — me 1 

Molecular refraction, M 0 i 

^ ! 

0*1187 

0*1820 

68*66 

64-86 

0*0088 

1*70 

106*06 

1 

0*1190 

0*1281 

68*87 

64*08 

0*0088 

1*71 

106*18 

0*1280 

0*1868 

64*01 

66*68 

0*0088 

1*77 

111 *64 


Mean moleoulor refnction (CHadftona), ‘I (•-t-S-i'T) •• 108-80. 


Rubidium Cobalt Selenate, Bb|Co(Se 04 }t . 6 HsO. 

Crtfdai System. — Monooliuio. Class Ka 6 , holohedral'prismatic. 

AtAoI » 105° 14'. 

Ratio of Axes.’— a :o:em 0-7427 : 1 : 0*6019. 

Ibruna observed.— h{m}, c{ 001 }, p{ 110 }, ^{Oll), /{SOl}, (/{Til}. 

HabU . — More or less tabular parallel to e {001}, to short prismatio parallel 
to the vertical axis o aa prism axis. The greater portion of the nameroas 
crops obtained were of the former typ^i a typical specimen is shown in fig. 3 



FtOb a. 
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Interfacial An{;les of Kubidium Cobalt Selenate. 



Mean 

obserred. 


( 001 ) : (201 


( 100 ) ! (110 


pp - ( 110 ) 


'01 


111 ) : ( 101 ) 



68 41 - 68 58 


110 2-116 10 


54 15 - 64 81 
71 H - 71 20 
108 24-108 62 

26 84 - 26 68 
64 8 - 64 80 
128 6-128 87 





77 88 - 77 47 
57 28 - 67 46 
44 84 - 44 62 
102 10-102 27 


66 8 - 66 18 
48 28 - 48 41 

86 14 - 86 46 
08 16 - 08 46 


68 21 - 68 46 

116 15-116 42 

84 80 - 85 0 
02 85 - 02 58 
62 15 - 52 82 
127 20-127 44 


26 60 
64 10 
128 20 


74 46 
46 48 
28 68 
68 48 
88 26 
26 18 
41 81 
110 17 

86 88 
10 28 
84 64 
20 26 
24 66 
• 

71 16 
108 44 

a 

64 10 
128 20 


84 86 
48 6 

• 

67 42 
44 88 
102 20 . 


84 40 
02 40 
62 81 
127 20 
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The S’-faces were relatively larger, compared with the c-faoes, than in the 
oaae of the potassium salt, but the effaces in most cases still predominated as 
the principal faces of the tablet. 

Tbep-faces were always important, and their lesser or greater depth deter- 
mined the tabular or prismatic character of the crystals. 

The faces of / were almost invariably small, and those of o' were but narrow 
strips modifying the vp edges. The olinopinakoid faces b were also small, but 
usually gave excellent reflections of the signal. Ten excellent crystals were 
measured. 

Cleavage . — Parallel to perfect. 

Belaiive Density . — Six determinations were made by the immersion 
method. 


I. Demityforie'-S/a” ... 

.. 2*8367 

For 20“/4° 

2*8868 

n. 

17“ -9/4“ ... 

.. 2*8368 


2-8862 

ni. 

18° -2/4° .. 

.. 2*8360 


2*8886 

IV. 

17“ *8/4^ . 

.. 2-837e 


2 *8871 

V. 

18° -8/4° ... 

.. 2-8875 


2 *8372 

VI. 

18" ‘4/4° ... 

... 2-8886 

II 

Mean 

2*8880 

2-8871 


Accepted value for 20°/4° 2*837. 

Molecular Volume.— = = 218-49. 

d 2*o«57 

Molecular Distarux (topic axial) ratios. — 

X : ^ : w = 6-2901 : 8 4693 : 4 2508. 

Orientation of Optical Plane of optic axes, 5 {010}. Sign of 

double refraction, positive. The first median line is the 7 axis of the 
indioatrix, and the second median line is «. 



164 


Dr. A. E. H. Tutton. 


Extinction Direction (2M.L.) in Symmetry Plane. 

Plate I... 1® 24', Plate II...3° 2'. Plate III... 2* 46', Mean...2® 24'. 

behind the normal to c(OOl). As that normal is 15® 14' in front of the 
vertical axis c, the second median line lies 12® 60' in front of the vertical 
axis 0 . The first median line lies 2® 24' above the inclined axis a. Fig. 4 
will render this clear. 

Optie Axial Angle . — Besults with three pairs of section^plates perpen- 
dicular to the two median lines. Plate 2 did not quite admit of 2E beii^ 
fully visible, being narrow and the angle in air very wide. 

Apparent Optic Axial Angle in Air, 2E, of BbCio Selenate. 


Light. 

Plate 1. 

Plated. 

Mean 20. 

Li 

131 40 

iso ae 

181 8 

C 

181 48 

ISO 40 

181 14 

Na 

132 40 

181 80 

1 182 6 

Tl 

188 30 

188 80 

183 0 


Determination of True Optic Axial Angle in Bromonaphthalene. 


Light. 

Ko. of plate 
perp. 1 M.L. 

Obseired 

2H«, 

No« of plate 
perp. 2 M.L. 

Observed 

2He. 

Caloulated 

2V.. 

Mean 

2V.. 



o /_ 


0 t 

O / 

O / 


fl 

06 86 

la 

94 40 

78 441 


Li 


67 0 

2a 

04 88 

78 64i 

73 42 


18 

06 26 

da 

04 28 

78 28j 



fl 

66 68 

la 

04 86 

78 441 


0 


67 6 

2a 

04 88 

78 68 1 

78 41 


Is 

66 22 

8a 

94 24 

78 saj 



ri 

66 84 

la 

94 11 

78 411 


Na 

4 8 

66 46 

2a 

94 16 

78 47 V 

78 87 


13 

66 8 

8a 

94 2 

78 22 j 

i 

fl 

66 16 

la 

98 47 

78 881 


Tl 

^2 

66 27 

2a 


78 40 V 

78 88 


Is 

66 46 

8a 

93 86 

78 aoj . 

1 


The absorption by these ruby red crystals did not admit of accurate measure- 
ments beyond the green. 

Dvptrwm of the Median Lines . — This vras determined by immersion of the 
sections perpendicular to the first median line in monochlorbensene, the 
refractive index of which is almost identical with the mean index of the 
crystals. The dispersion proved to be exceedingly small, less than 6', so 
small, indeed, that its direction was not determinable with certainty. The 
vertices of the brushes were quite black, as seen in this liquid, with no 
perceptible colour at the margins except the natural red of the section-plates 
themselves. 
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Ejfect of Temperature on Optic Axial Angle . — ^Determinations of 2E at 
76° C. indicated that the angle in air increases 5° on raising the temperatore 
66° from the ordinary temperature to 76® C. 

Befimetive Indices . — ^Besults obtained with six 60®*pri8ms, each ground to 
afford two indices directly. 


Refractive Indices of Rubidium Cobalt Selenate. 


Light. 

a. 

2. 

r 

Li 

1 -6163 

1*6820 

1*6829 

0 .. 

1 *6168 

1*6226 

1 *6884 

Na 

1 -6199 

1*6266 

1*6869 

T1 . . 

1 *6282 

1*6290 

1*6404 1 

Cd 

1 *6262 

1 ‘6311 

1*6426 

F . . 

1*6278 

1 *5882 

1*6446 

a 

1 ‘6388 

1*6898 

1 ‘6606 


Mean of a, /3, and y for Na light ui- 1 *6276. 


a em Vibration direotion parallel to eecond median line, 12* 6(y in front of aziB r. 
/8 = „ „ „ Byminetry axu *. 

y nm ,, ,, first median line, VT 24' aboye axis a. 

Double refraction, Nay.* — 0 ’0170. 


General formula corrected to a vacuum 

z. i.xAno . 671 580 316 900 000 000 , 

ff =s 1 oWO'i ^ " + ... . 

The a. indices are also reproduced by the formula if the constant 1*5098 be 
diminished by 0*0057, and the 7 indices if it be increased by 0*0113. 

Observations at 70^ indicated that the refractive indices diminish with rise 
of temperature, to the extent of 0*0025 for 60^ rise of temperature. 

Axial Xatws 0/ tJte Optical Ellipsoid — 

flt : : 7 « 0*9963 ; 1 : 1*0074, a : b : C = 1*0037 : 1 : 0-9926, 


Molecular Optical Constants. 



Axis of optical indioatrix. 

a. 

8. 

7 . 



0*1066 

0-1094 

66*08 

67*84 

0*0028 

1*76 

112*92 

0*1076 

0*1106 

06-00 

68-48 

0*0029 

1*70 

114*16 

0*1006 

0*1124 

67*86 

60*00 

0*0020 

1-88. 

116-64 

Gladstone... 

Dpfiu&uu mrauwuu, » 

Molecular refraotioo, M « m... / 9 

e* + 2 d L® 

Speciflo dispersion, iia —no 

Molecular olspersloik, m« mo 

Molecular refraction, H 0 

tf 


Mean moleoular refraotfon (Gladstone), i (a^ 2 4 y) 114 *54. 
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Cassium Cobcdt SeleruUe, C8^k(3eOt)» . 6HyO. 

Qrystnl SyiAm,. — Monoclinio. Class No. 6, holohedral-prismatic. 

AasM ATigle. — = 106° 18', 

Balio of Axes. — a : 6 : c = O’TSIO : 1 : 0*4989. 

Forma oJsemd.— 6{010}, c{00l}, j{011}, r'{201}, o'{Tll}. 

Habii . — Prismatic parallel to inclined axis a. A typical crystal is shown 
in fig. 6. 



The characteristics of the ctesium salts of this grand series are well shown 
by cesium cobalt selenate, namely, narrow e{001} faces and broader ${011} 
faces. The great majority of the crystals showed no faces of either 5{010} 
or o' {111), and not infrequently also no /{201} faces, the only forms 
developed being e{001}, ${011}, and p{110}. Occasionally an excellent face 
of ({010} was found on the larger crystals. 

Cleavage . — Perfect parallel r'{201}. 

Bdaiive Denary . — Six determinations were carried out by the immersion 
method. 


I. 

Demityfor 19°*S/4° 

8*0888 

Forar/4“ ... 

.. 8'0e86 

ir. 

M 

ir-9/4“ 

8*0989 

II 

.. 8*0988 

IXX. 

*1 

ir-9/4* 

8*0924 

tl 

.. 8*0918 

IV. 


18“ •9/4* 

8*0968 

II 

.. 8*0966 

V. 

*1 

ie*-7/4'' 

8*0964 

II ••• 

.. 8*0944 

VI. 

II 

ir'2/4* 

8*0947 

II 

.. 8*0088 





Mean .... 

.. 8*0887 


Accepted value for 20 °/ 4 *’. 8*084. 

Moleeular Vdhime.-^ = = 230*73. 

MoUeadar IHettmee (topic axial) ratios. — 

6*3618 : 8*7028 : 4‘34ia 

Orientation of Oftietd FUipaoid , — Plane of optic axes &{010}. Sign of 
doable refraction positive. The first median line is the y axis of the 
indicatrix, and the second line median is «. 
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Interfacial Angles of Csesinin Cobalt Solenate. 
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Extinotion Direction (2 M.L.) in Symmetry Plane. 

Plate 1 2“ 40', Plato II 3® 13', Plate III 3® 21. 

Mean extinotion angle 3® 5', 

in front of the normal to (;(001). As that normal is already 16® 18' in 
front of the vertical axis c, the second median line lies 19® 23' in front of 
the vertical axis e. The first median line lies 3® 6' b^w the inclined axia a. 
Fig. 6 will render the position plain. 



Optic Axial Angle . — Besults for three pairs of section-plates, ground per- 
pendicular to the two median lines. The optic axial angle is so large that it 
does not emerge in sir. 

Ceenum Cobalt SeUnate. 


Determination of True Optic Axial Ang^e in Bromonaphtbalene. 


Light. 

No. of pUte 
perp. 1 M.L. 

ObieiTed 

2H.. 

No. of 

poFp. 2 H.L. 

Obforred 

2H^ 

Oolonhitad 

2V.. 

Moon 

2V^ 


fi 

70 le 

la 

M I'e 

8^ 

0 / 

Li 


70 20 

2a 

84 21 

87 6 y 

87 11 


u 

79 84 

8a 

84 18 

87 80j 


fl 

79 10 

la 

84 16 

87 41 


0 


79 14 

8a « 

84 80 

87 8 y 

87 8 



79 28 

8a 

84 12 

87 lej 


ri 

78 84 

1 

la 

84 18 

86 441 


Kft 

J 8 

78 44 

2a 

84 17 

86 47 y 

86 48 


is 

78 46 

8a 

84 6 

86 64j 



fl 

78 0 

la 

84 9 

86 841 


m 

i 2 

78 14 

2a 

84 9 

86 88 y 

86 88 


la 

78 18 

8a 

88 66 

86 40j 



Measurements of 2H. and 2H, were only posrible as fiur aa the green of 
the spectrum, on account of the large abscnption these red oiystals, tiiiok 
plates being required in order to yield clear interferanoe fignree. 
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LigpeTsim of the Median Lines . — ^This was determined by immersion of the 
section-plates perpendicular to the first median line in oil of cloves, the 
refractive index of which for sodium light, 1'6409 (re-determined at the time), 
is practically identical with that (mean of all three indices, 1*6402) of the 
crystals. It was found that the median lines are dispersed 10^ in the 
symmetry plane, so that for green thallium light the first median line is 
nearer to the inclined axis a by 10' than for red C-light. 

Befrajctive Indices . — Besults with six 60°-pri8ms, each ground to afford two 
indices directly. 


Kefractive Indices of Ccesium Cobalt Selenate. 

Light. ! a. I S. 

1 *6816 1 *6860 

1 ‘5321 1 *5866 

1 5364 1-6899 

1 '6389 1 -6434 

1 *6409 1 *6464 

1 -6480 1 *6476 

1 ‘6192 1 -6689 

Moan of «, 8, and y for Na light 1 *6402. 
a Vibration direction parallel to second median line, ISP 23' in front of axii c. 
fi ^ „ symmetry axis b. 

y » „ „ „ first median line, 8° 5' below axis a. 

Pouble refraction, Na^^^ ■■ 0 *0099. 

General formula for the intermediate refractive index 0, corrected to a 
vacuum (correction + 0*0004) : — 



r 

1*6412 
1-6418 
16468 
1 ‘6489 
1 *6610 
1*6681 
1*6696 


1-6205 -h 


784 670 S 376 600 000 000 


The a indices are also reproduced very closely by the formula if the 
constant 1*6205 be diminished by 0*0046 and the y indbes if the constant be 
increased by 0*0064. 

Observations at 7(f C. showed that the refraotiYe indices are diminished by 
about 0*0018 (varying from 0*0016 to 0*0020) for 60^ rise of temperature. 

Axicd Ratios of the Optical Mlipeoid — 
m:fi:y mi 0*9971 : 1 : 1*0036, 


a : b : C « 1*0029 : 1 : 0*9966, 
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Molecular Optical Constants. 


Axis of optical indioatrix. | a. 

J9. 7- 

Lorens 

Gladstone . 

1 

Spoc.flcrefractiOD,^^,^jjj^-n {g, 

Molecular refraction, ^ - w .. j ^ | 

Specific dispersion. nf» — »c I 0 *0026 

Molecular diflpersion, mo ^ iiic ' 1 *60 

{ Molecular refraction, M C ^ 122 *77 I 

I ‘^11 

0*1000 

0*1036 

72 *00 

73 *93 
0*0027 
1*03 

123*70 

0 ’1017 
0-1044 
72-60 

74 -60 

0- 0027 

1- »7 

125-01 


Mean molecular refraction (Gladstone), + + « 123 *36. 


Ammmiwm Cobalt SclencUe (NH 4 )|Co(Se 04 )s . 6HsO. 

Crydal System. — Monoclinic. Class No. 6, holohedral-prismatic. 

AxuU Angle. — S = 106° 23'. The same value was found by Tops0e. 

Raiio of Axes. — a : b : e = 07449 : 1 : 0‘5031. 

Top80e’s values 07414 : 1 : 0‘5037. 

Forms ob^rved.—b{010}. c{001}, p{110}, /{120}. ?{0ll}, m{021}, 
o'{Tll}, r'{201}. 

The forms p'{120} and m{021} were not observed by Tops^e. 

Ifabit.-— More or less tabular parallel to e{001}, but with the ^{Oll} faces 
also considerably developed. A typical crystal is represented in Fig. 7. 



The type is thus intermediate between that of the potassium salt shown in 
fig. 1 and that of the csesium salt represented in fig. 6. It is not unlike that 
of the rubidium salt (fig. 3), but the faces of ;{011} and r'{201} were 
generally larger. The relative importance of the subsidiary faces was 
generally more or less as shown in fig. 7. Some excellent little flioeB of 
p' {120} were observed, affording sharp signal images. One good little face 
of the very rare clinodomal form m {021} was discovered on one of the twelve 
crystals measured, which belonged to three different crops of particularly 
good crystals. Some relatively large and excellently reflecting faces of the 
olinopinakoid b {010} were presdnt on the crystals of certain crops. 



Monoclinic Double Sele/nrtteH of the Cohcdt Group. 
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InterfHcial Anglee of Aiumuuinm Cobalt Keleiiate. 


Augle. 

Uo. of 
meagiiro- 
meutg. 

Limits. 

Mean 

observed. 

11 

Piff. 


^€tc » (lOU) 

(001) 


II / ij / 


e / 

73 37 



a» = (100) 

(101) 

— 

— . 

— 

45 3 

• — 


tc - (101) 

:(001) 

— 

— 

— 

28 34 

- 


r/ = (001) 

:(201) 

21 

04 16- M 61 

64 36 

64 30 

5 

ct' - (001) 
t'r' - (TOl) 

:P 


— 


38 42 

25 48 

— 


■= (201) 

,a 

— 




41 63 

— 


L /c ^ (2oO 

21 

116 12-115 46 

116 26 

116 iU) 

5 


f'ap = (lOoi 

(110) 

— 

- 

— 

35 32 

— 


py “ (iio) 
/ft - (120) 

: (120) 

12 

19 22- 19 31 

19 27 

19 28 

1 


(010) 

u 

34 65- 35 7 

36 2 

86 0 

2 

•* 

W"=aiO) 

(180) 

(l!10) 


- 

— 

29 27 

— 


:(010) 

— ■ 


— 

26 1 

— 


pb - (110) 

(010) 

4S 

64 16- 54 40 

64 28 

* 

— 


._pp -(110) 

(lIO) 

25 

70 60- 71 18 

71 3 

71 4 

1 


-.■7 - (OOlJ 

(Oil) 

41 

25 41- 26 67 

26 46 

• 

— 


qtH = (Oil) 

(021) , 

1 

— 

18 10 

18 14 

2 


mb => (021) . (010) 
.qb =(OU)i(O10) 

1 

— 

46 66 

46 0 

4 


42 

64 4- 64 22 

64 14 

64 14 

0 


^ao « (100) 

(HI) 

- 

— 

— 

48 17 

— 


oq -(111) 

:(011) 

-- 


— 

27 0 



aq ^ (100) 

• (Oil) 


— 

— 

76 17 

— 


qo' - (Oil) 

!(IU) 

— . 

— 

— 

84 60 

— 


ya = (ni) 

:(I00) 

— 

— 


60 63 

— 


fco - (001) 

•nil) . 


— 

— 

34 10 

— 


op =. (Ill) 

:(H0) .. 

-- 

• 

— 

42 34 

— 


ep » (001) 

:(110) . 

40 

76 35- 76 52 

76 44 

« 

— 


po* » (llO) 

• aiT) 

14 

68 2- 5S 38 

58 18 

68 10 

1 


o'c — (III) 

i(OOl) 

14 

44 41- 45 17 

44 66 

44 67 

1 


\^pr -(110) 

! (OOI). . 

40 

103 10-103 23 

103 16 

103 16 

0 


rill (010) 

• (121) 

— 

— 


64 83 

— 


no «= (121) 

:nii) . 


— 

— 

16 51 

— 


fto - (OlO) 

sail)... 
aoi) . 

— 

— 

— 

70 24 

— 


OM -(111) 

— 

— 


19 36 

— 


6o' - (010) 


7 

66 5- 66 10 

66 7 

66 3 

4 


- (III} 

: hoi) 

— 

— 


24 67 

— 


. oV (Til) 

•(III) . 

4 

40 45- 40 60 

40 48 

40 64 

6 

1 

r»q - (101) 

: (Oil) .. 

— 

— 

— 

37 44 

— 


qp - (oil) 

niio)... 

40 

87 17- 87 34 

87 24 

87 22 

2 

i 

P9 -(IlO) 

:(I0I)... 

— 

— 

— 

64 64 

— 

1 

^pq — (110) 

:(0ll) . 

40 

92 27- 92 47 

02 36 

02 38 

2 


rPq -(101) 

! (Oil) .. 

— 

— 

— 

46 21 


i 

gii- - (Oil) 

•(121) 

— 

. — 

— 

26 18 

— 

j 

np - (121) 

: (110).. 

— 



86 21 

— 

H 

qp - (Oil) 

:(110)... 

40 

62 32- 02 68 

62 42 

62 39 

3 


“(110) 

:{10l)... 


— 

» 

72 0 

— . 

1 

^pq — (no) 

: (Oil) 

"40 

117 7-117 28 

117 18 

117 21 

8 

1 

r#^o' - (201) 

:(Hl)... 

13 

85 1- 35 40 

86 17 

35 17 

0 


o'm > (111) 

: (021).,. 

1 

— 

80 40 

36 41 

8 

: 

mp - (021) 

:(110)... 

1 

— 

66 20 

66 20 

0 

1 

0^ - (111) 

rhlO),.. 

18 

01 46- 02 21 

02 6 

02 1 

4 

1 

pff =, (no) 

:(20T)... 

88 

62 25- 62 46 

62 86 

62 42 

6 


rp •= (201) 

:(U0)... 

88 

127 (1-127 48 

127 24 

127 18 

6 


Total number of 
measuromeuta from 
12 orjgfcaU 

606 

1 






▼OL. XCVI,— A. 


Topftf^e'a 

Taluen. 


64 6N 


64 35 
70 61 
26 41 

64 17 

76 43 
109 17 

87 26 


62 40 


62 87 
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Cleavage . — Perfect parallel There is also a much less well defined 

cleavage parallel to &{010}. 

Relative Bmsity . — Six detenninations were made by the immersion 
method. 


I. Denuty for 19° *2/4" . 

. 2 -227C 

For 20*/4’ . 

. 2 *227.3 

II. „ 18° *3/4° 

2 22!>1 


2*2287 

III. „ 20° *0/4° 

. 2*2279 

*1 

2*2279 

IV. „ 18° *4/4° , 

. 2*2287 

*1 

. 2*2283 

V. „ 18° •0/4° 

. 2*2273 


2*2270 

VI. „ 18° *6/4° . 

. 2 *2302 

Meau 

2*2200 

. 2 *22S2 


Accepted value for 20‘^/4° 2*228. 

Molecular Volume.—^ = = 218- 10. 

(L 2*228 

TopB0e obtained the lower value 2*212 for the specific gravity, and con- 
sequently also a molecular volume too high, namely, 221*3. 

Molecular Distance (topic axial) ratios. — 

X 6*3057 ; 8*4651 : 4 * 2587 . 

Orientation of Optical Rllip&ovl^. — Plane of optic axes ft {010}. Sign of 
double refraction, positive. The first mediaTi line is the 7 axis ot the 
indicatiix, and a. is the second median line. 

Extinction Direction (2M.L.) in Symmetry Plane. 

Plato 1 13® 25', Plate II 14® 35', Mean 14® O', 

behind the normal to c{001}. As the latter Is 16® 23' in front of the 
vertical axis this extinction direction, which is the second median line, 
lies 2® 23' in front of the vertical axis c. The first median line lies 14® 0' 
above the inclined axis a. Tops0e obtained 2® 41' and 13® 42' for these two 
extinction angles. 'Those facts are graphically illustrated in fig. 8. 
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Optic Acial Angle . — This is so large that 2E, the angle iu air, is inde- 
terminable. Results for 2Ha, and the true angle 2Yay from three pairs 
of plates, ground perpendicular to the two bisectrices, are given below. One 
pair* of them were measurable as far as the green of cadmium, the other two 
pairs only as far as thallium green; beyond those spectrum limits the 
absorption by these red plates was too great, as thick plates are required to 
give sharp interference figures. 

Aminonimn Cobalt Selenafe. 


Determination of True Optic Axial Angle in Bromonaphthaleuo. 


Lighfc. 

No. of plate 1 
perp. 1 M.L. j 

Obaerved I 

No. ol‘ plate 
perp 2 M.L. 

ObBerred 

Calculated 

1 Mean 

2M^. 

2H.. 

2V^. 

2V,. 



o / 

1 

1* / 

O / 

1 o , 


fl 

74 aa 

! u 

S8 14 

82 31 

1 

Li 


2 

71 ao 

2« 

S8 11 

1 82 2 

. 82 5 


1 

La 

71 55 

1 3m 

HR so 

, «a oJ 

1 




74 22 

! 

88 10 

1 S2 4] 

i 

C ... 


2 

71 20 

1 2a 

IW 7 


• j 82 6 



3 

74 5a 

, 

88 25 

\ 82 10 1 

1 


ri 

74 23 

la 

H7 43 

! 82 12 1 


Na 


74 22 

2a 

H7 88 

82 14 


82 14 


l« 

74 30 

3a 

87 57 

1 82 l« 1 

\ 




ri 

74 10 

la 

87 22 

82 16] 

1 

Tl 


2 . 

! 74 U 

2a 

87 8 1 

1 82 28 

^ I 82 22 



La 

74 24 

i 

87 19 1 

82 20 J 

i 




- 

IM 

1 

1 

i 

Cd 


2 . . 

74 5 

2a 1 

1 80 60 

j 82 28 

! 82 28 



,8 .. . 

— 

1 3#» 1 

1 — 

1 

1 


Top80e and Chiistiansen obtained 82^^ 1' for 2Va, for sodium light. 

Diversion of the Median Lines , — This was determined by iniinersioii in 
methyl salicylate, the refractive index for sodium light of which, 1*53G3, is 
close to the mean index for that light, 1*5330, for the crystals. The median 
lines are dispersed 12' in the symmetry plane, so that the first median hue is 
nearer to the inclined axis a for red C light than for green T1 light, by this 
amount. 

Refractive Indices . — The results with the usual six 60°>priBmB, each giving 
two indices, next follow. 
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Kefractive Indices of Ammonium Cobalt Selenate. 


Light. 

fl. 

3. 

7- 

Li . 

1 6228 

1 -6287 

1-6377 

C 

1 -6228 

1-6292 

1 *6382 

Na 

1 *6261 

1 -6327 

1 -6417 

T1 

1*6294 

1-6362 

1-6463 

Od 

j 1 '6816 

1-6380 

1 -6474 

F 

1 'saae 

1-6401 

1*6406 

a 

1 1 -6398 

1-6466 

1*6562 


Mean of a» and y for Na light » 1 '6386. 


a Vibration direction parallel to aooond median line, 2° 23' in front of vertical axis c. 
/3 ^ ,, „ „ symmetry axis b. 

y — „ „ „ first median line, 34° O' above inclined mU a. 

Double refraction, - 0-0166. 


General formula for /9, corrected to a vacuum : — 


/9 = 1-6110 + 


803 977 
V 


6 122 300 000 000 , 


The a indices are equally well reproduced by the formula if the oonstaia 
1*5116 be diminished by 0*0068, and the 7 indices if it be increased by 
. 0*0090, 

Observations at 70° indicated that the refractive indices of ammonium 
cobalt selenate diminish by about 0*0013 for a rise of temperature of 60°. 

Tops 0 e and Christiansen obtained for ^ the values 1*5280, 1*5311, and 
1 *5392 for C, P, and F light respectively ; and indirectly for « and 7 , for 
sodium D light only, 1*5244 and 1*5396. 

jUmf Bodioa of f/tc Optical Ellipsoid . — 

* « : i 8 ; 7 = 0*9957 : 1 : 1*0059, a : b : C = 1*0043 : 1 : 0*9942. 

» 


Molecular Optical Constants. 


1 

Axis of optical indicatrix. 

a. 

3. 

r 

Loreuc 

a*— 1 

Speoiflo refraction, , , , = n 

Molecular refroctiou, ^ » m .. 

»’+2 d 

*{o 

•{S 

0-1871 

0*1408 

66*60 

68-41 

0-1886 

0*1428 

67-28 

00*12 

0*1404 

0*1448 

68*24 

70-18 


Specific distMrsion, no — nc 

Molecular wpenion, ino * mo 


0*0087 

1-81 

0*0088 

1-84 

0*0089 

1-80 

CHadstone... 

1 Molecular refraction, M 

d 

. 0 

114*02 

116 *42 

117 -88 


Mean molMulMT Mfraetion (Oloditone), | (a+0+7) ^ 116*61. 


Comparison qfBesuUs. 


Habit . — The crystals of the potassium, rubidium, and csesium salts of 
this cobalt group exhibit the habits which have been observed to be 
characteristic of these respective salts throughout the series, as so for 
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invcBtigated. They are typihed by the relative dovolopment of the basal 
pinakoid ';{001} and olinodoinal prism j{011}, the former predominating hi 
the potassium salt and the latter in the ciesium salt, while in the rubidium salt 
the two forms are more or less equally developed, the habit of this salt being 
thus very clearly of intermediate character. The crystals of the ammonium 
salt are usually very much like those of the intermediate rubidium salt, but 
the limits are wider, the types shown by the potassium and caesium salts being 
also each nearly approached in different individuals. 

Crystal ElemenU and A iujivs , — 


Comparison of the Axial Anglos and Axial Ratios. 


Axial angle. 

Axial ratios. 

i 3. 

VotaBsium cobalt eelcuate .1 104' 17' 

Kubidiuni „ „ | lOS'" 14' 

Ammonium „ „ | 10H° 23' 

OttBium „ „ 1 lOR** 18' 

a • A ; c 

0-7522 - I ;0'6062 
0-7427:1 0-6019 
0*7440: 1 :0-6031 
0-7310: 1 • 0*4089 


From the above Table it will be clear that tlie monoclinio axial angle ^ for 
rubidium cobalt selenate is approximately the mean of the corresponding 
axial angles for the potassium and caesium salts. The axial angle of 
ammonium cobalt selenate is nearly identical with that of cicsium cobalt 
selenate. 

The morphological axial ratios of the rubidium salt are likewise inter- 
mediate between the analogous ratios for the potassium and csesimu salts. 
Thus both as regards the axial angle and the axial ratios the constants follow 
the order of atomic weights and atomic numbers of the alkali nu'tals 
present. 

Atomic weights: — K = 38*85, Rb = 84*9, Cs = 131*9. 

Atomic numbers: — K = 19, Rb = 37, Cs = 55, 

The axial ratios of the ammonium salt ai*e intermediate between the two 
extremes for the group ^for the potassium and ceesium salts), and fairly close 
to those for the intermediate rubidium salt. True isomorphism of ammonium 
cobalt selenate with the three alkali-metallic salts of the cobalt group is thus 
clearly indicated. 
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Comparison of tUe Interfadal Angles. 


Angle. 

1 KCo nelenate. 

BbCo eelenate. 

j OsCo selenate. 

AmCo selenate. 



I / 

0 / 

D / 

0 / 

"ae 

- (100) ! (001) 
- (100) !'(10I) 

1 75 48 

74 46 

78 42 

78 87 

09 

46 27 

46 48 

44 66 

46 8 

90 

- (101) i (001) 

29 16 

28 68 

28 47 

28 34 

^ Off 

- (001) i (201) 

62 58 

68 48 

64 46 

64 30 

e#' 

- (OOl) : (lOl) 

38 6 

88 25 

89. 0 

38 42 

iff 

- (lOl) 1 (201) 

24 62 

26 18 

26 46 

26 48 

[ffa 

(201) ; (TOO) 

41 19 

41 81 

41 82 

41 63 

ap 

ft 

1 (100) : (110) 

- ( 110 ) . (lao) 

-i (120) ; (010) 

36 3 

19 28 

36 88 

10 28 

36 4 

19 28 

36 82 

10 28 

34 29 

34 64 

35 28 

86 0 


- (110) : (ISO) 

29 21 

29 26 

20 81 

20 27 

«. (ISO) : (010) 

24 86 

1 24 66 

26 26 

26 1 


» (no) ; (010) 

63 57 

64 22 

54 66 

64 28 

f eg 

- (001) : (Oil) 

26 R 

25 50 

26 36 

26 46 


- (Oil) ; (OlO) 

63 52 

64 10 

64 26 

64 14 

''ao 

» (100) : (111) 

- (Ill) : (Oil) 

49 42 

49 0 

48 6. 

48 17 

oq 

27 31 

27 19 

27 14 

27 0 

-{ aq 

- (loo) . (on) 

77 13 

76 19 

76 20 

76 17 

qi 

- (oil) ; (ill) 

- (ill) . (100) 

34 15 

34 37 

36 12 

34 60 

ya 

68 32 

69 4 

69 28 

69 63 

^00 

> (001) : (111) 

35 1 

34 86 

84 14 

34 10 

op 

- (ill) i (110) 

48 29 

43 6 

42 29 

42 34 

. op 

- (ool) ! (no) 

78 30 

77 40 

76 43 

76 44 

pi 

= (lio) i (ill) 

67 6 

57 42 

68 10 

68 19 

ye 

> (111) : (OOl) 

44 24 

44 38 

46 7 

44 67 

[ho 

- (010) : (111) 

09 61 

70 13 

70 86 

70 24 

le# 

- (ill) : (lOl) 

20 9 

19 47 

19 24 

10 36 

(ho* 

- (010) : (111) 

66 0 

65 14 

66 17 

66 3 

loV 

- (ill) : (lOl) 

24 51 

24 46 

24 48 

24 67 


- (101) : (Oil) 

38 27 

38 3 

87 46 

87 44 


- ion) : (IIO) 

86 24 

86 26 

67 40 

87 22 


= (no) i (loi) 

66 0 

66 29 

64 84 

64 64 


- (loi) : (Oil) 

46 3 

46 9 

46 80 

46 21 


- (Oil) : (110) 

1 64 0 

68 80 

62 66 

62 30 


- (110) : (101) 

! 70 67 

71 21 

71 86 

72 0 

[ffi 

- (201) ! (Ill) 

84 86 

34 49 

86 7 

85 17 


- (Ill) 1 (no) 

92 48 

92 40 

1 92 40 

92 1 


- (no) : (201) 

62 87 

62 81 

62 18 

52 42 


IVom the above comparative Table of 38 meaenred angles the salient fact 
is derived that the whole of the angles of the rubidium salt are intermediate 
between those of the potassium and ceesium salts. The Table is best analysed 
in the following manner (as for former groups), by working out the averi^ 
and maximum changes of angle for the various replacements : — 


Beplaoement. 

Average ebange. 

(Mean change of 38 angles.) 

Maximum change. 

KbyRb 

26' 

84' - 1" 4' 

KbjOf 

63' 

iw ’•r w 


40' 

iw - a* S' 
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TIic avt*rape and maxiiiiuin chaiigea of angle are thus seen to be twice a» 
great when potassium is replaced by ceesinm, as they are when potassium is 
replaced by rubidium, just as tlie change of atomic weight or atomic number 
is twice as gi*eat. 8o that the average change and the maximum c:hange of 
interfacial angle are directly proportional to the change in atomic weight or 
atomic number. 

The introduction of the radicle ammonium instead of potassium induces 
an amount of average or maximum change of angle which is just slightly 
less than when ciesium is substituted for potassium. In the ease of 35 of 
the angles the changes are in tho same direction (of same sign) when 
ammonium is introduced for potassium, as when either rubidium or casiuni 
is iuti*oduced, the only three exceptions being in eases where the change is 
very minute, not exceeding 6', 

It will be observed that tho maximirm change of angle for the whole group 
of four salts is (2° 16'), which occurs in the case of one angle, 
tfp = (Oil) : (TlO), when potassium in potassium cobalt selenale is replaced 
by caesium, or vice versd. 

Volume ConRtants . — 


Volume Constants of the Cobalt Group of Double Selenates. 



Molecular 

weight. 

Specific 

gravitr 

Molecular 

Tolume. 

Topic axial rat.ioB. 

KCo »elenate 

627 -77 

2*530 

208-80 

6-2197:8-2688:4 1866 

RbCo „ 1 

010-87 

2*837 

218*40 

6'2001;8-4883:4-)!60H 

C 0 OO 

713 -87 

3 0W 

280-78 

6-3618:8-7028:4-3418 

KH 4 O 0 „ 

486-03 

2*228 

218-10 

6-3067:8-4661-4 2687 


The density increases with the molecular weight, the changes for the 
respective replacements of K by Bb and Bb by Gs being os 6 ; 5, the eflect 
thus diminishing as the mass grows. The ammonium salt is naturally much 
the lightest member of the group. 

The molecular volume of the three alkali metallic salts increases at an 
accelerating rate, as the atomic weight or atomic number rises, the amount 
for the two changes of metal being 9*89 and 12*24 i^pectivcly. Tlie 
molecular volume of ammonium cobalt selenate is almost identical with 
that of rubulium cobalt selenate, a result as regards the ammonium and 
rubidium salts always observed so far throughout the series. 

The molecular volumes of the double selenates ai’e naturally greater than 
those of the double -sulphates, 8ulj)hur and selenium being analogues 
separated by two whole series of elements in the periodic table, their atomic 
numbers being 16 and 34 ; and it is interesting to see what is the amount 



178 


Dr. A. E. H. Tutton. 


of the increase in the molecular volume on replacing sulphur by selenium. 
As there are two atoms of sulphur or selenium in the molecule of the double 
salt, we obtain the increase per atom by subtracting the molecular volume 
of the double sulphate from that of the double seleuate and dividing by two. 
The results of doing this, for the analogous salts of all the five pairs of 
groups of monoclinic double salts yet completely investigated, are given in 
the next Table. The results also for the simple sulphates and selenates are 
added for comparison, and in this case, as there is only one atom of sulphur 
or selenium in the simple rhombic salt, there is no division by two. the 
differenoes of molecular volume for the analogous sulphate and selenate 
giving the increase per atom directly. Only the strictly analogous potassium, 
rubidium, and csesium salts are compared throughout; for no comparable 
value can be got for the simple ammonium salts, as aramoniuin selenate 
crystals are only available for molecular volume determinations in the 
monoclinic and not the rhombic form. 


Increase of Molecular Volume on Replacing S by Se. 


Salt group. 


Increase per atom. 


Cobalt 
Iron 
Nickel 
Magnesium 
Ziuo ... 

Simple saltM of alkalicn 


A to 6 *7 unit"* 
6*2 

«*1 to« 8 „ 

0 0 to 6-1 „ 

0*3toS t „ 

(> to « *8 „ 


I 


The loplacement of one atom of sulphur by an atom of selenium is thus 
found to be accompanied by an increase of 6*0 to 6*8 units of molecular 
volume. The results are very similar and concordant for the various groups 
of salts, both double and single. 

The molecular distance (topic axial) ratios of the rubidium salt are also 
intermediate between those for the potassium and ciesium salts, the axial or 
edge dimensions of the monoclinic elementary cell of the * space-lattice 
increasing progressively with the atomic weight or atomic number of the 
alkali metal. These constants for the ammonium salt are almost identical 
with those for the rubidium salt, two of the three dimensions being very 
slightly greater, and the third a minute amount less. The space-lattice 
cells of the rubidium and ammonium salts are *thu8 practically congruent or 
coincident. 

CUmage , — ^There is a perfect cleavage parallel to the orthopinakoid /{201} 
in the crystals of all four salts. This is the common cleavage direction of 
the whole series of double sulphates, and of all the groups of the double 
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selenates yel studiet], belonging to this »ame iiioiioclinic isomorphous series 
oryatallisiiig with bITjO. In addition, a fcoblo facility for cleavage has also 
been observed in ammonium cobalt aelenate parallel to the clinopiiiakoid 
&{010}. Ammonium nickel selenatc was also found to exhibit this same 
second cleavage direction, as also four of the ammonium double sulpliates, 
those of the magnesium, nickel, manganese, and cop))er gTou|>8. 

Orientation of Optical MUipsokl . — The symmetry requires only one of the 
thrae rectangular axes of the optical ellipsoid to be fixed, namely, that which 
is identical with tlie symmetry axis k The two others, lying in the symmetry 
plane, may be anywhere in lliat plane consistent with their mutual reet- 
angularity. They arc not only difforently situated for the different salts, but 
even for the same salt they are ifispersed slightly for different wave-lengths of 
light. 

The position of the ellipsoiil is thus conveniently determined by giving the 
position for a specific wave-length of that one of the two latter axes which is 
not far removed from the vertical crystal axis r; it is the a axis of the 
indicatrix and the second median line for all four salts. 

Inclination of « Axis of Indicatrix to Vertical A.vis c, in front, for Na Light. 

NH 4 C 0 oelenitlo 2 ^ 2 a' 

KCo „ . S .it' 

RhCo „ 12 50' 

C»Co „ . lit 2:V 

The Table indicates that the cIhp.soid is so situated that in the crystals of the 
ammonium salts its « axis lies very near, and just in front of, the vertical 
crystal axis r. In the crystals of the salts containing tlie three alkali metals 
it is situated so that this axis a is further and furtlicr removed from the 
vertical axis as the atomic weight or atomic number of the alkali metal 
increases. 'I'he ellipsoid thus rotates about the symmetry axis b when one 
alkali metal is exchanged for another, and progressively at an accelerating 
rate, following the ascending order of the atomic weights nr atomic numbers 
of the interchanged n^etals. Its position for each of the four salts is graphi- 
cally indicated in fig. 9, which shows the progression clearly. 





KCo selenate. 

BbCo selenate. 

AmOo selenate 

CsOo selenate. 

Li 

62 12 

73 h 

^ 6 

8^ a 

0 

08 13 

7a 41 

82 0 

87 8 

Na 

03 10 

73 37 

82 14 

86 48 

T1 

02 37 

73 33 

82 22 

66 82 

Cd 

— 

— 

82 28 ' 

— 


The optio axial angle is thus seen to increase with the atomic weight or 
atomic number of the alkali metal, the value for the rubidiam salt being 
inteimediate, slightly nearer to that of the potassium salt. The optic axial 
angle of ammonium cobalt selenate comes between those for the rubidium and 
cesium salts. 
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Itffractive Indices . — 


Comparison of the Befraotive Indices. 


Indftx. 


KGo 

RbCo 

NH 40 a 

CsCo 


selenate. 

lelenate. 

eidenate. 

eeianate 



Li ... 

1 *6122 

1 -SlflS 

1*6223 

1 *5316 



C 

1*6127 

1 *6168 

15228 

1*5821 



N> 

1*6158 

1 ‘6109 

1*6261 

1 *5864 

a - 


T1 

1*6100 

1 *5232 

1*6204 

1*5880 



.. . 

1 *6211 

1*5262 

1 *6816 

1*5400 



F 

1*6281 

1 tafia 

1-6336 

1*6480 



a 

1*6293 

1*6333 

1-6808 

1*5402 


r 

Li , ..»» 

1 ‘6181 

1*6220 

1 -6887 

1 *6860 

. 


C 

1*6186 

1 *6226 

1*6292 

1 5865 



Wa ... . 

1 ‘6218 

1*6260 

1 *5827 

1-6899 

3 . . « 


Tl 

1 *6260 

1 *5200 

1*5302 

1 *5434 



Cd .... 

1 *6271 

1*5311 

1*6880 

1*6464 

i 


F 

1*6201 

1*6882 

1 *5401 

1 *6476 

1 


Gr . . . 

1*6864 

1 *6808 

1*6466 

1*6680 


f 

Li 

1*6841 

1 *6820 

1 *6377 

1 *6412 



0 

1*6347 

1 *6884 

1*6382 

1 -6418 



Na 

1 ‘SSHO 

1*6360 

1*6417 

1*6453 

y ■ 


Tl 

1 ‘5416 

1*5404 

1 '6453 

1*5489 



Cd 

1*6486 

1*6425 

1 *6474 

1 *5510 



F 

1 *6466 

1 *6440 

1*6406 

1 ‘5681 



® 

1 *6522 

1*6608 

1*5662 

1*5596 

Mean Mfractlve index 4 (a + 3 *«■ 

1 ‘6262 

1*6275 

1 *6385 

1*6402 

for Na light 



1 




Double refmtioD, Kay,.« 

0*0222 1 

0*0170 

0-0166 

0*0090 


The » and /3 indices of the rubidium salt will be observed to be inter- 
mediate between the corresponding indices for the potassium and ctesium 
salts. As, however, a great diminution of double refraction (7— «) for Ka 
light occurs as the atomic weight or atomic number rises, the 7 indices for 
the rubidium saltjare slightly less than those of the potassium salt. The 
mean refractive index, however, for the rubidium salt is intermediate 
between the mean indices of the potassium and cessinm salts. The efifeot of 
change of double refraction is overcome at the caesium salt, as the change in 
refniptive index is a more considerably accelerating one, so that all thw 
otesium salt indices indicate an advance in refractive power. 

The refractive indices of the ammonium* salt are intermediate between 
those of the rubidium and csesium salts. 

JkuhU Befraetim . — The progression, a diminution, with rise in atomic 
number or atomic weight, alrea^ alluded to, will be clearly apparent fronr 
the last line of the Table. The value for the ammopium salt is just beyond, 
that for the rubidium salt. 

Axial RaHoa of Optical Indveatrix . — Similar facte are expressed by theee- 
latioB of the axes of the indioatrix, which are directly ^<i^rtional to the 
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refrantivo indices. The slight set-back of the 7 value for the rubidium salt, 
due to the operation of the fall in double refraction, is shown the second 
right-hand series of ratios, for all of which the /3 value o| the potassium salt 
is taken as unity. This right-hand series of ratios expresses the total change 
in the dimensions of the optical ellipsoid on passing from one salt to the 
other, just as the Table for the inclination of the « axis of the ellipsoid to the 
vertical crystal axis indicates the position of the ellipsoid in the various salts, 
the two Tables together thus giving complete information concerning the 
dimeiisions and orientation of the optical ellipsoid in the crystal. 


1 

Axial Ratios of the Optical Indicatrix. 

a : $ i y « : ^ 


KOo Helouate 

0 '0000 .1:1 *0106 

0 -OOGO : 1 ^ 

. I'OJOG 

RbOo „ 

o-eses : 1 ; 1 -0074 

0*9088 : 1 *00% 

• 1-0009 

NH 4 C 0 

0-9967 : 1 . 1-0060 

1 *0028 : 1 *00m 

; 1-0131 

CiCo 

0 -0971 : 1 . 1 -OOS 6 

1 0069 • 1 ‘01l| 

1-0164 


Molecular Optical Consiants , — 


If 

Specific Refraction and Dispersioh (Lorenz). 



Speciiic refractioiu ^ ^ 

(ii»+2)rf 


Speoifi? diapenion. 

Selonate. 

For ray C(Ha). 

For ray K7 near Q . 


tia-ttc. 



« /5. 

7- 

a ! 

1 

7* 

a. 

6. 

7- 

AmCo 

0-1871 0-1886 

0*1404 

0 1406 

0*1423 

0 *1443 

0-0087' 

0*0n88 

0*0089 

KCo ... 

0*1187 i 0*1199 

0-1280 

0*1220 

0*1231 

0 *1263 

o-oosa 

0*0032 

9*0038 

RbCo ... 

0-1066 1 0-1076 

0*1095 

0*1094 

0-1106 

0 *J 124 

0-0028 

g-0029 

0*0020 

CsCo 

0*1002 O’1009 

0-1017 

0*1028 

0*1036 

0*1044 

o-ooae 

fr0027 

0*0027 


Molecular Refraction and Dispersion (Lorenz). 


Selenate. 

Molecular refraction. .--4 . ^ = m. 

Molecular 
diipereion. 
mo — me . 

For ray G(Ha). 

For ray Uy near O. 

a. ! 

0 

- 

a. 

1 

r 

a. 

8. 

7 - 

KCo 

EbOo i 

AmOo . ! 

<Wo 

68-66 
66-08 
86-60 
71 <61 


64-91 

67 - 86 

68 - 84 
78-89 

64*86 

67-84 

68*41 

78*41 

64*08 

68*48 

60*18 

78*93 


1*70 

1*76 

1*81 

1-90 

1*71 

1*79 

1*84 

1*98 

1^7 

1*88 

1-89 

1-97 
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The Trafapa/reney of Biotite to Tnfra-red Radiations. 

Bj L 0. Mabtin, A.R.C.S., D.LC., B,So., Lecturer in the Technical Optics 
Depaitmeht, Imperial College of Science and Technology. 

(Communicated by Prof. H. L. Callendar, F.R.S. Received March 3, 1919.) 

« 

The important work of Sir W. Crookes on the infra-red transmission of 
certain glasses of definite composition was carried out largely with the help 
of black biotit^which mineral is, when in moderately thick sheets, quite 
opaque to light radiations, but is markedly transparent to the infra-red. For 
purposes of tlm comparison of certain results on commercial glare glasses 
obtained by ^ present writer with those given by Sir W. Crookes, it was 
desirable to determine exactly the transmission of biotite and its variation 
with wave-length. 

A few rough results have been obtained by Koenigsberger,* and are quoted 
by Coblents, but evidently insufficient results were obtained to give exactly 
the true form of the transmission curva Accordingly, the present work was 
designed to give as nearly as possible the variation of transmission in the 
most inter^ting points on the curve, especially near 3/t, where so many 
substances (especially those containing oxygen with hydrogen) show indica- 
tions of or actual absorption bands. The singular temperature effect to be 
described was entirely an accidental discovery. 

The apparatus employed was designed some ten years ago by Prof. Callendar 
(who kindly gave permission for its use) and Mr. A. Eagle. The arrange- 
ment of mirrors and prism is indicated in the diagram, fig. 1. The second 
mirror, Mj, can be rotated by a tangent screw action working at long radius, 
which was specially designed with a sleeve micrometer to indicate the 
inclination of the mirror. The angular motion oorrespcmding to a turn of 
the screw head could be calculated from the dimensions of the apparatus. 

The thermopile, T, is mounted behind the second slit, Sg, in the plane of 
whio}^ the spectrum is focussed. It is desirable of course to work with as 
small apertures as possible ; in practice, the slits were approximately 1 mm. 
wide. u- 

As spectrometrio work in the inhra-ied is likely to receive increasing 
attention in future, it may not be out of place to examine simply the optical 
properties of the qrstem which has been employed in this work. Firstly, it 
would be desirable that each mirror should be a segment of a pii.r>hnl«>t<lai 

* Kmnigsberger, 'Ann. dtr Pbyslk,’ vol. 61, p. 687 (1897); GoUentc^ PubL 86, 
OsRMgis last, WsdtiagtoB, 1806. 


0 
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surface which has its apex in the line drawn through the derired focus 
parallel to the desired path of the parallel raya Since, in practice, the 
mirrors cannot well fulfil this condition, spherical surfaces will be employed. 


.'ri-..- Of 



Fw. 1. 

Under these ciroumstauoes, the centre of curvature (see fig. 2) of the surfaces 
will lie near the line mentioned above. 

-;-'t 


A*,; 







2a 


2b 






•V 

Fm. S. 


In tig. 2a the mirror system is shown, omitUng the prism. If we now 
arrange the spherioid surfaoes so that they are tangential to the parabdoids 
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at A and 0, we ehall have true parallelism of the rays between A and C, but 
the aberrations at B and D will be in the same sense and will add together. 
This disadvantage can be overcome by arranging the mirrors as in fig. 26 — 
when the advantages of a symmetrical optical system are realised. The second 
arrangement, then, appears the best for general use, and it seems to have been 
adopted by most experimenters, but in actual practice it is found possible 
very largely to overcome any objectionable amount of coma by adjusting the 
focus of the instrument when using visible radiations. The reflected pencils 
are astigmatic, which for spectrometric work is a positive advantage when 
dealing with line spectra, but more especially in visual and photographic 
work, as " dust lines in a narrow slit are not in focus. 

In order to make sure that the amount of aberration present could not 
seriously interfere with the use of the apparatus, the width of thecoma patch 
at the focus fo( the two extreme rays and a centre ray of an assumed 
parallel beam passing through the prism has been calculated for one mirror. 
Owing to the restricted size of the rock-salt prism the effective aperture of 
the mirrors was not greater than about 7 cm., and the angle of incidence of 
the principal centre rays was about 6°. The collimating mirror has a focal 
length of 100 cm., very nearly. The ooma patch is represented by the 
distance, AB, from the centre principal ray to the intersection of the two 
extreme rays, see fig. 3a, and is a well-known criterion of the amount of coma 
present This is easily calculated trigonometrically for the collimating 
« mirror under the assumptions given above, and the magnitude of AB proves 
to be just under 0*01 cm. 

Using a slit of negligible aperture, thecoma present at the final focus of the 
apparatus is obviously of the order of double this amount, and may therefore 
be completely neglected in practice, especially as slits of at least 1 mm. had 
to be used for this infra-red work. ^ 

The following short geometrical discussion may possibly be helpful : — 

Since the slit would be represented as at right angles to the diagram 
(fig. 3), we must deal with a meridian” focus. Using the well-known 
formula for refraction of oblique meridian penoila at a curved surface 

VooB*<i !*_ noos*i n^ooBi^— ?icosi 

V u T * 

and adapting it to the case of reflection by putting nf at — n and i* » — t, the 
expression becomes 

V u roosf 

If nearly parallel light passee through the ptiem in onr appuatae, ire have 

O 2 
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that in general the distance from the point of inoidenoe P to the meridian 
focus F. for parallel light PFi ss ^ . oos i 

A 



The geometrical meaning of this is seen clearly by drawing the radii OPi.. 
0P|, fig. '6b, bisecting them in M and TS, and dropping perpendiculars (MFi, 
NFi) to the corresponding reflected rays. These points, Fi, Fa, are the 
meridian foci for parallel pencils incident at Pj, Pa respectively. Producing 
the perpendiculars and drawing FaK parallel to PiFi, we see that the distanee, 
FiFa, between the two meridian foci for the margins of the minors has a. 


value lying between FaL and FaK or between j sin ^ sin « and ^ sin «a tan « 
where « is the angle of convergence of the beam. For the collimating 
mirror approximate values are ^ = 100 cm., « s t ss — . Hence the 


distance, FiFa — 0*7 cm. approximately, or 0*7 per cent, of the focal length. 

The tbest fooiu will lie between Fi and Fa^ when only snudl amounts of 
residual aberrations will be encountered. 

The oontiderations then which would prohibit the use of such a qrstem for 
ordinary optical purposes are seen to be of less knportanoe when dealing with 
line spectra. The actual definition given by the system is sarprisil^(ly good,. 
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SB shown by a photograph of a part of the red end of the visible iron speotrum 
taken by mounting a photographic plate in the plane of the thermopile without 
the protecting slit. 

With slits of finite aperture the observed curves will be slightly in error. 
Thus the slit before the thermopile occupies (when 1 mm. wide) just over 
2' of arc. With the 60*’ rock-salt prism and the mirror of 60 inches 
focus, the length of spectrum, assuming this to be pure, received on the 
thermopile is given approximately by the following Table : — 


Begion. 

liength of spectrum 
received ou thermopile. 

Begion. 

Length of speotrum 
received on thermopile. 

• 


M* 

M. 

0*6 

0-004 

1*6 

0-14 

0*8 

0-02 

2-0 

0-16 

1*0 

0-03 

2-6 

0-17 

1-2 

0*04 

8*0 

0-19 

1-4 

0*08 

3-5 

0-16 

1-6 

0-11 

4-0 

0*14 


With the first slit 1 mm. wide, and a collimating mirror of 1 metre focus, 
the slit image is I'S mm. in width. 

Lord Bayleigb* has stiown that the observed curve is connected with the 
true by a double integration, 



Cf im- 


where 2 A is the width of the slit before the thermopile, 

2k „ „ image of the first slit, 

y' is the observed ordinate and y the true ordinate. 

This leads to the rule for the correction of the ordinate to the curve. 
Following this rule, we compute 

y(A*+;fc*) = v/(0’6*M-0-7») = 0-8 mm. 

This, at the point of maximum curvature 2’76 /a, in the carves subeequently 
given, represents 0'16 /i. 

Drawing ordinates ait, this distance, we find that the correction is of the 
same order as the probable errors of observation and it is therefore omitted. 
The only effect of the finite slit widths will be slightly to mask the true shape 
of tite curves at points of maximum curvature. 

Spectrum lines in the visible region were first focussed on the second slit, 
being observed with a telescope by* disjdaoing pile and 8absti.tnting a 

tt • FbiL Mag.,’ voL 4S, p. 44S (1871). 
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refleotiug prism. The rotation to be given to the second mirror to bring any 
given wave-length on the slit could be calculated from Ruben's results on the 
refrwjtive index of rock salt. In this way the wave-lengths 3*0 /a and 4*4 
were found. Their exact position was determined by the use of the water 
absorption band in a plate of selenite 0*25 mm. thick, and the emission band 
at 4*4 /i given by a Bunsen burner. The position of the water absorption 
band is uncertain and has been located by various experimenters at differing 
wave-lengths near 3*0 /i, at which it has been assumed to lie for this calibration. 
A curve of correction was thus obtained and wave-lengths are located 
consistently to 0*02 jit. 

The whole apparatus is enclosed in a double-walled box to prevent 
temperature disturbances, and this was closed after the observations on the 
visible spectrum. In general, a fresh calibration had to be made each day as 
the adjustment is extremely sensitive. Also the temperature of the whole 
room was kept os constant as possible to prevent parasitic E.M.F.'s in the 
thermopile circuit. 

The source of radiation for the work was a Nemst glower (N, see fig. 1), 
run from a spare set of accumulators. It was enclosed by a screen of mica 
(with a window of thin quartz) to prevent draughts. The image of the 
filament was focussed on the slit by a rock-salt lens, L. This arrangement 
was found extremely satisfactory, and with care, absorption measurements 
could be repeated to well within 1 per cent. The zero of the galvanometer 
was taken beforeand after each reading by placing a screen between the rock-salt 
lens and the first slit, as a screen -immediately in front of the pile produces 
erious zero errors owing to slight temperature differences. Measurements of 
transmission can be made consistently to within 1 per cent, at a given wave- 
length. 

In some of the earlier trials the image of the Nernst glower was focussed 
on the slit by a concave mirror of silvered glass. This was of large aperture, 
and it was found that the heating effect at the focus was considerable. On 
one occasion it was noticed, on placing a piece of biotite in front of the slit, 
that the galvanometer deflection rose at first beyond its steady value. This 
effect was at once traced to the heating of the biotite, as when this was 
cooled by blowing on it the galvanometer deflections could be increased. 
Ordinary Muscovite mica shows no trace of this effect. Deohant* could 
detect no change in absorption with a rise in temperature of 120° C. 

In order to investigate the phenomena more folly a small eleotiically 
heated oven (0, fig. 1), lined with asbestos and having small vrindows of 
Muscovite mica, was employed. The general arrangement is shown in fig. 4. 

* Dechant, ' Wien. k. Akad. Ber^ v<A 111, Abtb. S a, p S06 (IMS). 
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'The biotite was held in a small frame carried on a rod by means of which it 
could be brought between the windows or pushed to one side. A mercury 
thermometer close to the biotite indicated the internal temperature. It is 
difficult to fix exactly the temperature of any specimen under the necessary 
conditions of experiment as the crystal must be perfectly free to transmit 
radiation and may not be immersed in a liquid bath, or even in steam, owing 
to the high absorption which these expedients would entail. The method 
adopted doubtless gives the temperature within a few degress. The slight 
radiation which the heating of the oven sends into the instrument made no 
observable effect on the galvanometer. The mica windows, which ate of 
course kept always between the source and slit, reflect a small proportion of 
the rSdiation, but not sufficient to reduce it inconveniently. 

ifH 

It 



In making an experiment, the temperature was first allowed to become 
steady, small irregularities being controlled by a rheostat in the heating 
circuit. A series of absorption values was then taken for points between 
0*7 and 4’6 fi (about), the observation extending over about two houm 
Most of the work was done at night when experimental conditions are 
naturally of greater oQnstanoy. 

Four speoimena were exactly tested, two thicknesses from each of two 
varieties of biotite from differing localities. The actual tranamieskm values 
obtained from each of the specimens are given. 

In general, the effect of rising temperature is greatly to increase the 
absorption of the biotite ; the transmission is halved at about 200^ 0. 
Although there are minor variations the effect is of the same order through 
the range of wave-length studied, tA, from lO/t to 4*6 /t. 
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Owing to war conditions only one galvanometer was availaUe for the 
work, and this unfortunately was not sufficiently sensitive to enable the 
observations to be carried out far beyond 4/a (which is obviously extremely 
deaii-able and which will be done as soon as possible). Under the above 
circumstances the radiation of the Nemst glower was very weak at points 
beyond 4 (*■ and the galvanometer deflectionB were very small. Besults in this 
region must be taken with reserve. 

Certain other results which appear to lie off the general track of the 
curves may be due to accidental temperature variations of the specimen. 

Let Ig be the incident radiation, and let (1— /9) be the transmission faotor 
for a reflecting surface, also let » be the “extinction coefficient,” then very 
nearly 

Ii the transmitted radiation = Io(l— /9)*10~*', 

where t is the thickness of the medium. 

For another thickness, ^i, 

I, = Io(l-/3)*10-^; 

then and log 

It should be noted that the formula given neglects the effect of multiple 

mfleotiona The reflection faotor (1 — /S) is equal to ^ 1 » where n 

is the refractive index. It is assumed, as seems probable, that the refractive 
index will fall as is usual with increasing wave-length. There was, of course, 
no quasi-metallic reflection in the range of wave-length investigated. 

Specimen No. 1 (thickness » 0'07 mm.). — Percentage Transmission and 
Temperature. See fig. 6. 


WftTffi-length 
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Speeiinen No. 2 (thiekness as 0'32 mm.). See fig. 6. 



Fw. 9 
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The resulta given, although oonaistent, vrore obtained with somewhat 
inferior crystal plates. Later, through the kindness of Mr. Wiggins, I 
secured some excellent specimens from which perfect surfaces could be 
obtained. Two plates were selected of thickness 0*013^ cm. and 0 036 cm., 
the measurements being obtained for calculation of the extinction coefficient. 
The following Tables give the results obtained for percentage transmission. 
Absorption values could be repeated from day to day with a consistency 
within 1 per cent., as has been already stated, but results taken at the same 
occasion with exactly the same adjustment are consistent to quite 0*2 per 
cent, in many casea There are, of course, a certain number of somewhat 
doubtful individual results, as is inevitable in a long series of readings. 
Besults given to 0*1 per cent, have thus a definite meaning in relation to 
eonfigttotu values, as is evident from their regularity. 


Specimen No. 3 (thickness s 0*13 mm.). See fig. 6. 


WaTe*length. * 

P«M«nta((s tnauniiiiaii 
at2S°0. 

WaTe-lengtb. 

PsHMOtegB truuminioa 
staff* 0. 

1*. 

0-71 

1-06 

8-0 

72*6 

1*88 

4-29 

8-0 

74-2 

1*52 

17-2 

8-12 

77-1 

1-82 

47*5 

8-22 

.77-6 

2-26 

66*4 

8-66 

80-4 

2-76 

70-7 

8-86 

77*1 

2*88 

68-2 

4^ 

77*6 

2-91 

68*2 

4*24 

78*8 

2*96 

71-0 

4-44 

62-6 


Wara-length. 

FoMAnteBS tnumaUtion 
at 260° 0. 

WaTe*leiigth. 

Pworatan tiMtimiiaion 
at 260*0. 

M. 

0*976 

0-6 

M° 

2-96 

48-7 

1-80 

1-88 

8-0 

61-0 

1-60 

4-91 

8-19 

68-7 

1-80 

16-7 

8*4 

60-6 

2-21 

84*8 

8-6 

68-6 

2-72 

46-2 

8*66 

66*6 

2*88 

46*7 

8*81 

66-8 

2*88 

46*8 

4-01 

64-2 

2-92 j 

48-4 

1 

4-2 

62*6 
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Specimen Na 4 (thiokness ■■ 0*35 mm.). See fig. 6. 
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The temperature effect is reversible, and a few oaietnl meaaarementa were 
made on the same day with speoimen No. 3, in order to detect any poenble 
^hysteresis” or lagging effeot Absorption values were taken before and 
after prolonged heating at 260” C. 


WaTeJength. 

TranimiMion before 
heating. 

Tranunieeion after 
heating. 


per cent. 

par cent. 

2*88 

69 '6 

69*7 

8-0 

80*6 

79-6 


Other measurements were also made on specimen No. 1 with similar results. 
No evidence of any lagging effeot has been found. 

From the transmission values of specimens Nos. 3 and 4, values for the 
extinction ooeilioient have been determined at 25** 0. and 250” C. Besults 
are tabulated below : — 


Ware-length. 

Extinctioii ooeffloient iM 

a6»o. 

Wave-length. 

BxtiiMtioit eoeSWent st 

aso^o. 

1*62 

42-0 

M* 

1*50 

68 

1*82 

19*0 

1-80 

42 

2*25 

8*1 

2-21 

84 

S-78 

6-8 

f72 

22 

2-91 

6*2 

2-92 

19 

2-96 1 

6*1 


— 

S-O 1 

4*7 

8-0 

17 

8*04 

4-6 

8*19 

16 

8-12 

4-2 

8-4 

18 

8-22 

8-4 

8-6 

12 

8-86 

8-6 

8-8 

10 

4-06 

8-8 

4-01 

11 

4*44 



• 


From a firat casual glance at the curves for No. 2 it would appear that 
rise of temperatura acts simply as an increase of thickness, but on closer 
inspection important changes are noticed. The absorption band near 2*9 /u 
is seen to become much weaker with rising temperature. Further, the form 
of the curve between 3/x and 4 m alters considerably. It tends to flatten in 
the region of 34 m> maximum transmission moves out to a greater 

wave-length. These results are borne out exactly by the curves for 
speoimen No. 4, and as far as the apparatus is concerned, can doubtiess be 
accepted as proved. The finite width Of the slits used doubtless madcs to 
some extent the true depth of the absorption band, but there can be no 
question of its disappparanoe in speoimens Nos. 3 and 4 when the crystal is 
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heated to about 260° C. The curves appear to suggest that fresh absorptioa 
bands might be developed by a further rise of temperature. 

In seeking to explain this temperature effect, several tentative suggestions 
presented themselves. Firstly, the effect might be due to a lamination of 
the crystals '(w the result of increased temperature), which disappears on 
cooling. The result of this would be that the tjransmission curve at a 
higher temperature should be a replica of that at a lower (on a smaller 
scale), as a definite factor of increased reflection would come into play. 

I, amount transmitted at higher temperature as Io(l— i8)”10~*' (say), 

Ii, „ „ lower „ aa Io(l— /8)»10-**, 

then I/Ii as const., which is nut the case. 

Again, if the extinction coefficient increases regularly with temperature, 
the transmission at two temperatures d and ^ will be 

I, a= Io(l-y8)*10-«*, 

s Io(l— assuming a linear variation, 

.’. log sa eUk(^—6), or log ^ as (fc +etc., if the 
■1* J* 

variation is not linear. 

The log of the transmission ratios should be proportional to the extinction 
coefficient in either case throughout the range of wave-length if the constants 
k, ki, etc., keep the same values. 


Wave-length. 

Extinction coefficient. 


Ratio. 

M - 

a *26 

8*1 

o-rs 

10 *0 

2*76 

6*8 

0-62 

18*0 

2*01 

6*2 

0*44 

14-1 

2*06 

6*1 

0*48 

14*2 

S'O 

4*7 

0-42 

11 *2 

8*Oi 

4-6 

0*40 

11 -6 

8*12 

4*2 

0*87 

11 *3 

8*22 

8*4 

0*86 

9*7 

8-86 

8*6 

0-24 

16 *0 

4-06 

8-8 

0*26 

16-0 


The values of the ratio I»o/Its ere found by interpolation on the onrvea 
for the wave-lengths at which the extinction coefficient is given, and, 
unfortunately, the coefficient itself is obtained partly from interpolated 
results : hence the Table given above must be taken as merely ap^ozimate. 
It shows that, roughly speaking, the magnitude of the variation is approxi- 
mately the same over the range of wave-lei^[tbs invest^pited, but.inspeotion 
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of the curves shows local differences which are unexplained by any simple 
law; this is supported by some consistenoy in the ratio variations of the 
extinction coefficient to log I|/I^ in the Table above. 

Experiments were also made to determine the variation of transmission 
with temperature at a given wave-length. The following I'able gives 
temperature and the corresponding transmission at \ a 2*29 f*. (See fig. 7.) 


Tmnperatiue. 

Percentage tranimiHion. 

Log transmiMion. 

•0. 

264 

8 6 

0*03 

244 

10 0 

1*0 

284 

11-8 

1*08 

224 

12*4 

1*09 

214 

14*0 

1*14 

204 

16 ‘0 

1*18 

184 

17*0 

1-28 

174 

10*0 

1-28 

168 

21^ 

1 -82 

168 

28 0 

1-86 

148 

26*0 

1-40 

188 1 

28-0 

1-46 

128 ' 

80*0 

1*48 

118 

82*0 

1-60 

108 1 

88-0 

1-62 

98 

85*0 

1^54 

88 

87*0 

1-67 

78 

88*0 

1-68 

«wi p— 
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° sS 3o ;!o 3^ 

Fiot 7.— PsMsntags Transrafsatoa and Tenpwatiuw at X >■ 










The Transparency of Biotite to Infra-red Radiations. 199 

The oven was heated up to about 260 ^ C. and allowed slowly to oool, 
temperature and absorption values being taken regularly. The results 
appear to indicate an approximately linear vaiiatiou of transmission with 
temperature at the wave-length of experiment ; but the errors in temperature 
measurement may have somewhat affected the regularity of the figures. 

Biotite is a mineral of somewhat variable composition, generally containing 
ferrous and ferric iron, magnesium, and aluminium as silicates with some 
hydrogen. It is found in widely separated localities, including Norway and 
East Africa, but the specimens on which the present work haa been done are 
from British Columbia. Specimens from Norway and East Africa, and also a 
red variety from Ceylon, wore tested with the heater, and found to exhibit 
the temperature effect in varying degrees, but exact measurements have not 
at present been made. 

It will be remembered that the mineral has several curious properties. 
Its transmission of radiations vibrating perpendicular to the cleavage is 
enormously greater than the transmission of others vibrating parallel to the 
cleavage, or normally incident on the crystal face. No evidence has been 
found of a variation in the crystal axes with temperature which could 
explain the phenomenon. 

The explanation of the infra-red transmission effect which has been 
described seems probably to lie in some temporary chemical change due 
to the rise of temperature. There is a great difference in the absorbing 
power of glasses containing ferrous and ferric iron. The diagram (fig. 8) 



shows the percentage tiansmiss^n of two specimens due to Sir W. Crookes— 
Noe. 202 and 246. The first, containing. ferric iron and cobalt, is 2*89 mm. 
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thick, and the second, containing ferrona iron, is but 1*6 mm. The 
enormouslj greater absorption of the fenons condition is shown. A 
regrouping of the elements forming the exceedingly complex molecule 
with a tendency towards the temporary formation of ferrous salts, would 
go far towards an explanation. 

My best thanks are due to Prof. Callendar, F.B.S., Prof. Fowler, F.B.S.r 
and Prof. Conrady, for their valuable advioe in the preparation of the paper. 


Experiynenta with Perforated Electrodes on the Nature of the 
Discharge in Gases at Low Pressures. 

By F. W, Aston, M.A, D.Sc., Clerk>Maxwell Student of the University of 

Cambridge. 

(Communicated by C. T. B. Wilson, F.B.S. Received May 22, 1919.) 

In a paper on the influence of the nature of the cathode on the length of 
the Crookes’ dark space* some difficulties in the way of a satisfactory expla- 
nation of the mechanism of that phenomenon were indicated, which showed 
that it would he very advantageous to obtain, if possible, direct evidence as 
to how much of the total current passing through the discharge tube was 
brought up to the surface of the cathode by the positively charged ions falling 
upon it. 

With a view to investigating this and some kindred problems, a discharge 
tube was made of the form indicated in section in fig. 1. It coruisted of a 
cylindrical glass shade, closed at the lower end by stout glass plate, the 
electrodes being flat zinc discs just filling the tube. Zinc was used instead of 
alumini um as hithertofore, as during the work with cathodes of different 
metals the former was found to give off very little gas and to sputter hardly 
at all, while the much greater ease with which it may be worked gives it a 
great advantage over the la^r. 

The upper electrode, A, was movable, being stu^nded by an improved 
form of the winch described in an earlier paper,t and which lias now come 
into very general use in effecting accurate motion of objects within gaahtight 
apparatus. 

* F, W. A., * Boy. Soe. Proe.,' A, vaL 87 (1912). 
f * Bey. Soa Proo.,' A, vok 8^ p 828 (1911X ' 
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The lower fixed electrode, B, was perforated by a very narrowjslit, shown 
in section in the figure, which extended almost the whole length ofJ2[it8 
diameter. 

Behind this slit, and as close to it as possible, was a Faraday cylinder, F, 
made of a piece of brass tube closed at l>oth ends and opened along its length 
by a parallel slit a little wider than the 
one ill the electrode, fixed as indicated 
and insulated from the electrode by 
mica. This Faraday cylinder was pro- 
tected from stray current from the gas 
in the space behind B by means of 
a guard tube, 6, made of a half cylinder 
of brass closed at the ends, which 
completely enveloped it in a metal 
sheath kept at the same potential as 
B. Through a small bole in the guard 
tube an insulated lead from the Faraday 
cylinder was brought out through a nick 
in the edge of the shade, as also was 
a similar load from the electrode itself. 

The principal dimensions of the ap- 
paratus were as follows: — Diameter of 
electrodes, 11-8 ern, ; area, *110 sq. cm. 

Length of slit, lO'O cm. Mean width 
of slit, determined by measuring with 
a high power microscope at several 
points, 0*182 mni. Area, 0*182 sq. cm. 

1/605 of the whole area of cathode. 

In this apparatus the distance between the surface of the electrode and 
the edge of the Faraday oylinder was about 1*6 mm. ThiF. is of the order of 
the molecular mean free path at the pressures used, so, after some experi- 
ments had been done with it, as it was thought that so wide a gap might 
seriously affect the measorement^ of the current carried by the canalstrahlen 
into the Faraday cylinder, another ap|)aratuB ^was built, in which the special 
device indicated in fig. 2 is employed. 

The lower electrode in this case was made of very stout zinc plate, the 
edges of the slit being chamfered oiT to a knife-edge as shown. The edges of 
the Faraday cylinder were also made of stout metal in the same way, so that 
it was possible to reduce the dfttance between the Faraday cylinder and the 
electrode to less* than 0*1 mm, 

▼OU XOVi.— A. p 
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The following were the dimensions of Uie second apparatus :--Diameter of 
electrodes, 11'5 cm.; area, 103‘8 sq. cm. Length of slit, 9‘50 cm.; area, 
0'106 sq. cm. 1/989 total area of electrode. 

As.in the work on the dark space referred to (loe. eit.), the pressure in the 
tube was read by a McLeod gauge. The current in the main discharge tube 
was derived from a set of .accumulators controlled by a water resistance, and 
measured with a Hartmann and Braun milliampiremeter suitably shunted to 
read in fifths of a milliampire. 

It was found possible to turn the apparatus to several different uses. The 
following is an account of some of the experiments which were performed 
with it. 

Experiments to Determine the Selation between the Current entering the Faraday 
Cylinder and that in the Main Discharge Tube. 

In these experiments the lower electrode was made the cathode and con- 
nected to earth. The Faraday cylinder was connected to a sensitive Haider 
D’Arsonval galvanometer, the other terminal of which was earthed. The 
galvanometer was carefully standardised, and the scale arranged to road 
exactly 10 divisions per microampere. As the resistance of the circuit was 
about 50 ohms and the maximum current 10 microamperes, the difference 
between the potential of the Faraday cylinder and that of the cathode was 
never appreciable. 

A large number of measurements were takqn with oxygen in the first 
apparatus, and in the second with oxygen, atmospheric nitrogen and hydrogen, 
the usual procedure being to set the current at a definite aeries of values and 
read off that in the Faraday cylinder corresponding to each. 

Diagram I shows some of the results so obtained, the current, t, flowing 
into the Faraday cylinder in microamperes being plotted against the current 
c in the main discharge tube expressed in milliamp6res. In the set of curves, 
C, which were obtained with the first apparatus, the values of i have been 
multiplied by the fraction 605/989 so as to bring it into line with the othw 
curves which were obtained with the second. 

It will be seen that the curves obtained are not generally straight lines, 
although in the case of oxygen _^aad nitrogen they tend to become so at low 
pressures, and that the curvature in the case of hydrogen is in the opposite 
sense to that in the other gases. 

Unfortunately, on account of the very great practical difficulties involved 
in such a oonatroction, the perforated eleottode was not also made of the 
guard-ring type,* so that atlow pressures, or more stektly at pressures giving 

* F. W. A., 'Boy. Boa Proa,* A, voL 8e(U0T> 



Nalur^ of ike Discharge in Oases at Low Pressures. 208 

a long dark space, serions errors are made by the assumption that the current 
density on the surface of the cathode is measured by the total current passing 
through the tube. Too much importance must not be therefore attached to 
numerical results under such conditions. 



It is particularly interesting to note that at high current densities (in 
hydrogen at all current densities) the slope of the curves does not alter very 
much with the pressuro. 

The following figures give, for currents of about 0*lo milliampfere per 
square centimetre, the rate of change of current per unit area of the slit for a 
unit rate of change of current per unit area of the whole cathode. They 
therefore represent the fraction of such increase of current carried up to the 
cathode by the stream of positively charged particles if we suppose that all 
falling upon the area of slit pass into the Faraday cylinder : — 

{Hjrdrogan 

Hitiogeii 

Oi^ (litspp.) 

Osyita (Sad app.), 


Tmim 

71-5 

45*8 

86*8 

n*6 

Fmetion 

0*68 

o-os 

O-M 

0*84 

PMMm 

as -8 

XT a 

18*8 

87 

PTsotion ...... 

0-40 

0*48 

0-46 

0*60 

PfMtm ...... 

86 <0 

17 *9 

9-8 


PHotioa ...... 

0'40 

0*40 

0-48 


PvMvm ...... 

86 «8 

81*8 

18-8 

7-6 

FiMfcloil ...... 

0*48 

0'4S ! 

0*68 

w 

0'A5 
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From these figures, it is evident that the great reduction in the dimensions 
of the slit and the gap between it and the Faradaf cylinder has increased 
the fraction of the current in the latter only by 10 per cent or sa From 
this it seems likely that the results with the latter apparatus are not very 
different from those which would be obtained with a theoretical apparatus in 
which these dimensions were infinitely small. 

The results seem to indicate that about half the current in the tube ia 
brought up to the cathode bgpoeitivdy charged particles hXiving sujfieient velocity 
to get past the slit. A very interesting conclusion but one which must be 
accepted with considerable caution in the light of results quoted below on 
the velocity of these particles. 

Ejperiments to Investigate the Distribution of Velocity in the ^ream of 
Positive Particles falling upmi the Cathode. 

In these experiments, which were done with the second apparatus, the 
Faraday cylinder and its galvanometer were raised to different potentials 
with r^rd to the cathode. It was hoped that in this way, by plotting a 
curve at constant pressure and current, some knowledge might be gained as 
to the distribution of velocity among the positive carriers, as it is clear that, 
if the Faraday cylinder is raised to some definite potential, V, above the 
earthed cathode, only those carriers which have velocities greater than that 
obtained by falling through a potential, Y, will get into it at all. 

On Diagram II are shown the curves obtained by plotting the results of 
this investigation for hydrogen and oxygen, together with the values of 
pressure (P), current (C), and voltage (Y), in the main discharge tube for 
each curve. 

It is very evident that accurate information on the point at issue is not 
directly obtainable in this way. In the first place, the current reaching the 
cylinder is actually reversed long before the value of Y has risen as high as 
that between the electrodes. One explanation of this is to 8U|qK>se that a 
strong current is derived from ionisation between the cathode and the edge 
of the cylinder ; this would also account for the very rapid change of the 
value of the current on both sides of the value Y as 0. It such an ionisation 
current originates entirely in the locality of the two slits, the ionisation 
intensity there must be far in excess of that one might be lead to infer from 
the consideration of tiie mean free path at the pressures employed. Alsob it 
cannot be very well due entirely to the passage of normal pceitivdy charged 
oanalstrahlen passing between the sliti^ for, in one of the experiments with 
hydrogen, Y was inoreaaed up to the value of the potential between the 
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eleotrodos (a potential presumably sufficient to stop them completely), 
without the value of the negative current showing any signs of diminution. 



There seems, however, another way of looking at the matter. Tliis is to 
suppose a largo number of the positively charged particles pick up, some one, 
some two, negative charges near the surface of the cathode. The former, now 
neutral and travelling with a high velocity, might help in the general 
ionisation, while the latter would carry a negative current into the cylinder, 
unless it was at a very large negative potential With an increasing 
positive potential, on the other hand, none of the negative, but more and 
more of the positive, particles would be stopped, so that a reversal would 
take place, though it seems unlikely that it would be as great as is actually 
found. 

From the general form of the curves, it seems probable that they repre- 
sent the sum of severareffeots, which will be very difficult to separate from 
each other. For instance, the straight line obtained for high negative 
potentials, which grows steeper with increase of pressure, seems to indicate 
that, narrow as the slit in the cathode is, the cylinder is able to create an 
appreciable field on the other side of it, and so draw negative ions out of the 
intensely ionised region just in front of the cathode surface. 
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Ex^aeriments vnth the Perforated EUetrode ae Anode, 

By reversing the battery and reading instramenta, and so turning the 
lower disc into an anode, it was possible to investigste the current carried by 
the stream of cathode rays from the upper eleotrode, now the cathode, into 
the Paraday cylinder. By raising or lowering the cathode, ditferent parts of 
the disoharge could be examined. 

The measurements obtained in the negative glow were particularly 
interesting. In this region it was found, using a constant current discharge, 
that os the distaiue from the cathode is increased arithmetically, the current 
carried hy the cathode rays into the Faraday cylinder decreaeea yeometrically. ' 

At the edge of the dark space, the current density over the area of the 
slit appeared equal to that over the cathode itself, at low pressures even 
considerably greater. The latter inconsistency is probably due to the fact 
already referred to, that the value of the current density obtained from the 
total current is not reliable under those conditions, and gives readings too 
low by just about enough to account for it. 

It seems, therefore, fairly certain that, at a point in the negative glow just 
beyond the dark space, practically the whole current is carried by the cathode 
rays, and that these rays are absorbed exponentially as they pass through 
the gas. 

On Diagram III, the logarithm of t, the current from the cylinder is 
plotted against the distance between electrodes for different pressures in 
oxygen. The result is a series of straight lines, whose slopes appear to be a 
function of the pressure. 

The equation connecting the values may thus be written 
i si ri' or i' = e~H, 

where i' is the current carried through the slit at a point distant 1 cm. 
further from the cathode than that which gives a current i. 

The following are values of r and k for different pressures^-- 


Pressure 

. seo 

160 

14'2 

13-4 

9-1 

r *s 

1-98 

1*83 

1*76 

1-62 

1*88 

k s 

1*62 

1*70 

1*74 

1*82 

1*98 


No very simple relation ia apparent. 

Two sets of readings were done in which L was fixed at 2'5 cm. and fi'O cm. 
respectively, while the current through the discharge tube was varied. It 
waa found that i increased rapidly with e, the relation being, very roughly, 

c » aH—b, 

a and i being constants depending on L. 
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It seems probable that the determining value of L is not the distanoe 
between the slit and the cathode, but between the slit and the ed^ of the 
dark space, the latter value of L was not therefore constant in the second 



set of readings, since the dark space alters in length with change of current 
density. Further experiments will be done on this point when opportunity 
occurs. The ones quoted above were made with the first apparatus. 


&eperiment$ on the *' Anode Glow.'* 

It has long been known* that, using opposed electrodes not too far apart, 
when one increases the current the positive column shrinks as the negative 
glow stretches out from the cathode towards it, and finally disappears 
altogether. 

With large plane parallel electrodes such as the author usually employed 
for work oh the dark space the phenomena attending the disappearance of 
the positive column are very interesting. 

In a gas like nitrogen the positive column dirinks very rapidly with 
increase of current until the last striation is left as a velvety glow on the 


* J. J. ThornMn, ' ConduetioB of Eleetrioity through Osms,’ Snd ad., p. 664. 
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aurfaoe of the anode. This appearance, which will be referred to as the 
anode glow, now persists hardly altered through a considtn'able fmiber 
increase of current, and Anally, when the latter does reach a certain critical 
value, its disappearance takes place with surprising suddenness. 

In 1906 when the conditions best suited for the measurement of the dark 
space were being examined it was noticed that the value of the critical current 
could be detenuiiied with considerable accuracy. The fact that in the 
second discharge tube, described above, the distance between the electrodes 
could be altered with great accuracy from 0 cm. to 20 cm. offered a very 
favourable opportunity for determining whether the disappearance of the 
anode glow was as definite a function of the distance from anode to cathode 
as it was of the current passing between thorn. 

On trying the ex 2 )eriment remarkable results were obtained. In the 
discharge in pure atmospheric nitrogen at a pressure of about 0*15 mm., 
with a dark space of 1 cm., it was found that a movement of one of the 
electrodes of less than a millimetre was quite sufficient to determine the 
appearance or disapiiearance of the anode glow. And in general whatever 
the pressure and current, so long as they were constant, the distance bettoeen 
the electrodes at which the anode glow Just disappeared could be determined to 
within 1 per cent. 

A series of measurements were therefore carried out with nitrogen at 
various pressures, the procedure being as follows : — The current was set at a 
definite value. The upper electrode was then moved until the critical point 
was reached, it was then lowered a little to ensure complete disappearance. 
The current was now set exactly and the voltage read off. The upper 
electrode was then raised very carefully until the glow yiwf reappeared, 
the distance between the electrodes was then read off on a millimetre scale. 

When these results were plotted it was soon recognised that the important 
factors to be measured were the voltage and the distance between the anode 
and the edge of the dark space. A second series of experiments were done 
paying apeoial attention to these, the results of which are plotted on 
Diagram IV. 

It will be seen that at constant pressure L, the distance between the anode 
and the edge of the dark space is a function of V, the potential difference 
between the electrodes (which has been already shown to be identical under 
these conditions to the fall of potential across the dark space)* becoming 
almost linear at low pressures. Amd at constant Y it is very nearly inversely 
proportioDal to the pressure. 


* 'Boy. Boo. Proe.,' A, voL 84, p. 6S6 (1811>. 
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The following are the values of L and P*at constant potential of 600 
volts: 


p 

210 

18-4 

15*7 

119 

L 

11-4 

130 

16*0 

19-0 

LxP... 

240 

240 

236 

229 


If the lower ^^rforated electrode is made the anode, the appearance of the 
glow is invariably attended by a sudden jump in the value of the negative 
current delivered into the Faraday cylinder. This is, indeed, a very delicate 
means of determining the critical point. The potential between the electrodes 
also always increases at the same time by a few volts. 



« e lo n H f m 90 


The glow must be as intimately connected with the surface of the anode as 
it is with the distance from the cathode, for not only does it appear brighter 
on some parts of the anode than others, but also, onco it has appealed, the 
distance between the electrodes can be increased enormously without altering 
any factor in the discharge appreciably. 

The critioal point would seem to be that at which the energy in the 
stream of cathode rays f^ls off to a definite minimum intensity. As this 
energy is almost certainly a function of both the potential and the current, 
the infiuence of these separately will have to be determined, by the use 
of cathodes of various metals, before anything definite can be stated. 

It is interesting to note that the spectrum of the anode glow is widely 
different from that of the negative glow in nitrogen, the former con* 
sisting entirely of bands, the latter largely of lines. Further experiments 
are projected on this phenomenon. 


210 Oil the NqtijBre of DiecJtarge in Oases at Low Pressures. 

In conclusion, I should like to express my thanks to Prof. Sir J. J. 
Thomson for the interest he has shown in these experiments. 


Summary. 

Experiments are described on the discharge between electrodes of a large 
flat form perforated with a long narrow slit, the charge passing through the 
slit being collected and measured in a Faraday cylinder. 

Direct measurements, made with the Faraday cylinder behind the cathode 
and at ^the same potential, seem to indicate that about half the total current 
in the discharge is brought up to the cathode by positive ions. 

Attempts to discover the distribution of velocities in this stream show 
that tins is not directly determinable, owing to the very high ionisation in 
the region of the slit and other reasons which are discussed. 

Using a perforated anode, it is found that, as the distance from the 
cathode is increased arithmetically, the current carried by the cathode rays 
into the Faraday cylinder decreases geometrically when the current is 
constant. 

The effect of (a) the distance apart of the electrodes and (b) the total 
current flowing, on the disappearance of the last trace of the positive column 
or anode glow, is shown to be remarkably definite, but no adequate explana- 
tion of this phenomenon seems available at present 
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De Saint-Venant Solution for the Flexure of Cantilevers oj Cross- 
section in the form of Complete and Cwrtate Circular Sectors^ 
and on the Influence of the Manner of Fixing the Built-in 
End of the Cantilev'er on its Deflection. 

By Maky Seegar, B.Sc. and Karl Pearson, F.B.S. 

(Roceivefl May 24, 1919.) 

(1) Hitherto, as far as we are aware, the well-known de Saint-Venant 
solution of th^ problem of flexure has been limited to a relatively few cases 
and in all these the cross-section of the beam possessed hiaxial symmetry, 
there being an axis of symmetry in the plane of loading and also an axis 
perpendicular to this plane. De Saint- Yenunt’a view tliat his solution could 
be directly applied to asymmetrical sections arises from a misconception. 
We have recently found it possible to extend the de Saint-Venant solution to 
certain cases in which there is only one axis of symmetry which may be 
(1) perpendicular to the plane of loading, or (2) in the plane of loading. The 
former case has been dealt with by Young, Elderton and Pearson in a memoir 
published last year.* The flexure in this case is accompanied by torsion, and 
the problem is not without some bearing on the torsion of aircraft propeller 
blades, for which, indeed, it was worked out. The latter case for the same 
sections as were dealt with in that paper was then seen to be solvable, the 
axis of symmetry being now in and not perpendicular to the plane of loading. 
As far as we are aware no such cases of flexure with uni-axial symmetry of 
the cross-section have yet been published, although it is clear that a great 
variety of sections in actual use fall under this category. 

For the particular section we have dealt with in this paper, that of a 
“troijgh" or “gutter-pipe" section, represented for mathematical purposes 
by a curtate circular annulus loaded in its plane of symmetry, we found it 
needful to introduce a term of the form C log r in addition to the ordinary 
Fourier solution. We then obtained two equations for determining C, one 
from either curved surface of the annulus, and were checked in the course of 
our investigation. We are very grateful to Mr. W. M. Macaulay of King's 
College, Cambridge, for dispelling our difficulty by showing that the two 
equations could after some reduction be shown to be identical. 

* “ On the Torsion resulting from Flexure in Prisms with Cross-sections of Uni-axial 
Symmetry only," * Drapers' Company Besearoh Memoirs,* Technical Series, No, Y II, 
Cambridge University Press. On pp. 5 and 68 de Saint-Venant’s misapprehension is 
dismissed. 
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Following de Saint-Venant'e admirable counsel that the mere algebraic 
solution of a problem was of little service until the physical meaning of it 
had been extracted by numerical reduction, we have applied very complicated 
formulas to study more exactly than has hitherto been done the influence 
of the manner of fixing the terminal section of the cantilever on its droop. 
It is well known that the droop of a cantilever depends upon two factors: 
(a) the bending-moment deflection as provided by the old Euler-Bernoulli 
hypothesis, and the shear deflection as developed in the more accurate 
de Saint-Venant theory. Unfortunately the shear deflection is largely 
dependent on the manner in which the terminal section of the cantilever is 
fixed. We have considered what proportion the shear deflection can l>ear to 
the bonding-moment deflection according to the different methods of fixing 
which can be adopted within the restricted limits of de Saint-Venant’s type 
of solution, 

( 2 ) We suppose a prism or cantilever clamped at one end and loaded 
perpendicularly to its axis at the other. To fix ideas let the axis bo supposed 
that of z and horizontal, the axis of x be the direction of the load W and 
vertical, the axis of y be horizontal and perpendicular to the above. The 
origin is taken on the line of symmetry at a distance x from the point where 
the line of centroids (prism axis) meets the fixed cross-section. The axis of 
symmetry of each cross-section will thus be the vertical. Lot I be the length 
of the cantilever, 1 the principal iiiomeut of inertia of the crobs-section about the 
horizontal axis in its plane. We will suppose the material isotropic, £ being 
its stretch modulus and 17 its Poisson's ratio. We shall use the notation of 
the History of Elasticity^ according to which the shifts are u, w parallel to 

the axes, the strains ««, Sy, s., <ry., ctm, Cj, and the stresses ase, yy, », yz, ze, xy. 
The de Saint>Venant hypothesis makes 


XX =s yy = xy s= 0 , 


(i) 


and leads, as it is easy to show, to : 

w 





fixing. 


0, and /9, «, are constants to be determined by the 
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The three stresses which are not zero are given by 

zz = - ~{x -.>) (I - z), (iii) 

where fi = JE/(l-fi;) is the slide modulus. 

Finally, the boundary condition is 

S y*-S 

jczdy-^yzdx = 0. (iv) 

This is the most general form that can bo given on the basis of de Saint- 
Venant’s hypothesis to the solution for the flexure of a prismatic cantilever, 
when the cross-seotion is symmetrical with regard to the plane of loading,* 
( 3 ) We propose to illustrate this solution in the case of a cantilever of 
wtiich the crosS'Seotion is a curtate circular sector as shown in the accom- 
panying diagram. 7 is the sectorial angle ; the co-ordinates of a point in the 



section are r, 0 and the internal and external radii are uq and a respectively . 
The equation for x ^ 



* See Peareon and Todhanter* * History of Elasticity/ vol. 11^ pp. 66*^ and the 
memoir by Young, Elderton, and Pearson, above referred to, pp 8-12, 
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A aimple form of the solution of this equation is 
X = C logr+S ^AmT" +• ^jOO8TO0 

+ uir cos ^ + ojr* cos 2 (?+a*r* cos 30, (vi) 

where the terms in oi, og, og are introduced to simplify the analysis. 

We now turn to the boundary condition 

xzdy—yzdx = 0 , 

which provides 

-[-^( 2 +i>)(j:-«)y]<ie; (vii) 

or, transforming to polars, 

^^dr—'^irdd = dr\ — ^ r*(2+ Ji 7 )sin 0+3r*sin*0+2^sin0co80} 

Tvtu dLv I, ilil 

+ {-i»F*|^+/S-i9"}8in0] 

+ rd0 r — {r^(3 + Ji;) co8^— 3r®co8* ^ 

—ar ( 17+2 sin* d)*!- 

+ {-iv'g+/9-/S"}co80]. (vui) 

Hence, converting the right-hand side into multiple angles, and remembering 
that either r or 0 is constant at the boundary, we have 

(^)#- 0 -ir» 8 in 30-b7r8in 20 } 

-(• ; 8 "^ 8 in 0 j^ for all values of r, (ix) 

j * “[gj {(i + Ji») r*oo8 0-f»-»oo8 30-|-«roo8 20--3:r (1 +ij)} 

+ |a j, sU values of 0 . (x) 

Substituting the value of x ^i^om (vi), the first equation gives us for both 
values of 0 : 

-a(A.r-‘-|.j|=i)m 8 inJi «7 —ai sin 2 atrsin 7 »- 8 asr*Bin 

-''S *'y-***"*'y>* 
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and this will be satisfied identically if we take 

m as 2iirfy, i being an integer. 


Thus we have 




(Xi) 


X = 01ogr+S^Amr"‘ + ^jco8mtf+ (/8— /9")^ rcostf 

+ Jxg ;•» cos (XU) 


where m = 2i7rly. 

We now Bubatitute this value of x (^) 


S ' (m cos rnO) = 

S (in cos mdj ■■ 


_ C Waof(l4-i;) 

<io T?I 


+ -[(i + i »?) cos tf-(l - i v) cos 3 j- , (xiii) 

thejrange being from 0 = — ^7 to +^ 7 - 

Multiply both these equations by cosm^ and integrate throughout the^ 
range, we have 

A a"-*- ®" -^+21; 3(l- 2i7)l Wtt» 

55Pn- V ^“7" tTO(m»-l) m(»«=‘-9)J El’ 

A_a«--‘- ly SinW r 3+2iy _ 3(1 Wap* 

ao--*- ^ ^ y m(m»-9)J BI ' 

leeuling to 

A f 3+2i> . 3(l-2i>) ~l W 

■*" '*” ' 7 «*“— oo*" L ot(ot*— 9)J El’ 

^ sin 1 7 (o'""*— tto*~*) 

7 ^ 

r 3+2- . 3(l-^\W , . . 
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It now retuainB to determine C. Integrate the equations (xiii) between the 
limits — and +^7 of 0^ and we find: 

® {(|+,)8mi7-.^(J-,)8m i7}. 


0 = 

These equations at first appeared imcompatiblc, but if % s ^ a _ — <fo* 

y rtj— 

be inserted, we reach : 

c = -4 «w Bin ^7 . . 

Jil ®4*<*o y 

from bath, a value absolutely symmetrical in a and Oo. 

Thus we obtain the following value for x • 

vrhere m » 2iirly and X* == 4 sin 

' ' ® 7 a»-ao» 


If this value of bo inserted in equations (ii) and (iii) we have the full 
solution of the problem of flexure for a prism, the cross-section of which is a 
curtate circular sector, the load being in its plane of symmetry. It is, as far 
as we are aware, the first solution for flexure in the ease of a section with 
uniaxial symmetry only, loaded in the direction of that axis. As the paper 
by Young, Elderton, and Pearson already referred to gives the solutioii,||^ 1 fe 
prism of the same character loaded perpendicular to its plane of sjrxi^etry 
we have now the full solution for this case whatever be the plane <ff loading, 
i.s., the first de Scdut-Veuant flexure solution has been obtained when the 
direction of loading has no relation to any^plane of symmetry at all* 

The only constants that remain to be determined are the a, j3, 7 "' and 
of equation (ii). These depend upon the fixing of the ** built-in '* terminal 
section, and they provide the very limited variety of constraint which is 


* Of course de Ssint-Venaut's solutions for rectangle, eHipee, false ellipse, etc., admit 
of this extension, bat beiafg aeetions of l^-axial symmetry they do not involve mther the 

associated flexual torsion or the presence of the logarithmic terms of this paper. 
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possible under the mathematical conditions of the de Saint-Yenant problem 
and its solution. 

It will be remembered that de Saint-Venant adopted as his fixing condi- 
tions (i) that the centroid of the terminal section should be fixed, i.e., u = 

« B w B 0 at that point, and also (ii) the direction of an elementary plane 
at that point should also be fixed, ie., dwjdr s 0. The conditions of the 
problem (see equation (ii)) make dv/dx = 0 and du/dy = 0 at the centroid 
also. We propose to compare this fixing in its influence on the deflection 
against that obtained by fixing more widely separated points of the terminal 
section, as far as such points can be fixed by the de Saint-Yenant solution. 

(4) We turn next to the value for the deflection. It is needful, however, 
to settle first what we mean by the “ deflection.” Turning to the first et^ua- 
tion of (ii) we may tajce the shift at a point Xn on the axis of symmetry, ix., 
« s 0, at r ; this is 

W 

M +/8*+«. (xvii) 

Now, if/^ denote the difference between and tto, 

, lWi» a, fiWh -V / -x 

~ ^ "ET “2El 

The simplest form, therefore, of the deflection will be obtained if we put 
xq ss and then xxtts 

(xix) 

Wi* . * 

In this case is the deflection /i of the old Euler-Bernoulli theory, 

and is due to bending moment, while /3l is .the deflection added by the 
de Saint-Yenant theory, and is the deflection due to shear. The ratio /i//i 
is the ratio of these two deflections, and it is important to ascertain the 
extent to which this varies with (a) the nature of the “'.fixing ” and (b) the 
nature of the cross-section, ix., in our particular case with the values of og, a, 
and y. But (xix) is not a good equation for experimental work, because the 
centroid of the “fixed” terminal will generally be inaccessible, and the 
centroid of the loaded section if accessible will often, as in trough or tubular 
.sections, not be a physical point of the material Of the cantilever itself. For 
experimental purposes it' is almost essential to measure the droops of the 
cantilever from points of the mid-plane at top or bottom of the material of 
.the cantilever, i.e., where at a* or <r. 


A good practical method is that applied in the memoir already cited : 



WOI» XCVI.--A. 


Q 



218 Miss M. Seegar and Prof. K. Pearson. De iSSaint- Tenant 


Thus 



(*x) 


Now, measure m# for a series of values of z/f, and find oi, os, as by 
least squares, then 2 as will be the Kuler-BemouUi droop of the cantilever, 
and ai will give the linear term or de Saint-Venant shear term by adding 


the correction 


i 




(u!o— £')> which will be known as soon as we have chosen 


Xo the point for measurement of our deflections. 

The ratio /a//i will, of course, depend upon the ratio of (length of 
cantilever to linear dimension of cross^otion)*, and will diminish as 
the length is increased. 

The quantity 'Wa^J'EL will frequently appear; let us ccdl it q. Let 
I a: where «u is the area of the cross-section, then W/cs as L is the 

load per unit of area of cross-section, i.e., the mean shearing stress, k is the 
radius of gyration about the horizontal axis through the centroid and for 
the curtate sector, if uoja — p. 


p = 


P 

a* 


Thus 

where 

Hence, finally. 


fj- 

/i j l»~qp P ’ 

_ Wa» _ L _ f 
* “ KI Ep p 

A r P' 


(xxi) 


(xxii 


Here Css L/E is independent of the form of the section, and the ratio 
/ 8 /y is what is most easily ascertainable from our formults. The vdue of q 
does not change with the nature of the fixing, nor the ratios kfl or afl. 
Thus the ratio fifq is a good measure of how the shear term increases 
relative to the bending moment term with changes in the nature of the 
fixing. 

(5) We will consider first the complete sector of sectorial angle 7 , and 
will suppose, in de Saint-Yenant's manner, an indefinitely small urea fixed 
at the centroid, O, of the terminal section. Hence we must have 

u = V SB w s 0 when .r s £, y as 0, z ss 0. These give us by (ii) 

« = 0 . x(*. 0 )-/ 8 "*+ 7 " “ 0 , (xxiii) 

and dwjdx s 0 , 

or 0 =5 / 8 ". (wriv) 

Equation (xxiv) will give fi. Equation (xxiii) will then determine 7 ". while 
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a = 0, and will disappear from the equations. We arej therefore, 
practically only concerned with the determination of /3. 



Clearly only the A,, terms will occur in the Bn terms, and 

{dxldx\s,o) is (dx/<ir),..2,«==o, and accordingly, from (xvi) 

iO'/ _ 1 Wrt* a/' . /'YWa* ,i , ^8ini7'\ /.?\» 

■V, ,y»iiH7r (8 + 2 t> 3(l-2, >-| Wa'/g'— 1 
^71 »»>~9 J El U/ J' 

or, remembering that J' = 4a ~ , g = have, re-arranging, 

where m = 

The series for ^fg is always finite, except when m = 1 or 3, i.r., 7 = 2ir, 
fir, and fir, in which cases we have to proceed to certain limits. 

{a.) 7 = 2ir. The terms of the series all vanish, because sin f 7 = 0, except 
the first and third. For these terms 

has finite values =: —f (3 - 1 - 21 ;) and 0. Accordingly 

/3/s 0‘75'+0'6i|. (xxvi) 

(i.) y B fir, or m ss 3t. Hence the first term of the aeries becomes 
infinite, but for this value of 7 the term sin f 7 /sin §7 also becomes infinite, 
and the two infinities are approached in the same way, and being of opposite 
sign, cancel. The method of obtaining the limit was to write m b 3 (1 •|-e),and 

Q 2 
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expand in powers of e. Since m oocnrs in a power, a Napierian logarithm 
term arises in the limit. 

is found to be, since the terms in 1/e cancel : 


Hence 

/ 9 , 
? 


(r.) y s 47r/3, or m &= 3^y2. The second term of the series now becomes 
infinite, Imt so also does the term in 8iU'|y/sin fy, and proceeding as in (i), 
we have 

^{eiice 

(xxviii) 

In the limiting case of y = 0 the series term will be found to vanish and 
« 0*148148 + 0148148^. 

The following Table for )3/^ was then calculated from the above series^ 
where ff ^ 0*25 gives this ratio for unioonstant isotropy : — 


y- 

f>l9- 

8/g for q >* 0 '26. 

Q 

0 

0 -148148 -t-O 148148 y 

0-1862 

12 

0 ‘148183 -t- 0 -146617 y 

0*1846 

ao 

0 -148888 +0-187»68y 

0*1626 

46 

0‘14B067+0-1SSM4« 

O'1608 

60 

0-160718 +0-116081 y 

0 *1796 ' 

90 

0-167964 + 0-084798* 

0*1816 1 

120 

0-171887+0-088119* 

0*1921 

186 

0-180990 + 0-070086* 

0*2006 , 

180 

0-891608 + 0-066097* 

0*2429 

226 

0-988768+0-117676* 

0*8182 

240 

0-810197 + 0-186487* 

0*8441 

270 

0-878868+0-168167* 

0*4191 

816 

0-608000+0-891860* 

0*5760 

860 

0 -760000 +O-960Q0O* 

0*6126 
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The values are represented in the upper curve I of the aooompanying 
Diagram 1. It will be seen that, while the value falls from 7 ss 0° to a 



Diaokam 1. — Non-curtate secton. Kaing of de Saint-Venant eentroidal element ^I) and 
fixing of centra and lowest point of croas-Mution (II). 


minimum at 7 s 66°'20, where fifq m 0*1794 the fall is only slight ; in fact, 
vre may, for practical purposes, take 0lq s 0*18 for unioonstant isotropy for 
the first quadrant. After 7 ss 90° the value rises continuously and fairly 
rapidly till it attains its maximum at 7 s 360°, which correspmids to a 
solid cylinder, with a slit in the plane of loading from periphery to axis. 
Sectorial prisms, with angles under 12°, may he looked upon as very closely 
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priems whose sections are isooeles triangles, and in such cases the defleetion 
due to shear is small oompat«d to that due to bending moment Thus, for a 
wedge-shaped cantilever, the length of which is not mote than five times its 
depth, the shear deflection will only be about 2 per cent, of the bending 
moment deflection. In the case of the slit cylinder (7 s 360*^), however, if 
the length I)e but five times the radius, the shear deflection is between 10 per 
cent and 11 per cent of the bending moment deflection ; the length must be 
ten times the radius to reduce this to betWben 2 per cent, and 3 per cent 

( 6 ) As the method of fixing suggested in the previous section is in 
practice impossible, we propose to vary it by fixing, as far as possible, the 
highest and lowest points of the central radius. If we fix the centre O, we 
have 

u ss V SS W — Q BA issyssissO. 

This leads to 

- 0, or « = ^ 

X(0. 0 )+ 7 " “ 0, or 7 " = -X (0. 0 ) = 0. 

These equations can accordingly be satisfied by a proper choice of a and 
7 ", and involve nothing further. 

We now try to fix B by taking 

?t =s V = tp ss 0, when » s= «, y ss z sz Q. 

This leads to 


X(«.0)+7"-/S"« = 0. 

w 

The first of these gives us a s (u— v/f, wliich is incompatible 

with the previous value for «, unless r = |a. In this case we have 

f 




which gives us 


or 3 
7 

7 = 146° 11' 4'' 


*7 


as the value of the sectorial angle for which we can fix both 0 and B. It 
is this sector which has its centroid at the midpoint of its axis of symmetry. 

In the case of any other sector we can fix 0, and fix B in the plane OAC, 
but B must have power of slipping along 0 B. 

Assttming this condition satisfied, then since 7 "as 0 

X(a,0)— ^"a sa 0 
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will settle the value of It leads to 

^ =’27-1V I 24-Si?(?h»-3) \ 

+A(l- 2 »>^. (»”«) 

where m = 2iw/y. 

lu&uities arise, as in, the previous case, for 7 ■■ 2w, and 2w/3, and we 
give briefly the results obtained by proceeding to the limits. 

(o.) 7 = 2 ir. 

And, accordingly, ff/q = 0*5 + 0*6 1 ;. (xxx) 

( 6 .) 7 sr 4wfZ. The second term of the series becomes infinite, and also 
the term in sin ^ 7 /sinf 7 . 

and accordingly, 

• ^•siniw 16(4— ij(3i*— 4)) , , /ein4'>r\* 


(c.) 7 3 = 27r/3. The first term of series becomes inflnite. 

Liinit... (-ly ^ A(1 - 2,)2^2 

' ' ’•'V 9) '* 8in*<y 


(xxxi) 


Hence 


"y ?»(«»*— 9) 
I6w 3 


/9/2 = <<9<*Ji)(,.rf)+2’»^“;^j 


^ ^ 2X-2i>Bin4w 
16 IT 


(xxxii) 
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From these formnlte the following Table of values for fifq was calculated: 


r 

i/<i‘ 

P/; for 4 *0 *26. 

e 

0 

i + iv 

0 *1628 


0<lloei8-t-0’1640009 

0*1621 

30 

O'loesei + 0*16886611 

0*1486 

46 

0 108888 4 0-14960011 

0*1464 

60 

O'lO6OOO+O*18O0()7it 

0*1429 

90 

0*108067 + 0*118586 9 1 

0*1877 

120 

0*118401+0*1018804 1 

0*1889 

186 

0*118062 + 0 *007078 4 : 

0*1488 

160 

0*150677 +0*104000 4 i 

0*1780 

226 

0*207666+0*160880 4 

0*2464 ' 

240 

0*282413+0*1768864 ' 

0*2704 

270 

0*280685 + 0*2801684 

0*8494 

816 

0*380688+ 0*8600164 

0*4808 

360 : 

0*600000 + 0*6000004 

0*0260 


The values are plotted in the lower curve II of Diagram I. It will be 
observed that for each sectorial angle the proportion of shearing deflection 
to bending moment deflection is less when we separate as far as possible 
the fixing points of the terminal section. In other words, de Saint-Venant 
fixing hTpothesis tends to exaggerate the shearing deflection beyond what is 
lilcely to arise in any practical fixing, which must tend to fix points at a 
considerable distance from each other on the terminal section. 

(7) We now tnrn to the annular seotor which involves a number of 
interesting trough sections up to and including the tube with a longitudinal 
crack. Although the fundamental formulce can be found for the value of 
in special and general cases, the arithmetic is so laborious that we must 
content ourselves with a definite ratio of internal and external radii. We 
have taken the thickness, o— oq, of the gutter or trough section to be one-tenth 
the external radius a or p ss a«/a s 0*9. The solution is there for any other 
ratio, but it would require the urgency of greater practical importance to 
work out a complete table of results corresponding to the double entry, if, 
p as well as 7 . 

Let us first consider the de Saint-Venant method of fixing, is., the fixing 
of a small element at the centroid as far as this is poBsiUe. This is 
theoretically possible as long as the centroid G remains within the area 
of the cross-section. But when G falls outside the curtate sector — ^tor 
example, in the case of a semiciroular gutter pipe, we could only fix G by 
attaching the non-material point rigidly by material to the cantilever. 
But it will then be the method by which this material attemhment is made 
to the terminal ^section, and not any purely matiiematioal relations of the 
non-existent plane element at G which will detwmine the contribution of 
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shear to the droop. The values of /3/g for the de Saint-Venant fixing would 
thus be purely mathematical and not practical as soon as the centroid 
with increasing sectorial angle passed outside the annular sector.* To avoid 
this diflBoulty we have modified the de Saint-Venaut’s fixing, by fixing the 
elementary area not at the centroid, but at the midpoint, H, of the material 
in the axis of symmetry. Clearly OH = J (a-f uo) (l+p) = 0-95 o for 
our special case. 

If the “ gutter pipe has a relatively small thickness the fixing of the 
highest and lowest points of the actual material, ie., B and B', cannot give 
results differing widely from the fixing of the mid-elementary area, and it 
does not appear profitable for reasons just stated to fix any purely mathe- 
matical point. We have accordingly varied the nature of our fixing to one 
of a more practically realisable character in the following section. We 



liave fixed the lowest point B on the external boundary of the cross-section, 
and the highest points A^ on the internal boundary of the cross-section, 
as .far as this fixing is feasible. The result is of interest, for it indicates that 
to reduce the droop due to shear the fixing of the maximum number of points 
on the axis of symmetry is essential. The fixing of laterally situated points 
is not effective in diminisb&ig shearing droop. 

We now turn to the equations for fixing the element at H. We will take 
OHs ia(l+p):sap', so that for our special numerical case + 


* The condition for the centroid paaiing out of the croM-section ia 

■inj^y 8 


(xxxiii) 


or« for our eeleeted value 



*9464838, leading to y « 66* S6' 8". 
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At H the de Saint-Venant " fixing " gives u as v s w ss dvrjdx s 0, and 
accordingly, from equation (ii), 

which equation provides the value of s, and 

0=sx(p'«,0)+y"-p'a)3", 

from which equation by (xvi) disappears, and the value of y" is provided 
as soon as /3 is known. 


Lastly : 


0 = 




dr/lZt 


from which equation ff" again disappears, and we have the requisite relation 
to find /9. Writing it out at length, we find : 

where, as before, m as 2%irjy. (xxxiv) 

As before, infinities arise when y takes the values 2ir, l-w, and 4w. 

(a.) y SB 2ir. All the terms of the series vanish except « = 1, and t a= 3. 

Limit*^, fC- D* 24-8.,(m«-3) 

= i(3 + 2i,){l+p»-0>/p')»}. 

•L^ ' y (m*-l)(m»-9) -1 


Hence 


= -TV(l-2y)p'» 

/8/3 = i(3 + 2,)(l+p»-#P/p'»)-ip'« 


(xxxv) 


(ft.) y as |ir. One infinity comes in with the term in sin ^y/8in|'y, and a 
second with the first term of the series. We have 

asfp'»“^|^(ll + 2,)-(l-2,)(l0g.p'-^j^log.p}. 
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And accordingly 


+ 5il^ {2p' + pa + Vir(ll + 2i,)p'*-(l +«») Wp')*) 

TT 

-ui-2v) p'*{iog^' ~ iHpy iog.p} 

■ Bin fir ^ 1 — ^(3ta_l) (i -p>».) 

IT 7 ' p'»+l(l-p««) ‘ 

(xxxvi) 

(c.) y =s 47 r/ 3 . One infinity comes in with the term in sin ^ 7 /ain ^ 7 , and' 
•a second with the second term of the aeries. Proceeding to the limit : 

= |p'* 2 «^|_V^(ll + 2 ,)+(l- 2 i,)(log.p'-^(p/p')*log.p)} . 
and accordingly, 

-ii+^)(p/py] 

+ l(i_2^)!l5±[p'>{log.p'-^*(p/p')*logv»} 

Bin(2W3) ^r/ 4-.»y(3»«-4) p>» -p»»+pl»^»(l~p'*‘) -| 

2w sV ^(i*-4)(9i»-4) ^P'«*+'(1-P*) J 

(xxxvii) 


From formulae (xxxiv)-(xxxvii) tho following Table for 0/q has been 
’Constructed. It indicates that the droop due to shear is greatest for the 
complete tube with a longitudinal slit along the top, but is never very 
significant, even for this case, amounting only to about 1'5 per cent, when 
the length of the tube is only five times its external radiua For semi* 
circular and fiatter " gutter pipe ” sections the shearing droop is negligible. 
This is, of course, on the assumption that a small element at the mid-point of 
the thickness in the median plane has been fixed in the de Saint-Venant 
manner. In the present illustration such a fixing can hardly differ ptao* 
tioally from clamping the mid-thickness in a vice. The values of fi/q are 
^tted as (I) in the accompanying Diagram II : — 
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>• j B/y. B/9 for II « 0 *26. 

0 

U I 0 '002498 -fO '002466 q O'OOSl 

12 ' 0 - 002601+0 ■00070411 0-0027 

30 0 002646 + 0 '000108 q 0'0026 { 

46 0 -002616 + 0'0008S6q 0-0027 

60 0-002716 + 0 -001089 q 0-0080 

I SO 0-002688 + 0 -004870 q 0-0042 

180 0-008840 + 0-014288 7 0-0009 

186 0-003610 + 0 -021880 q 0-0090 

180 0-004308 + 0 -061219 q ! 0-0106 

226 0 -006141 + 0 ■120200 q , 0-0876 

240 0 -006626 + 0 -167970 q | 0-0460 

270 0-006011 + 0 -224066 q > 0-0680 

815 0-006798 + 0-888411 q 0-0014 

860 0-007406 + 0 -466247 7 j 0-1216 

. - - - ^ , - i 

It will be seen that, up to the semicircular trough, there is hardly ony 
droop due to shear. 

(8) We now turn to our last illustration, that of the “ gutter pipe ” with 
the lowest point of the external surface and the highest points of the 
internal surface fixed as far as is feasible. The complete fixing of these 
points is not within the reach of the mathematioal solution. We shall 
realise the solution by supposing the three points represented by pins 
parallel to the generators of the tube or portion of a tube, each carrying 
a nut. A rigid vertical plate has now cut in it a vertical and a horizontal 

slot. The two pins of the internal boundary work in the horiwntal, the pin 

of the external surface in the vertical slot. In other words, the point on the 
mid-line of the external surface must have vertical play, and the extreme 
points on the internal surface need horizontal play. The mathematical 
conditions are accordingly 

10 = « =0, when r = a, 6 = 0 . 

u =s w = 0, when r s= a«, 6 = ±i7. 

These conditions lead to 



which determines a. Farther : 

0 = x(go. 008 i 7— 4 —^ 

— /8"ooC08j7+7", 

0 » x(®»0)~/3"a + 7", 

which last two equations suffice to determine 7" and 0 , the first of the t«a 
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iDiaorav II.— Curtate aectors. Fixing of a central element in de Saint-Venant's fashion (I) 
and fixing of lowest and two highest points (II). 
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being the same for either ±^7. Subtracting to get of y", we find, after 
coneiderable reductions, that 


P/y ^ ^ l-pcoaj7 *l-/»c08i7 

^Hm^7 1— PCO8J7 

. I _a 

Jog*P 


+ JU+1,; ^ (i+p,(i_^co8i7) 


7(1— p 


— pc08^7)l ,_T,3,L ^ ^1 — p** 


where m = 2t7r/7. 

The infinities occur as in previous cases when 7 = 2^, or Since 
1— p cos ^7 is always positive and greater than zero, this provides no infinity. 

(a.) 7 s 2 w. All the terms of the series vanish, owing to the factor sin I7, 
except the first and the third. 


Limiw-.r-T^iiatL 

L7(1— pco8i7) 



= i(3 + 2ij)(l+p+p*), 


limit, ^ 8 f - \ ^ 

L 7 (l-pcos J 7 ) 



= -Tl‘ff(l-2»l)(l-p— />*)• 


Hence /3/y = i (3 + 2i>)(l+p+p*)— J(l— p+p*). (xxxix)- 


(b.) 7 = The firet or i s 1 term becomes infinite, and we most- 
proceed to the limit of this term in conjunction with the term in l/ainfy. 

We have : 




Bin ^7 1 — p^ coa ^y 
sin f 7 1 — pcos |7 


- M°i7_ n nS .l+P* 24-8i>(w»-3) -1 

7 ( 1 — pco9j7)'’ ^ 'l— p» m(m*— 9)_l 

“ r=5 
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Hence : 




fi/q =2v{ 


TT l+p > * 1 — kp 


_ 48 ini 2 r_J_r I n-«»)l±^ l-^(3^»-l) 

. = r4.«..> • »(x»-l)(9i*-l)J- 

(xl) 

(c.) 7 =: 47r/3. The second or t = 2 term becomes infinite in (xxxviii), 
but is balanced by the infinity of the fourth term. We find ; 

’ limit...r,., (l- 2 ,)S!°i 2 

L sin 1^7 1— pcosj7 

+ __ . (1 + p3) Lz£T 24-n0n»^3) 1 

7(1— pcos J7)' ^ ^ l + p* m(w^— l)(w*— 9)J 


= -kifil siHiz ^ 5- 62 ^ log. p-j 

l + ip 2n L 48 l-p» J 


Hence : 


B/q = 2«(2i2iz l±£±£*f _i 

2ir l + p ' M + ip 

sin §ir / 1 -p» _ , /5_2 „) 


4-4n».^ 


From formula (xxxviii) to (xU) the following Table for 0/q has been 
computed. It indicates straight off that the fixing of jioints off the axis of 
symmeUy of the cross-seotian is far less effective than fixing points on the 
a»i« of symmetry in reducing the droop due to shear. The values of fi/q are 
plotted as II in Diagram It : — 
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r 


0lq for 1 ) 0 *26. 

9 

0 

1 

0-001666 + 0*0020621) 

1 0*0022 

12 

0 ■001606 -t- 0*000083 4 

0*0019 

80 

0 -008807-0 *006679it | 

1 0 -0024 

46 

I 0-010022-0 ‘012600 « 

1 0*0078 

1 60 

0 -024003-0 -01778611 

0*0201 

eo 

0-073108-0 -01878211 

0*0674 

1 120 

1 0-145760-0-02848811 ! 

! 0*1886 

' 186 

! 0-166386-1-0 -000818 n 

0-1868 

IftO 

0-868086 -1-0 -001201 4 

0*8000 

1 226 

0-606700 -4-0 -247616 « 1 

0-6686 

240 

0 -701470 -(- 0-82006011 

0*7816 

270 

0 -016086 -t-0 -4002384 i 

1*0408 

816 

1 -808780-)- 0-868110 4 

1*6242 

360 

1 -806000 -I- 1 -8060004 

2 1438 


The droop due to shear is clearly of no importance until the sectorial 
angle reaches 90°. Then it rapidly increases, until fi/q becomes about 
18 times as large as for the element-fixing when we deal with a split tube. 

While in the case of the complete sector we have seen that there is no 
substantial difference in the shearing droop between the oases of fixing a 
ceutroidal element (de Saint-Venant’s method) and fixing two points on the 
mid-section, we see that very considerable differences arise in the case of the 
annular or trough section according as we fix an element on the mid-plane, 
or a point on the bottom and two at the top edges. The physical reasons 
for this great difference in shearing droop are not immediately obviotu. 
Experimental testing of these two methods of fixing would be fiurly easy, 
and at the same time interesting results might be obtained by fixing on the 
terminal a larger number of points than ate compatible with de Saint-Venant’s 
mathematical solution. 

The ideal mathematical solution ought to admit any shearing stress over 
the free end of the cantilever, no stress over the generators oj^he prism, and 
any shifts (including the system u s v = w = 0) over the whole of the fixed 
end. But, so far, such very general conditions have defied mathematical 
treatment. Indeed, as far as we are aware, no solution of any importance 
has yet been obtained for an elastic body when it is subject to given shifts 
over one portion and given stresses over the remainder of its surface. 
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On the Relation between Wind and Distribution of Pressure. 

By Hakoui Jeffreys, M.A., D.So. 

(Communicated by Sir Napier Shaw, F.B.S. Received Juno 3, 1919.) 

lu studying the relation between the observed wind at various heights, 
and the pressure distribution at the surface of the earth, one usually takes as 
the standard of comparison the “ geostrophio ” wind, which is determined 
by the pressure distribution alone. If its velocity be denoted by G, G is 
defined by the equation 

2GsinX . pG = 2^, 
ov 

where fl is the earth’s angular velocity of rotation, 

X is the latitude, 

/} is the density of the air, 
p is the pressure, and 

^/dt/ is the rate of increase of pressure per unit distance normal to 
the isobars. Self-consistent units are of course to be employed. 
The direction of this ideal wind is along the isobars, so that the low 
pressure is on its left. 

« 

If certain conditions were satisfied in the atn^osphere, it is easily shown* 
that the actual wind would always be strictly equal to the geostrophio wind 
{apart from conceivable free vibrations compatible with constant pressure). 
These conditions are that (1) the pressure distribution should not be changing 
with the time ; (2) friction should be absent ; (3) the velocity should be so 
email that its square can be neglected. None of these conditions holds in 
practice. The Mlure of the first is the chief reason for official encourage* 
ment of meteorcibgy. Sir Napier Shaw has shownf that the instantaneous 
centre of the motion in a cyclone. moving from west to east would be 
expected to be north of the centre of the isobars, causing the wind in front 
of the cyclone to blow outwards from the region of low pressure, while that 
cn the following side blows inwards. The second disturbing influence — 
friction — is ordinarily the most important near the surface, but dies out at a 
hftigbt of a few thousand feet. Its amount depends on several factors, but 
chiefly on the temperature lapse rate and the wind velocity ; and G. I. Taylor 
Jtas shown that it causes the surface wind to deviate towards the region of 

* Sea, for instanee, ' Phil. Mag.,’ voL 37, pp. 1-3 (1918)k 
t * Geophysical Memmm of the Meteor<dQgicat Office,’ No. IS, p. 33. 

VOL. XOVI.— iy 
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low pressure, while its velocity is decidedly less than that of the geostrophic 
wind. The third oondition is usually approximately satisfied, except near the 
centres of cyclonic storms. If the pressure distribution were stationary, the 
terms neglected would amount simply to the cyclostrophic ” term of the 
ordinary theory ; but, owing to its variation with time, they become more 
complex. 

The observed wind at the surface has usually between 30 per cent, and 
80 per cent, of the geostrophic velocity, and it generally deviates by 1 to 5 
points from the isobar towards tbe region of low pressure. Now, the first 
and third of the above-mentioned disturbing influences would make the wind 
deviate clockwise and counter-clockwise equally often, since they produce 
opposite effects on two sides of a depression. The deviation in direction is 
therefore to be attributed mostly to fnction. The same applies to the 
reduction of velocity. Accordingly, friction is to be regarded as tbe 
dominant cause of the difference between the actual and theoretical winds. 
Tbe present investigation was undertaken to find out how much of the 
large range of variation in tbe difference, which occurred even with constant 
geostrophic velocity, was due to variations in Uie friction itself, and how 
much to the other neglected factors. 

If S denote the velocity of tbe surface wind, and a its deviation from the 
geostrophic wind, measured counter-clockwise, and if Y denote G(cos«— sin«), 
then Taylor showed that, provided the turbulence was the same at all 
hmghts and the system was steady, S would be equal to V. This result is 
independent of the amount of turbulence, so long as it does not change with 
height, and of the geostrophic velocity itself. This fact provided the basis 
for the first attack on the problem. The correlation coefficients, rgo between 
S and G, and rev between S and Y, were calculated from a series of 
142 observations taken on merchant ships in the North Sea, supplied h7 
the Marine Division of the Meteorological Office, the geostrophic wind being 
found from the working charts (5 mb; interval ; scale 1 : 10000000). Only 
those observations for which good .determinations of the gradient were 
available were employed. Now S/Y would on the assumption to be 
tested always be unity, except for the effects of the variation with time in 
the pressure distribntioD and accidental errors in tiie determination of S, G, 
and «. Hence rev should be 1*00 apart from these efflaots. S/G, on the 
oUier hand, would depend on the variations in the pressure distribution, the 
tnrbulenoe, and also on G itself, as well as on ^ accidental erron of 
8 and G. Thus rgy would be expected to be considerably greater than f||u ; 
for die contrary to hold would imply either that there were great accidental 
errmrs in «, or that the assumption that die tnrbulence is independent of die 
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height is seriously in error. Actually, the following results wore found ; the 
winds have boon classified according to the quadrant in which the geostrophic 
wind lies. All velocities are in metres per second. 


Quadraut. 

Number of i 
Oh»eTTaiionfi. j 

/•tv. 


Mean 8. 

Mean G-. 

Mean V. 

Mean a. 

NE 

16 

0'66 

0'61 

8-3 

13-1 

11*7 

7 

SE 

31 i 

0-61 

0-83 

8-2 

14-7 

10 4 

12 

sw 

50 1 

0-60 

0-76 

7-7 

15 -O 

12 6 

16 

NW 

40 1 

0*24 

0-63 

8*6 

14-2 1 

i 

n -4 
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Thus, in three of the four qiuidrauts, rM is greater than r^y, contrary to what 
might have been expected ; while the remaining one is based on too few 
observations to be relied upon. In no case does rgy approach unity. 

This result might be attributed to accidental errors in ». For so low a 
correlation coetlicient to be due to this would, however, require the standard 
error of « to be greater than the ratio of the standard deviation of S to the 
mean value of S, and the range of wind velocity was such that this was of 
order 1. Thus a would have to be liable to errors of several points. Now, 
the error of u is the algebraic difference between those in the directions of 
the true and geostrophic winds. The former class are probably small; 
sailors’ estimates of the direction are said to be very concordant and trust- 
worthy, even in spite of the complication arising from the motion of the 
ship. Estimates of the direction of the geostrophic wind are open to more 
suspicion. The isobars on the charts are obtained by drawing smooth 
curves that will fit a comparatively small number of observations, and the 
error is therefore the sum of the error of this interpolation and that 
introduced in measuring the charts. As the days were selected so as to 
give good determinations of the gradient, the latter error was unlikely to 
exceed a point, but the former is, from the nature of the case, unknown. It 
is qirite possible that the true isobars are really wavy in form, the wave- 
length being of the order of 100 km., and that the practice of smoothing 
these waves out leads to' considerable errors. The smallness of rsv niay then 
he attributed to two main causes : first, great variations in turbulence with 
height; and second, irregularities in the isobars. The fact that S is 
qrstematically less than V might be held to support the former view, for 
oontortion of the isobars would presumably increase and decrease S equally 
often; but, as a systematio undeF’estimation of the surface wind by the 
observer would act similarly, one cannot place much reliance on this. 

Hie vertical distribution of turbulence is closely connected with , the 
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temperature lapee-rate, and this in its turn presumably with the difference 
in temperature between air and sea, which is given in the ships’ logs. An 
attempt was made to test the turbulence hypothesis on this basis, but it 
proved a failure, for the temperature differences recorded were less than could 
be accounted for by the unsatisfactory conditions of exposure in a ship, 
and accordingly no significance could be attached to the small correlation 
found. 

A longer series of observations, taken on ships of H.M. Navy, and kindly 
supplied for this purpose by the Hydrographer, was made use of in a further 
investigation of this question. Enough data were available for it to be 
possible to divide them into 16 classes, whose average number was about 40, 
according to the strength of the geostrophic wind and the quadrant whence 
it blew. Thus Tables showing the frequencies of differant values of « and 
S/G in the separate classes could be constructed ; and if quadrants differed 
systematically among tliemselves, or if strong winds systematically gave 
larger or smaller values of » or S/Q than light winds, one would expect 
these foots to be discovered by this method. Two separate classifications 
were carried out : one gave in each class the number of times the surface 
wind veered or backed by any number of iwints from the geostrophic wiml 
and the other the number of times S/G lay l>etween any two multiples of 
12 per cent. The results are given in the two following Tables (p. 239). The 
number in each compartment is the number of times a geostrophic wind 
of the appropriate class, indicated in the first column, was found to be 
associated with a direction deviation or velocity ratio within the limits 
indicated at the top. The column R includes those few instances where « or 
S/G lay outside the limits of the Table. 

These frequency distributions are shown in diagrammatic form in the 
figures on pp. 237, 238. In these the length of any projection from a circle is 
proportional to the percentage of the winds of the appropriate class that 
have the value of » or S/G indicated by the number just inside the oitcle ; 
M is expressed in points, numbers on the clockwise side of the zero denoting 
veer of the geostrophic wind from the surface wind, while numbers on the 
oounter*olookwise side denote backs ; S/G is expressed in percentages, and 
all instances where it lay between consecutive multiples of 12 per cent, are 
grouped together. 

With regard to the differences in direction we notice (1) veers of over 
4 points and backs of any amount ate very rare. (2) there is a sudden 
rise in frequency between —1 and 1 point; the decline for greater values 
of « is much more gradual, so that the frequency curves ate violently aeym* 
metrical In every class where it is posrible to identify the oommonest 
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deviation with any certainty the number of deviations greater than this is- 
greater than the number of smaller deviations. Thus the asymmetry is a- 
general property of the classes, and not a peculiarity of any particular group 
of wind-strengths or directions. 


LIGHT BREEZES: G under s-5'% 
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This asymmetry provides a further argument against the attribution of 
unexplained variations in « to observational error. For the directions of the 
geostrophic and true winds are both directly observed, and there is no reason 
in either case why errors of opposite signs should be unequally probable. 
Thus the deviation-frequency curves, if observational error played a Itege 
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part in their determination, should be symmetrioal ; or if the number of 
observations per class were insulBcient to give symmetrioal curves, the mode 


STRONG WINDS: G[2-atoie«% 
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would not lie systematically oftener on one side of the mean than the other. 
We must, therefore, look elsewhere for tiie cause of the dsewtiess. 
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Table I. — Deviation of the Surface Wind from the Gradient. 
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Table II. — Frequencies of different Values of S/G. 
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The error introduced in smoothing the isobars may perhaps be a cause, but 
there are difficulties in the way of supposing it to be the chief. Suppose for 
the sake of definiteness that the smoothed isobars are straight and parallel, 
and that the corresponding geostrophio wind is south-west. Then the above 
counts show that the surface wind is likely to be anything from south-west 
to south, and it is more likely to be one of south-west and south-west by 
south than to be one of south-south-west, south by west, or south. If the true 
isobars were sine curves, and the deviation caused by turbulence constant, 
the deviation-frequency, curve would be symmetrical; for the sine curves 
would give a frequency distribution symmetrical about « = 0, and .the constant 
effect of,turbulence would merely amount to shifting this curve bodily to one 
sid& 'Suppose, however, that the turbulence gives a constant deviation' and 
that the true isobars systematically cross the smoothed ones from west to east 
at a smaller angle than from east to west Then throughout the long stretchee 
where the mutual inclination is small the effect of turbulence is partly 
counteracted by the slope, while they combine in the short stretches where 
the slope is great and reversed. Thus most of the deviations would be 
small; there would be few great ones, and the frequency curve would be 
notably asymmetrical in just the observed way. 

So far this suggestion, therefore, appears satisfactory ; but its fundamental 
hypothesis is difficult to grant. Why should the true isobars tyttmalieaUy 
cross the smoothed ones at a smaller angle one way than the other ? Why 
should this occurrence be practically independent of the direction of the 
isobars themselves 7 Until we have direct theoretical or observational reason 
to believe in this peculiar systematic contortion of the true isobars, we should 
prefer a hypothesis that does not require it. There remains yet another 
difficulty. If the normal distance between consecutive smoothed isobars be 
h, and if oo be the deviation caused by turbulence and ai the inclination of 
the true isobar to the smoothed one, we have 

» as «(,+«]. 

Also the normal distance between consecutive true isobars is reduced to 
%cos«i, so that the true geostrophio wind is proportional to seo«i. Hence, 
since G, the geostrophio wind derived from the smoothed isobars, varies only 
slowly, the value of S/G obtained should show an intimate relation witii 
sec «i, M., with seo(a— Oft) where sm ia a constant. The theory leaves little 
room for inaccuracy in this ; but it will be seen later that the correlation 
between S/G and « is so slight that it is even possible to doubt its sign 
lliis ffiot amounts practically to disproof of the hypothesis that the asymmetry 
is doe to contortions in the true isobars; such contortions probably give only 
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a fairly symmetrical variation in « which is largely masked by the 
asymmetrical variation due to some other cause. 

Changes in the distribution of pressure cause the velocity and direction to 
differ somewhat from the values they would have if the distribution were 
steady. If, however, such changes could give rise to an asymmetrical 
frequency distribution, the asymmetry in a cyclonic disturbance would 
presumably be different in front from behind. Suppose, for instance, that 
this caused a frequency distribution in the south-west quadrant in which the 
commonest deviation was A, and more winds deviated by more than A than 
by less than A. Then if the commonest deviation in the north-east quadrant 
were B, we should expect that more winds there would deviate by less than B 
than by more. A similar reversal would hold between the north-west and 
south-east quadrants. Actually we find that though the asymmetry is not 
equally pronounced in all quadrants, it nevertheless acts in the same direction 
in all. Thus the most important cause to consider is one that will always 
make more winds deviate by more than the mode than deviate by less. 
Causes acting sometimes one way and sometimes the other may be fairly 
important ; but it is clear that they cannot be the most important, for then 
the frequency distribution would sometimes have its asymmetry reversed in 
an indubitable manner, which never cecal's. Thus the motion of ibe isobars 
is not the most important cause, whether it operates through the inertial 
terms in the equations of motion or through the difference in time between 
the wind and pressure observations. 

The disturbing cause not yet considered and rejected is turbulence. This 
term is here used in its widest possible sense. Atmospheric eddies are of 
many kinds, being produced by any agency that can cause local instability. 
The friction of the wind over a flat surface, for instance, causes small eddies 
to form near it, and these rise through the air, spreading out and becoming 
less violent as they go (like ordinary smoke rings) and taking with them their 
momentum and heat. Wind blowing past an obstacle would in the ideal 
cases considered in hydrodynamical theory give a definite surface with 
different velocities on its inside and outside; actually this is only an 
approximation, for this state is unstable, eddies form along the surface, and 
their motion causes a transfer of momentum which reduces the discontinuity. 
Air heated uniformly all over the bottom gradually acquires a temperature 
lapse-rate greater than the adiabatic ; when this happens the system becomes 
unstable, and convection currents are formed. Lord Bayleigh has shown* that 
the diameters of the regions of rising air will be comparable with, but probably 
greater than, the height of the homogeneous atmosphere : thus they are on a 
* 'Fhil. Mag.,’ vol 38 , pp. 089-646 ( 1916 ). 
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G- is meaamed in metres per second ; « is measured in points. 

A. Geostropbic Wind in the N.K Qnadrant 
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very difTerent scale from the ordinary frictional eddy. Yet they resemble it 
in providing a mode of transfer, by irregular mass-motion, of momentum and 
heat ; they thus produce a pseudo-visoosity. Local kinds of instability, such 
as great temperature lapse-rates at particular heights, also give rise to eddy 
motion on an intermediate scale ; examples are afforded by sea-fog and by 
most clouds.* The combination of a great lapse-rate with a wind natUFall}r 
produces eddies more readily than either of these acting alone. 

Enough has been said, therefore, to indicate that the distribution of 
turbulence in the atmosphere depends mostly on the wind velocity and on the 
temperature lapse-rate. Both of these are very variable, and accordingly so 
is the turbulence. The effect of turbulence is proportional to a certain 
coefficient k, the eddy-viscosity, whose value at any point is proportional 
to an average of the product of the range of variation of the wind velocity 
there into the size of the average eddy that gets there. Near the grounds 
the size of the eddies is small, but the velocity varies a great deal. The 
higher one goes, the more of the turbulence takes the form of convection ; 
the size of the eddies becomes comparable with the height of the troposphere, 
while the relative velocity of their parts diminishes. As these two changes 
produce opposite effects on the eddy-viscosity, it is impossible to predict on 
these grounds whether it should increase or diminish with height. Taylor 
dealt with the simplest case, where the coefficient is independent of the 
height, and showed that if this were true we should always have 

S/G = cosfli— siuet. 

The deviation «, measured counter-clockwise from the isobar, should always- 
be positive and less than four points (45°). It is, of course, a function of 
Q and k. An intimate correlation should therefore be traceable between 
, S/G and a. It has already been pointed out that such a correlation would 
always exist, also^ if the deviations were mostly due to contortion of the true- 
isobars ; thus both these hypotheses can be tested by looking for it This- 
was done by means of simple 4-cell contingency tables. In each class the 
wind observations were reclassified according to the values of « and S/G.. 
It was found that in the 16 classes the signs of the contingency coefficients 
occurred as follows ; — <• 

Definitely positive, 1 ; doubtfully positive, 2 ; quite uncertain, 6 ; doubt- 
fully negative, 6 *, definitely negative, 3 (pp. 242-248). 

Thus no uniformity was traceable ; even where the sign of a contingency 
coefficient was clear the magnitude was not great ; so that altogether, while- 

* Q. I. Ibylor, " The Formation of Fog and Mist,” ‘ Proc. Boy. Met Soe.,’ voL 41, 
pp. Ml-Ses (1917). Gept C. K. M. Donglae, * The Lapee-Line and ite Relation to Cloud! 
Formation,*' ' Jonm. Seott Met Soe.,' vol. 17, pp 138-147 (1017). 
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there is a faint connection, large values of « tending to correspond to small 
values of S/Ot, the effect is insignificant in comparison with the actual range 
of variation of both quantities. The principal cause of the variation is 
therefore one that does not lead to a strong correlation between S/G and «, 
and both of the hypotheses that led us to expect such a correlation are 
therefore untenable. 

We therefore conclude that the turbulence coefficient k is ordinarily a 
function of the height above the ground. Let us then see whether variations 
with height are capable of producing such irregularities as are observed. As 
the effects of changes in the distribution of pressure and wind with time, 
and second order terms in the equations of motion, have been shown to be 
of secondary importance in this connection, they will be neglected. Let the 
co-ordinates be x, y, z, where z is measured vertically upwards, and let the 
horizontal components of velocity be u and v. Put A sin X ss (■>. With the 
appropriate approximations the equations of horizontal motion reduce to 
the form 

o bp , . .3»w 




2mp% SB — 

vy 




Take the axis of .r along the surface isobars, so that 

_ A 


If k were 0 there would be no friction, and the geostrophic condition would 
hold. Hence we have 

and therefore the equations of motion are 

0, 

<Ur 

-2«w^-AS = 2®G. 

. dJ* 

Put u+tv ss w. Then these equations combine into the single one 

2*®m> as — 2/aG. 

So far the law of variation of k has not been specified. Suppose, for 
illustrative purposes, that it oan be expressed in the form 
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where ko and X are oonetants. Put 1 +X 2 = {f. Then 
1ca\^p^-2Mtw = -2w)G. 

The solutions of this are of the form 

Af»+BC+G, 

where m and n are the rates of the equation in y 

^’oX*y(7— 1)— 2i« = 0, 

and A and B aie constants as yet undetermined. We have m+» = 1, and 
therefore the sum of their real parts is 1. Hence either m or n must have a 
positive real part. TiOt this be n. Then ^ tends to infinity with z, and 
hence the condition that the velocity at a great height shall not tend to 
infinity is that B = 0. Then 

te = G+AC*. 

At the surface to = So**. 

Hence A = Se**— 6. 


The skin friction at the surface is equal in magnitude to per unit area, 
where « is a constant It acts in the direction opposite to the velocity. It 
must be equal to kp times the rate of shear in the air near the surface ; 
hence 

tc/»SV« = — f dz as — kupra— — ^ AX. 

Jo '«' + l 


Hence S«"— G has the same phase as — argument of 

„ 1 

m — — 7 is the constant /3, we have by equating the ratios of real and 
imaginary parts on the two sides 


Gsina 
S— Gcosa 


— tan/S, 


whence 


S/G = cos «i— sin a cot 13. 


Put 8 u/ItoX” =: tan y. Then ^ is a constant between 0 and }ir, and 
m ss I—} sect 7 (cos ^9+ (Bin ^7). 


From this we can see that oot/8 vamshes when «; = 0, that is, when the 
turbulence is infinite, and reaches unity when tf s The latter is Taylor’s 
ease, corresponding to X 0. Thus when the turbulence is the same at all 
heights 

S a G(co 8«— ain«), 
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but whon \ iH difrereut from zero, whether positive or negative, S is greater 
than is given by this equation ; it is never greater than G eos «. 

It must be noted that when \ is positive, the eddy viscosity is finite on the 
ground and steadily increases with height ; when X is n^^ive, it is fiuite on 
the ground, decreases to zero at a height 1/X, and then tends to infinity 
with the height. We may then infer that great turbulence aloft increases 
S/G (cos a— sin a); presumably if the turbulence decreases with height this 
ratio is reduced. Taylor found* that the means of large numbers of 
observations made this ratio practically unity; this indicates that if we 
write S/G s= cos a— A sin », the mean value of A is about 1, though the study 
of individual observations here carried out shows that it must vary over a 
wide range. Deviations of more than four points can easily occur, for a is 
only restricted to be less than yfi, which may reach 90*. Negative values of » 
seem impossible to account for by turbulence alone. They rarely occur, and 
when they do are probably to be attributed to contortion of the isobars of 
sufficient amount to counteract the effect of turbulence. The occasional 
surface winds equal to or even greater than the geostrophic wind ore probably 
due to the same cause. Such contortion is presumably frequent ; for in the 
straight isobar regions on the map local showers are common, indicating areas 
of low pressure and, therefore, curvature of the isobars. Though it is not the 
chief factor in determining the relation of the surface wind to the gradient, as 
has already been shown, it may, therefore, have a very important complicating 
influence. 

We may, therefore, conclude that the chief, but not the only, cause of the 
observed variations in the relation of the surface wind to the gradient is 
variation in the vertical distribution of turbulence. This vertical distribution 
is not, however, usually known, though i^onnation is gradually being 
accumulated from various souroes.t It is presumably closely correlated with 
the lapse-rate of temperature ; this in its turn is correlated with the time of 
day and plays an important part in determining the occurrence of cloud and 
fog. Now OS a rule the wind determined by pilot balloon ascents is found 
to agree fairly closely with the geostrophio wind at altitudes of 3,000 feet 
and more ; above thlfr> the change of velocity is usually small, end the value 
of the eddy viscosity is, therefore, immaterial, sinoe it only enters the 
equations of motion through vertical variations in the velocity. The lapse- 
rate above this height, therefore, has little effect on the relatitmof the surface 
wind to the gradient. It may, however, be more or less correlated with the 
lapse-rate below this level, and in that case there should be a oorrelatimi 

* ‘ Phil. Trans.,' voL IIS, pp. 1-M (1815). 

t C. K. M. Douglas, loe. ««t 
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between clond^form and the relation of the lower winds to the gradient A 
year’s observations at South Farnborougb. provided by Mr. B. A. W. Watt, 
were worked up for this purpose, but no satisfiactory correlations were 
traced. The deviations were systematically greater than at sea, presumably 
owing to greater surface friction ; but those at 1,000 feet and above were never 
sufficiently greater than their standard deviations (within classes for which 
the cloud-form was the same) for any prediction to be possible. In the 
largest class, where the clouds were st. or st.ou., covering more than half the 
sky, the mean value of « was 2‘7,and its standard deviation 1*2 points; when 
there were no clouds below the alou. level the mean value of « was 3 points 
and its standard deviation I'O point. Thus there was no striking correlation 
between cloud-form and deviation in direction. 

Summary. 

A classification of some 600 wind observations over the North Sea, according 
to their velocities and directions, showed that the most striking feature of the 
resulting values was their asymmetrical frequency distribution. From the 
fact that tliis was noticeable in nearly every class, it was inferred that it could 
be produced only by variation in turbulence or systematic contortion of the 
isobars on a scale too small to be recorded on the weather map. The latter 
cause, however, and also such variations in turbulence as keep the coeffideot 
of eddy viscosity the same at all heights, would lead to strong correlations 
between S/G and a, which are not observed. Hence it is concluded that the 
principal cause of variation in the relation of the surface wind to the gradient 
is variation in the vertical distribution of turbulence ; and it is shown that 
such variation could give the effects actually observed. To complete the test 
of the theory it is necesiuiy to have direct quantitative information on this 
distribution, which is not yet available; but the evidence already accumulated 
is sufficient to make it extremely probable that some information on the 
distribution, and hence on the lapse-rate below 3000 feet, could be obtained 
by prediction from the observed relation between the surface wind and the 
geoetrophic wind. 

[Nvte adied Jvdy Vlth. — A. physical account may be given of the influence 
of vertical variations of turbulence. Suppose the turbulence to be confined 
to a very thin layer over the ground. Then above this the wind will have 
praotioally the geostrophic value, while in the layer itself the frioti(m 
on the lower surface wiU far exceed the geoetrophic teirms in the equations 
of motion, on account of the rapidity of the shearing. Hence the motimi 
in this will be much as if the rotation' of the earth were ignraed, and hence 
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the deviation in direction will be insignificant. The friction will never- 
theless make the sutface velocity less than the geostrophio velocity. In 
this case, therefore, cos a— sin « is nearly 1, and S/G is loss than 1. Tlxus, 
if the turbulence decreases witli height, we shouM expect to find S/G less 
than cosa--sindt; it was found previously that if it increases with height 
S/G will be greater than cos «— sin a.] 


Chi a New Method of Driving off Poisonous Gases, 

My Mrs. Hkhtiia Ayrton. 

[Plate 4.] 

(Gonimuniented by Prof. T. Mather, F.K.S. Received August 29, 1917.)* 

On May 6, 1915, sliortly after the first Gorman gas attack, I read a paper 
before this Society, dealing with the variations of pressnro, and consecpient 
currents, set up in oscillating water l)y an olwtacle on the ground under the 
water. After the meeting, it occurred to me that, by oscillating an obstacle 
in an appropriate manner in the air close to our trenches, it ought to 
possible to sot up currents similar to those in the water, which, while sending 
the noxious gas back towards the enemy, would, at the same time, keep our 
ineu well supplied with fresh air from behind. The obstacle must be some 
kind of fan, and I thouglit smoko might represent the gas for experimental 
purposes. 

Smoke Apparaius. 

Smoke of the right kind was not easy to produce, the difficulty being that 
it had to bo heavier than air, as the noxious gases were said to bo. At last, 
however, after many trials, I found that smouldering brown paper gave very 
satisfactory results, if treated in the right way. It was burnt in a biscuit 
tin, A (fig. 1), from which the smoke rose through a tube, B, to another box, C, 
issuing through a second tube, 1). When this whole arrangement, except the 
box A, was kept wrapped in wet clotlis, the smoke, cooled by the evaporation 
of the water and by passing through the box C, became heavier than air, and 
fell almost like water from the mouth of the tulxs D on to one end of the 
Table E (6 feet by 3 feet), which had a barrier, F, at that eud, to protect 
tlie smoke from occidental draughts. On reaching the table, the smoke 

* Held by the Society for deferred ;niblication after the War. 

YOU XCVI,— A. 
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expanded 1)oth in height and in width, and rolled in a very realistic manner 
towards the further end of the table, where a miniature parapet, 0, had been 



"Kio. 1.— ApparatuH for producing wnoke heavier than air. A, Burning chamber ; 
B, chimney ; (?, cooling chamber ; D, outlet ; K, table representing ground ; P, 
pfwiturti of draught >«;r(*en ; (», miniature [tarapet. 


made, forming a dense (doud, 2 feet to 3 feet wide and some 3 inches to 
4 inches high (See tig. 2, n, Plate 4.) 

j\fM Fa ft. 

My first fan was a small card on a hori/ontal axle, which I could 
alternately twirl and stop, Ui give the inijmlses U) the air. Tins gave 
surprisingly good rosnlts, but not good enough. Then, reftiemheriiig some 
startling air currents I had once observed after dropping one end of a glass 
tank on to a table, I thought I would try striking the parapet to give the 
impulses. L therefore attached a handle, at a convetiient angle, to a slip of 
wood 4 inches by 3 inches, and with this beat with quick strokes upon the 
parapet G (flg. 1). The effect upon the cloud of smoke advancing from the 
other end of the table was miraculous (see Plato 4). After a few seconds it 
first stopped, and then iled backwards as if pursued, increasing in height 
as it went, as if it wore being brushed back (&, fig. 2). It never stopped 
till it was well behind the smoke-box A (fig. 1) about 8 feet from the fan. 
Even the stream of smoke that continued to pour from the outlet D (fig. 1) 
was affected, being converted into a vibrating stream which rose and poured 
hock over the smoke apparatus instead of falling and advancing as before 
(c, fig. 2). The smoke continued its backward oourse for some little time 
after the beating was stopped, and finally the whole table. and smoke 
apparatus became completely cleared^-an area of about 8 feet by 3 feet. 

The next thing was to see if a still smaller fan would clear this same area. 
Fans of various sizes and shapes were tried, and modifioationB which were 
found benefioial were introduced, such, for instance, as a “ hack to prevent 
any of the air from Heing expelled backwards towards the operator ; and two 
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Pio. 2.— TaUlf experiiiieiit in tliret* Smoke unchet'ked ; ft, ^iimke aftei thiee oi four '*tiokt*a . '<ni(»ke tweUe to fifteen strokes. 
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hinges — one between buck and blade, and the other in the blade itself — each 
of which allowed the parts it connected to move through a certain angle only. 
The final result was a fan (fig. 3) with a blade inches scpiare only, 




Kzo. 3. — Small model fan (drawing t^^o thirdit of nize of mode]) with which a doud of 
Hnioke 8 feet long, 0 foot wide, and 3 inches high was cleaied in 6 aecondb. (f<) Shows 
fan in upward stroke ; (/j) in downwanl stroke. 


including the back. By tapping with this minute object on the parapet G 
(fig, 1) for about 6 seconds, at the rate of four taps a second, I cleared the tabic 
and smoke apparatus of an advancing cloud of smoke about 3 inches high ; and 
even a width of 1^ feet extra on each side of a 3*foot wide table, made by 
extending the tablecloth, was cleared at the same time. Ah the height of the 
smoke apparatus was about 1 A feet, the air disturbance cremated by this fan witli 
a blade of IJ inches square* was at least 8 feet long, 6 feet wide an<l 1^ foot 
high. 

^ Army Fan. 

It remained to be seen whether a fan as large as a man could easily wield 
would give results great enough to be of roal use at the Front. The type 
shown in fig. 4 is the survivor of many models, made of various materials, and 
of different sises and form& It has been in daily use at the Front since 
May, 1916 ; principally fte clearing trenches, dug-outs, shell boles, mine 
craters, etc., of the foul gases that always aooumulute in them under shell 
fire. These can now be oleared in from a few seconds to a few minutes, and 
can, therefore, be consolidated immediately after taking, instead of having to 
he left for hours, and sometimes for days, before they can be entered. 

The Army fans are made of waterproof canvas stiffened with cane, with a 
wooden handle. The blade has a semi-rigid centra. A, B, C, D, with loose 
end and side flaps; and the back has an extra very limited hinge, £, in 
it to enable it to ocooumodate itself to the varying shapes <>! the backs of 



252 


Mrs. H. Ayrton. 

parapets, comers of traverses, etc. They are 3 feet G inches long, have a blade 
15 inches square, weigh less than 1 lb. each, and can be folded and carried 



Fio« 4. — Aiiiiy fan, open and folded up. (1) U|)eiiud, Hliowiiig upper Hide; (2) aa 

folded up. (The handle in longer than shown.) 

in the brucP-H behind the pack. Thcne hand-worked fans are not ix)werful 
enough to repel gaa-wave attacks in the comparatively high winds employed 
during the later phases of the war, hut in the winds of from 2 to 4 miles 
an hour in which the earlier attacks were made, the fans could, I believe, 
easily have coped with them. I myself, on a practically windless day, have 
driven back smoke in considerable quantities in the open, 60 feet to the 
smoke box, and then a further 15 feet over trees from 12 feet to 15 feet 
high. I have now (June, 1917) devised a mechanically driven fan, however, 
which should he able to drive back large quantities pf gas in any wind. 

Information Derived from Testing Fans. 

In the course of tests applied to various models, for comparing efficiencies, 
etc., certain facts were established that throw some light on the air problems 
connected with the fans. For making the tests 1 erected a parapet (A, fig. 5) 
in my laboratory, about 4 feet high and 3 feet deep, with a clear space of 
33 feet in front of it and of , about 3 feet behind. When a fan rested on the 
parapet as if in the act of striking, its tip was 3.5 feet from the far end of the 
room, where a large smoke apparatus was placed, which could pour forth a 
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cloud of cooled smoko 3 feet high over the whole width of the room, liehind 
the smoke apparatus was a double French window, eitlier or both doors of 
which were left open during smoke experiments, according to the wind, so 
that any air current thus created drove the smoke towards the fan. It was 
found that five strokes of the fan on the parapet drove th (3 smoko batik, after 
a short pause, over the smoke box and out of the window 33 foot away. 



Fm. 5. Flan of room 40 U)ng, showing relative poAitionM of parapet, fan, Hiookw 
apparatus, window, ami diHturbunce iiidirntorH. A, Parapet; B, f.iii ; (\ Miiioke 
apparatuH ; 1), Fixsnih window ; EEK, indicators. 

It was important to gain some idea as to the height to which the 
disturbance would travel, the distance at which a side etlect could be 
observed, etc., and, as it was inconvenient to use smoke for these purposesi 
I made four sets of indicators, each consisting of a number of pieces of 
tissue paper about an inch square, hanging by thin silken fibres from long 
horizontal sticks. Three ot these sticks were tied to the electric lamps, 
about 10 feet high (4J feet from the ceiling), while the fourth was mounted on 
a movable stand about 8 Inches high, so that the indicators hung within an 
inch or two of the floor. Two of the hig^ sets fronted the parapet at 
distances of about 18 and 32 feet from the tip of the fan resting on it ; 
the third was about 20 feet from the parapet, in a diagonal line, making an 
angle of about 45^ with its front (fig, 5). 

Experiments with these indicators have established the following facts : — 
(1) The air disturbance created by a stroke of the fan travels com- 
paratively slowly, a single stroke witlj the army fan, in still air, taking 
IS seconds to reach the indicators near the ground, 18 feet away. 
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(2) Tlie iiiitxiinuiii iliHiaiJCO at which tiie diaturhance produced by a single 
stroke is pcrce])tible increases with the velocity and amplitude of the stroke. 

(S) llach successive stroke, if the rate be above a certain tninimum, carries 
the disturbance further, longitudinally, laterally, and vertically, till a certain 
maximum distance in each direction is reached. 

(4) 13elow the minimum rate, which bears Koim^ sort of inverse ratio to the 
size of the fan, this cumulative effect is not produced ; each stroke simply 
carries the disturbance to the maximum distance for a single stroke. 

(5) The cumulative effect of the strokes increases with the rate of striking, 
and also with the amplitude of the stroke. 

(6) The maximum distance at which the effect is perceptible in eacli 
direction increases with the size of the fan, witli the rate of striking, and 
with the velocity and amplitude of the strokes. 

Nature of the 

With a view to examining the nature of the disturbance created by the 
fans, I have made a few experiments, by gently flapping smoke into clear air, 
with the following results : — 

1. Effect of a Siiiffk Stroke, 

After a single up-and-down stroke, the air issues from between the fan 
and the parapet as a vortex, rotating so that its upper boundary moves 
towanls the fan, while as a whole it travels rapidly away from it. This 
vortex, the lines of which are horizontal, spreads out in an ever-widening 
curve, and, if no second stroke be made, it travels to a definite distance 
before it is dissipated. Tn raising the fan, however quickly, no movement 
towards it of the air in front of it seems to take place, but the air that 
rested on it after the last down-stroke is jerked upwards, while air from 
behind the fan comes in under the back between it and the parapet. The 
smallness of the air motion resulting from the raising of the fan is very 
remarkable when compared with the whirl caused by the gentlest down- 
stroke. If you place a delicate anemometer on the parapet quite close 
to the tip of an army fan, and jerk the fan upwards as quickly as you can, 
the vanes remain immovable, while they go careering round, however 
gently you let the fan fall The reason is this. In raising the fan you 
create air pressure above the blade and behind the bock, while, at the same 
time, a vacuum attempts to form between the whole fan and the parapet. 
If all parts of the fan were raised at once, the air from above and behind 
would rush round all the edges at once to fill in the vacuum. This does 
happen witli an ordinary straight liiiigeless fan, and a flicker of the 
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anemometer vanes when such a fan is raised from rest shows it. But 
with rny hinged fan the back is necessarily raised first, then the rigid part 
of the blade, and finally the end Hap; oonsoquently, before the tip is raised, 
the vacuum has already been filled from behind, the flow has become steady, 
and it is tf)o small at any one place to affect even a very delicate 
anemometer. 

A row of lighted candlo-onds, held at the side of a fan iti action, with the 
flames just above the striking surface, shows with great clearuess the 
different directions of the air currents round that side of the fan. The 
flames near the front are blown outwards and quickly extinguished; the one 
near tlie back hinge flickers to and fro undecided ; while those behind it are 
sucked in towards the fan. The rush of air from behind, during flapping, is 
distinctly felt as a c<dd wind over the ears and back of the head, as was first 
noticed by the soldiers who tested the fans at Chatham. It was the 
expectation of such a rush during the up-stroke, from analogy with my 
water experiments, that led me to try this method of driving off poisonous 
gases. 

2, Kffed of a S^t^ceimon. of Strokes, 

If a second stroke be made quickly enough after tlie first for the boundary 
of its vortex to come into contac*.t wdtfi that of the first, a curious thing 
happens. The second vortex appears to burrow under the first, raising 
it bodily, and then to enter into and become enveloped in it, so that the two 
travel on together as one, pooling their energy, and reaching together a 
distance greater than the limiting distance for a singln vortex. A third 
vortex will either catch up the other two beft»re a fourth roaches it, or else 
the third and fourtli together will catch up the first wd second togetiicr ; 
other things being equal, it is all a question of the rate of striking. In any 
cose, the whole four together travel further than either a single one. (»r two 
together, or three together would do, and it is easy, therefore, to see how, 
after a succession of rapid strokes, the whole space in front and at the sides 
of the fan is traversed by a procession of vortices, tliat nearest the fan in the 
form in which it was shet forth, the others combined from two or three or 
more, the number in each combination increasing with the distance from the 
fan, but all rolling towards one final goal, namely, the huge vortex which 
gathers in the region where the energy from the constantly arriving stream 
of vortices only just balances the loss of energy through friction. The 
distance, in any one direction, of the farther side of this voi-tex from the fan 
is the limiting distance to which the effect of the fan can reach in that 
direction, under the given conditions. With my little l^-inch model fan, I 
found the limiting distance imine<liately in front of the fan to bo about 
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10 feet~80 times its own length. Witli the army fan I have not yet found 
the limit. 


To sum up : — Roughly speaking, one of these fans, in action, divides the 
space around it into two regions, separated by a vertical plane passing 
through some lino in the blade of the fan parallel to its tip. From the 
region behind the fan air is sucked, in irrotaiiowil motion, in all directions, 
towards the fan; into the region in front air is driven forth in rotational 
motion away from the fan. The fan cannot therefore be said to create 
a current in the ordinary sense of the word. What it does is to collect air 
from one wide region into a narrow space, and there to give it energy, both 
rotational and irrotationni, hy means of which it passes into another region, 
in which it moves through a longer, wider, and higher space than that from 
which it was eolloctod. The fan is therefore a factory for turning still 
or comparatively slowly moving air into powerful vortices, which, by 
coalescing and reinforcing one another, are able to move through an enormous 
area, and to drive before them, in an ascending forward<moving stream, the 
air or gas that previously occupied the space through which they travel. 

After the war, when practical problems are less insistent, T hope to enter 
more fully into the theory of this system of ousting undesirable gases by 
hurling vortices into them. Fur the present, it only remains for me to 
express my most grateful thanks to Mr. Greenslade for tlie patriotism and 
enthusiasm with which he came to my aid, devoting his holidays to the 
purpose. He did all the ]fractical work of oiganisirig the tests of the funs 
and training soldiers to carry them out, both at Chatham and at 
France; and later he went to all the four British armies in France to teach 
officerfl and N.C.O.’s what could be done with the fans and how the men 
should be trained to use them. He thus gave me invaluable assistance in 
a part of the work that I could ill have undertaken myself. 
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On the Colours of the Strite in Mica, and the Rtuliation from 
Laminar Diffracting Boundaries. 

By Phanindua Nath Ghosh, M.A., Lecturer on Optica in the Calcutta 

University. 

(Communicated by Dr. Gilbert T. Walker, C.S.I., Sc.D., F.RS. Beceived 

April 29, 1919.) 

1. lutrodwtum. 

The phenomenon which forms the subject of this paper was briefly 
described in a preliminary communication in * Nature,' made jointly by 
Prof. C. Y. Baman and the author of this paper, accompanied by a short but 
suggestive note by Lord Rayleigh.* It is observed when a clear sheet of 
transparent mica is placed in front of a good acbronuttic lens, and examined 
I 7 the well-known Foucault “ knife-edge” test, otherwise referred to also as 
the Topler “ Schlieren ” method. The arrangement is shown in fig. 1. White 
light from a slit, S (illuminated by a half-watt inoandescent lamp of 100 C.P.), 
is incident upon the lens, L, which forms an achromatic image of the slit at 
some distance from the lens. A knife-edge, K, is put in the focal piano, and 
so placed that the light coming to a focus in the ordinary way is completely 
cut oif. 

The telescope, T, with its objective just behind the plane of the knife-edge, 
is pointed towards' the lens,, and is focussed on the surface of the mica (M.M.) 
placed immediately in front of the lena 



The mica, as a whole, being optically good, remains invisible, but a few 
more or less irregular striie or lines on its surface are generally visible, and 
these are seen in the apparatus as brilliant and vividly coloured lines of light, 
the colours being usually different for different strue. If the mica be turned 
about an axis in its own plane («^., into the position M'M' shown in the 

* “ On the Coloun of the Btriio is Mice,” ' Nature^' November 14, 1818. 

TOb. XOTl.— -A. T 
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figure), the oolours change in a remarkable manner. For instance, a stria' 
that appears in the normal position as a fine golden yellow line, on rotation 
of the plane gradually changes colour to purple, then to blue, then to green, 
and finally to the yellow colour. The phenomenon is best seen when the 
stria under observation runs more or loss parallel to the direction of the slit 
8 in the illuminating apparatus. 

It is proposed in the present paper to consider these effects in some detail, 
and to describe some further observations made by the writer since the 
publication of the preliminary note in ‘ Nature.' 

2. Nature of the Strue. 

The nature of the optical irregularities that constitute the strise in mica 
may be readily determined. One method of settling the question is by the 
observation of Haidinger’s rings in mica, which liavo been recently very fully 
studied by Chinmayanandam.* 

The mica is placed about an inch in front of, and parallel to, a sheet of 
white cardboard, which is illuminated on the side facing the mica by the 
light of a Cooper-Hewitt lamp. The reflected system of interference rings is 
observed through a small hole in the centre of the cardboard placed close to 
the eye, the rear face of the cardboard being blackened to avoid extraneous 
light. When the mica is moved in its own plane, it is noticed that the first 
few rings expand or contract when a stria passes over the system. The rings 
also appear distorted and irregular so long as the stria remains in the field of 
vision. 

The foregoing oliservation clearly indicates that a stria is the boundary 
separating regions in the mica having slightly different thicknesses. Its 
exact outline is, however, better seen in monochromatic light, when the eye 
is focussed on the surface of the mica, which has then, of course, to be 
removed to some distance from the observer. As described by Lord Bay* 
leigh in his note “On the Regularity of .Structure of Actual Crystals,"! the 
surface then appears divided into patches of different intensities, the patches 
themselves appearing uniform and the boundaries sharp to an eye focussed 
on the plate. It is readily verified by examination of a number of specimens 
that it is these boundaries which appear as strice when mica is examined by 
the knife-edge test. The strite are apparently formed by the unevenness of 
the splitting of the mica. This is indicated by the fact that the strise in the 
pieces formed by dividing a sheet of mica into two, are exact counterparts of 
each other. 

* ‘ Boy. See. Proc.,’ A, vol. 06 (1010). 

t ' PhU. Mag./ vol. 10^ pp, 06-W (1010) ; ' Scientific Fapera/ vol. 6, 04S, pp. 636-610. 
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On the Colours of the Stnce in Mica. 

In the experimental work described in this paper, tlic differences of 
thickness on the two sides of the strise were determined with the Jamin 
interferometer. When tliis difference is considerable, it is rendered evident 
in ordinary day>light on putting the mica between crossed nicols, by the 
difference of tint seen on the two sides of the boundary. 

3. Lamina)' Diffraction and the Coloure Observed in the. Foucault Test, 

The writer has found an interesting relation between the colours of the 
striie, as seen in ttie Foucault test, and the ordinary phenomena of laminary 
diffraction. When white light from a point source passes thi'ough a sheet of 
mica, the non-uniformity in the thickness of the plate and the consequent 
'differences in the retardation produced by it, disturb the wave propagation, 
and each stria in the mica produces in the field of transmitted light a 
system of diffraction fringes which follow the general outline of the stria in 
their shape. These fringes may be readily observed through a low-power 
eye-piece placed behind the mica some distance from it. Each s 3 'stem is 
more or less exactly symmetrical about its central fringe, which is strongly^ 
coloured. The writer has found that the colour of any stria, as seen in the 
Foucault test, is exactly eompUmetUary to the colour of the central fringe in 
the laminary diffraction pattern produced by it. For instance, a stria that 
fit normal incidence appears golden-yellow in the Foucault test, produces a 
laminar diffraction pattern with a greenish-blue central fringe. The com- 
plementary character of the two phenomena holds good also when the mica 
is held obliquely in the path of the incident light. For instance, on 
rotating the mica, the colour of the central fringe of the diffraction pattern 
produced by the strife noted above changes from greenish-blue to green, then 
'to red, and finally again greenish-blue. For any given wave-length, when 
the central fringe is bright, the stria appears dark, and vice versd. 

The foregoing observation enables ns clearly to see the relation between 
the luminosity of the striae, as observed in the Foucault test, and the 
celative retardation of Ae wave-front on the two sides of the boundary 
which the stria represents. When the difference in the retardation is an 
.exact integral multiple of a wave-length, the wave-front emerges from the 
plate practically without disturbance, and it follows from what has been 
said above that the luminosity of the stria in the Foucault test for the 
particular wave-length must vanish. Similarly, when the relative retardation 
is an integral number of wave-lmgths plus half a wave-length, the central 
fringe in the laminar diffraction pattern would be perfectly black, and the 
lundnosi^ of the stria in the Foucault test would then be a maximum for 
the wave-length consideTed. 

T 2 
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The 8tri«e only appear coloured when the difference of retardation on the' 
two sides of the boundary does not exceed a few wave-lengths. With 
greater thicknesses the strim appear luminous, but white. In these cases, 
however, by putting a prism at the eyepiece end of the observing telescope, 
the image of each stria may be seen drawn out into a spectrum, crossing 
which we have two, three, four, or even larger number of dark bends, 
representing wave-lengths for which the luminosity of the stria is zero. 
The changes in the position of the bands in the spectrum produced by 
tilting the mica about an axis in its own plane may also be readily noticed. 

4. Attempts to Reprothue the Phenomenon btj Etching Glass Plates. 

Mica, with its transparency and the ease of its natural cleavage, is by far 
the most suitable material for observing the colours of laminar boundaries in 
the Foucault test. Suitable pieces of selenite have also been found to show 
the phenomenon, though in a much less striking manner. Cleavage rhombs 
of calcite also occasionally show coloured strim. It was thought that it 
would be of interest to see if the phenomenon could be reproduced 
artificially by etching part of a glass surface with very dilute hydrofluoric 
acid, the other part being protected by a coating of wax, which is subse- 
quently removed. Several attempts were made by this method, as also by 
coating part of a glass surface with very thin films of collodion or celluloid, 
but the results obtained were not encouraging. A plate thus coated or 
etched generally shows the boundary as a luminous line, more or less 
perfectly white, and with hardly any trace of colour. Only in one case was 
anything like a definite indication of colour obtained, but this was a very 
poor contrast with the gorgeous displays furnished by mica in the Foucault 
test, The failure to obtain colours in these oases appears to be due to the 
want of suddenness in the change of thickness at the boundary formed by 
etching or coating a plate of glass. 

Obviously, in the case of a gradual slope, we have a less simple case 
of laminar diffiraotion than when we are dealing with a sudden change of 
thksknesB. The principal differences are that, in the former case, the 
laminar difftaotion occurs from an area of finite width, and there is also 
a distinct element of asymmetry ; whereas, in the latter case, the scattering 
of the light by the boundary must obviously occur in a more or leas 
symmetrical manner. That there is actually an asymmetry of the kind 
indicated in the case of etched or coated glass plates can be shown experi- 
mentally. Eeferring to the diagram of the apparatus (fig. 1), it will be seen 
that it is open to us to put the knife-edge in the focal plane either from 
above or below. In the cose of mica this is found to make no appreciable 
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diiference, bo long as the area of the objective of the observing telescope not 
covered by the knife-edge is the same in both oases. But with the etched or 
coated glass plates a very great difference is found in the luminosity of the 
stria according as the knife-edge is put in from above or from below. 
Apparently, an appreciable area of the wave-front is retarded in an 
unsymmetrical manner, and this leads to a marked difference in the intensity 
of the diffracted light on the two sides of the focus. 

The difficulty in obtaining a perfectly sharp boundary by etching a plate 
of glass is also shown by observations of the laminar diffraction pattern 
produced by a point source of light with a plate so etched. The diffraction 
fringes show a marked difference of intensity on the two sides of the 
shadow of the boundary.* 

The dependence of the configuration and intensity of the laminar diffraction 
fringes on the nature of the transition at the boundary would appear to 
furnish an interesting field for study. 

6. Apparent DouU'mj of the Stria} hy Phuee-Beversal, 

An interesting effbet is noticed if, instead of the knife-edge ordinarily used 
in the Foucault test, we substitute a central stop, which cuts off the light 
brought to a focus by the achromatic lens, but allows the light on both 
sides of the focus diffracted by the stiite to enter the object-glass of the 
observing telescope. Each of the stria* in the mica then appears dovhled, a 
fine perfectly black line appearing in the position of the stria?, and a bright 
coloured image of the stria on either side of it. The effect is somewhat 
similar to that recently described by Banerjif in regard to the luminous 
boundaries of diffracting apertures, except that, in the present case, the 
fringes on either side of the central black line are coloured and not white, as 
in the case of opaque screens. The explanation of the effect is analogous to 
that given by Baneiji, viz., that the light diffracted by the stria and 
reaching the focal plane of the achromatic lens is in opposite phases on the 
two sides of the focus.- . We may regard each stria as giving out two streams 
of diffracted radiation, one on each side of the direction of the regularly 
transmitted rays, and these two streams are in opposite phases. Oon- 
seqnently, when they both enter the observing telescope, they interfere, 
and give zero illumination at the position of the image of the boundary, 
and luminous fringes on either side of it. The inteneity of the radiation 

* 'Hie asymmetry can be deaily seen in a photograph of laminhi diftraction by an 
etched glass plate reproduced in & W. Wood’s ‘Physical Optics’ (1914 edition, p. SSI), 
though Wood does not draw attention to this feeture. 

f S. K. Banerji, 'niiL Mag.,* January, pp. 110»1S8 (1919), 
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from the laminar boundary depends, of course, upon the relative retardations 
of the wave-front on the two sides of the boundary, and is a maximum when 
this retardation is half a wave-length plus any integral number of wave- 
lengths, and a minimum when the retardation is an integral number of 
wave-lengths. 

6. Mathematifol Theory. 

Lamhiar DiffraUwn. — A rigorous treatment of the diflVaction of light 
by a laminar boundary does not appear to have been given, and would 
obviously be difficult. Primd fade, it may be expected that the boundary 
would scatter light in all directions, the intensity of the scattered radiation 
depending in a somewhat complicated manner upon the angles of incidence 
and diffraction, upon the difference in thickness and the nature of the 
transition at the boundary, upon the wave-length and refractive index or 
indices of the medium, and also upon the state of polarisation of the incident 
light. In dealing with the Foucault tost, however, we are practically con- 
cerned with small deviations, that is with the effects observed in the direc- 
tions not far removed from that of the incident waves. This limitation 
simplifies the problem, as the ordinary Fresnel-Kirchoff treatment of 
difilraction phenomena then becomes applicable. If the difference of thickness 
at the laminar boundary does not exceed a few wave-lengths and the 
transition is more or less sudden, it may be legitimately assumed that the 
wave-front after passage through the plate consists of two parts, one retarded 
with respect to the other by a certain interval. 

The difference 2p of the retardation of the two parts of the wave-front is 
(/i— 1) e if the plate be held normally, e being the difference of thickness. 
For oblique incidence, it is easily shown that 2p s «(/toosr— cos t), which 
may also be written in the form «(8in (i— r)/8in r), or /ie8in(i— r)/8in t. 
From this, it is clear that the difference of retardation increases with the 
obliquity. 

Elementary theory shows that directly behind the laminar boundary the 
intensity is a maximum or minimum according as 2p is an even or an odd 
multiple of half the wave-length of the light used. In addition on both 
sides of this line there are diffiaotion fringes symmetrical about the line.* 

ThMry of Foucault Teat. — A. stricter theory which takes into account the 
convergence of the wave and the limitation of its aperture in passing through 
the achromatic lens and also the limitation in the focal plane of the lens by 
knife-edge and by the object glass of the observing telescope, is given in a 
recent paper by Lord Bayleigh.t 

* Wood's 'Optics,* Gbap. VII, Section : Diffraction by Thin Laminie. 
f * Phil. Mag.,’ Felnuary, p. 174 (1917X 
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He considers the case of the retardation produced by a discontmuous 
laminar boundary, and shows that Ae direction of the boundary would 
appear strongly marked by an excess of brightness. 

It seems unnecessary tu repeat here the detailed analysis given by him to 
which the reader might be referred. Lord Rayleigh’s results may, however, 
be quoted in order to illustrate and explain the phenomena actually observed 
with mica. The discontinuous boundary being visible in the centic of the 
Held of the observing telescope, the expression of intensity for the direction 
of the boundary takes the following form for a given wave-length \ : 

1(0) = [cos^ 

+ 8inB^* 1 2 log^-|-20f^^-2Ci?^*l- f, (1) 

• XL f 1 X X J J 

where $ is the semi-angular aperture of tlie achromatic lens ; and fa are 
the lower and upper limits of the opening in the focal plane. 

We may now proceed to show that the colours of the striie, as seen in the 
Foucault test, ara virtually independent of the position of the knife-edge in 
the focal plane, provided it be sufficiently advanced to cut off the bulk of 
the light;coming to a foons in the ordinary way. The intensity of luminosity 
as given by (1) depends on the magnitude of f\ and fa- 

When fa is large, St( 2 irtf( 9 /X) can be taken to be Jtt and Ci {2v6fal\) 
may be neglected. 

We may then write 

I (0) = [cos |,r-2Stl2^ j. -bsin ^2 \og^+ 2 Ci J- 

Further, if fi be small compared with fa, log (Jfaffi) is large ; and 
provided ^ >(X/2 $), %.e., if the knife-edge be sufficiently advanced to cut 
off at least the whole of the central band in the diffraction pattern in the 
focal plane, the coefficient of sin (2 irpfX) within the brackets practically 
reduces to the quantify 21og(^/(i), which is independent of the wave- 
length, and is also much larger than the coefficient of cos (2 wp/X). 

Hence it follows that when the knife-edge is sufficiently advanced in the 
focal plane to cut off the bulk of the light coming to a focus, any farther 
movement of the knife-edge which increases fu merely reduces the apparent 
intensity of the luminosity of the laminar boundary, but does not alter its 
colour. This is, however, not true if |i be smaU, that is, if the knife-edge 
does not completely cut off the central band of the diffraction pattern for all 
the wave-lengths in the visible spectrum. For the Ci function has then a 
large value and is not negligible in comparison with log ifaffi), and the light 
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of longer wave>1engthB which comes to a focus and escapes being eut off by 
the knife-edge, produces an appreciable alteration in the colour of the stria) 
as seen in the observing telescope. Tf the ooefBcient of coB*(2ir/>/X) bo 
sufficiently small, the colours of the strini arc practically determined by the 
variation of 8in*(2irp/\) with the wavo-length, 2p being the relative retarda- 
tion on the two sides of the laminar boundary. The intensity is a maximum 
for those wave-lengths for which this retardation is half a wave-length plus 
any integral number of wave-lengths. 

In any case, the colour of the stritc can be calculated for any given value 
of p, using the Maxwell colour triangle in a manner similar to that used by 
Lord Kayleigh in discussing the interference colours of thin plates.* 

The expression given by I/>rd Itayloigh also serves to explain the apparent 
doubling of the slria) described in Section 5 above. In this case we have 
two apertures symmetrically placed extending flrom to and — to —ft, 
and the expression for the vibration in the focal plane may then be written as 

+ 2 . oo8T[8in^ + 

In the direction of the boundary, when ^ = 0, the coefficient of 
sin irrp/X vanishes, and 

I (0) = 16 COB* 

which gives very small values for the intensity. When ^ is slightly less or 
greater than zero, we get large values for the intensity ; showing that the 
strisB appear doubled with a dark line in the centre. Further, it is found 
that in passing through the direction ^ as 0, changes sign, thus showing 
that the phase of the diffracted waves differs by w on the two sides of the 
boundary. 

7. JSxperimerUal Tett$ of the Theory. 

From a knowledge of the difference of retardation at a stria (os deter- 
mined with the Jamin interferometer), the colour it should show in the 
Foucault test may be computed, using the method of the Maxwell ooloni 
* * ffdlnbwgli Timnsaetions,* SS, pp. 167-170 ; ‘Seientifio Pspers,' vol. 8^ pp. 
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triangle, and checked with that actually observed. This was done for ttie 
oases noted below, and good agreement was fotmd. 

2p. Colour actually observed. 

456 X 1 ciiiB. Golden yellow. 

527 X 10^^ cms. Purple. 

6;ll X 10“' cins. Blue. 

A qnautiUtive te»b of the formulce for the case in which the mica is held 
obliquely, is ^lossible by using approximately monochromatic light for 
illuminating the slit, and finding the angle through which the mica should 
be rotated from the normal position to extinguish the luminosity of the stria. 
This should occur when the retardation for the oblique position is equal to 
an integral number of wave-lengths of the light used. The test was actually 
made by putting a red glass plate in front of the illuminating slit having a 
transmission region from about 6300 A.U. to 6600 A.U. in the spectrum, and 
turning the mica till the stria under observation vanished. This was done 
for the two cases noted below : — 



1 

Botfttion necessary for extinction, 

1 

(for nomiEl poiition). 

Observed. 

Calculated. 


u f 

c / 

466 K 10”^ cmi. 

68 10 

tn so 

627 « 10"^ omi. 

40 6 

48 80 


According to the theory set out above, the colour of a stria is determined 
by;the difference in the retardation of a wave-front passing on cither side of 
it. If the mica be immersed in a cell containing liquid, this retardation, 
which in air is (/t— l)c decreases to (/i— where is the refractive index 
of the liquid, and we should accordingly expect to find that the colour of stria 
as seen in the Foucault test should also alter. This is confirmed in experi- 
ment, and it is also notiped that strise which are luminous but white in air 
(being too thick to show colour) appeared coloured when immersed in a cell 
containing water. As a specific instance may be quoted the case of a stria 
which in air appears green, and immersed in water appears violet. 

. The refractive index of water being taken as 1*33, this observation is found 
to be in quantitative agreement with theoiy*. 

8 . SummoLty aiul Chnclwum, 

The paper describes the results of a fuller investigation of the phenomenon 
of the coloured striaa observed when mica is examined by the Foucault test. 
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described by Prof. C. V. Paman aud the present author in a preliminary 
communication in ' Nature.’ The following are the principal results obtained 
which have been discussed in the light of mathematical theory. 

(a) The strifis are shown by an examination of the Haidinger's rings in 
mica (and also otherwise), to be the boundaries between parts having slightly 
different thicknesses. 

(b) The colour of any stria as seen in the Foucault test is complcmentaiy 
to the colour of the central fringe in the luminary diffraction>pattern 
produced by it. 

(c) The colours are altered by holding the mica obliquely, or by immersing 
it in a cell containing liqtiid. 

(d) The luminosity of a stria in the Foucault test is approximately a 
maximum when the phases of the wave-front after passing through the plate 
on the two sides of the stria are opposite, and practically zero when the 
phases are identical. 

(e) Attempts to reproduce the phenomenon by etching glass plates with 
dilute hydrotluoric acid were not very successful, owing apparently to a want 
of sufficient sharpness in the l)oundary thus produced. This is indicated by 
the fact that such a plate shows distinct atymmetry with reference to the 
direction of the incident light, both in the Foucault test and in laminar 
diffraction. 

(/) The stritc in mica appear doubled (with a black line in the centre), 
when the light coming to a focus is screened in a symmetrical manner, 
instead of by a knife-edge as in the Foucault test. 

It is proposed at an early opportimity to continue the work, especially in 
I'egard to the colour and polarisation of the light diffracted through large 
angles by the striie, and also to make a fuller study of the cases in which 
light is diffracted by a laminar boundary in an uosymmetrical manner. 

The experimental work described in this paper was carried out in the 
Palit Laboratory of Physics, aud the writer wishes to express his cordial 
thanks to Prof. G. V. Raman with whom he was associated in the preliminary 
observations of the colours of the strife in mica, and at whose suggestion he 
undertook the detailed investigation of the phenomenon. He also wishes to 
thank Dr. Gilbert Walker, F.R.S., for his kind interest in the research and for 
bringing it before the Boyal Society. 
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Ijy A. Mallock, F.R.S. 

(lieceivod June 11, 1919.) 

The effects of the diffusion of light by small particles may broadly le 
divided into two classes, according as the linear dimensions of the particles 
are large or small compared with the wave-length of tho light. In the 
pi-esent note only the first of these classes is considered. 

Hain, cloud and fog all consist of ^mall spheres of water distributed 
at random in the air, and with very different degrees of concentration. 
Their linear dimensions may exceed a tenth of an inch, in the case of rain, 
or be less than a thousandth of an inch in cloud and fog. 

The action of individual spheres on incident light is given in the theory 
of the rainbow. Any direct ray from the souitie of light is scattered but not 
uniformly, partly by external and partly by internal reflection ; but when 
so many drops are contained in a given volume that none, or only a very few 
of them, receive any direct light, eacli drop acts as a separate source, 
scattering such light as it receives from the others in every direction 
uniformly. 

Let a source of light be situated within an indefinitely extended cloud, 
and let the drops be perfectly transparent, so tliat there is no real loss of 
light by absorption, and consider the illumination at such a distance from 
the source that no direct rays operate. Since the total quantity of light 
passing through every spherioal surface about the source is constant, it is 
clear that the illumination will vary inversely as the square of the distance 
from the source, and will be the same as the brightness of a small perfectly 
white plane surface (which may be called a proof-plane) at the same distance 
when fully exposed to the direct rays. 

As to the rate at which direct illumination is reduced as the distance 
increases ; suppose that n drops of diameter c are contained in the volume a\ 
If these were all placed side hy side they would stop all direct rays, if 
n s= * but as in reality they are scattered at random through some 
will screen others, and it becomes a question of probabilities to determine 
how far this screening action increases the chance of direct radiation reaching 

* Since the drops are circular in section, and since a hexagon is the regular figure most 
nearly approaching a circle which can cover an area without overlap, the actual number 
of drops required to out off all direct rays will exceed a’/n* in the ratio of the area of a 
cirde to that of the inscribed hexagon, but as in the present note the order of magnitude 
rather than its exact value is considered, it is unneceasary to introduce this ooeificient. 
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the far side of the volume ei?. The problem is the same as the determination 
of the number of empty spaces which would probably be left on an area a*, 
divided into n equal squares, when n things were thrown on it at random. 

The n things can be made into parcels in various ways, and these may 
fall on any combination of the n areas taken 1, 2, 3, etc., at a time. 

Questions of probability are rather notoriously liable to bo wrongly 
estimated, but I believe that in this case the most likely result is that halt 
the sqriares will be empty. Also, that in the case of mn things being 
thrown, the probable number of empty squares is 1 /2’”. 

It may be noticed that, however small the quantity of water per unit 
volume, it is always possible to divide that quantity into a sufficient number 
of drops to cover the unit area,* but in the cases here considered, the 
permissible smallness is limited by the condition that the diameter must 
not be less than, say, ten wave-lengths, or roughly 1 / 5000 of an inch, and 
since the atmosphere at ordinary temperature contains about one part in 
100,000 of water vapour, if this were condensed in the form of spheres 
1/5000 inch in diameter it would require a column of air 20 inches long to 
contain a sufficient number of drops to stop, when placed side by side, all 
direct radiation, or to stop half the direct light when distributed at random 
in the same volume. 

If the length of the column (or thickness of the stratum) which halves the 
direct light be denoted by I, I may be taken as the coefficient of trans- 
parency of any collection of drops of constant size. 

For drops a tenth of an inch in diameter I would be 10,000 inches, and 
generally, the same obstruction to direct light occurs when I varies as the 
diameter of the drops. On the assumption that no light is lost in the act 
of reflection, the difihsed light at a distance m I from the source will vary 
as 1—2"*'. Thus, in the case of an unlimited sheet of doud or shower 
illuminated by the san,t the brightness of the proof-plane, if it fuses the 
source of light, is always constant in whatever position in the cloud it is 
observed, but when within only a small multiple of I from the boundaries 
(front or back), part of the illumination, or loss of illumination, is by direct 
radiation, and part by diffused light or its deficiency. In such positions the 

* The eauie propoaition aihews either that store cannot be uniformljr eeattered through 
all spaM or tfajst light is in some way lost in transmission, or that the greater number of 
the stare gire no light, or again, more improbably, that visible space la bounded by 
eooMthing impervious to light. Unless one or other of these alternatives were true, 
etarl4^t would be brighter than annlight in nearly the same proportion aa daylight from 
white clouds exosads the light from the full moon. 

t Or when the distanee from the source is great compared to the thickness of the cloud 
aheot. 
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brightness is affected by the angle which that normal to the proof-plane 
makes with the direct rays. 

If a cloud contained a source of light and was also surrounded by a iwrfect 
reflector, the illumination of the enclosure would bo everywhere constant 
and of the sanm intensity as the source itself. 

The diflbsion of light by cloud, etc., follows the same laws as the diffusion 
of heat in a nearly perfectly conducting body, and with this restriction 
regarding conductivity the same propositions apply to both as far as steady 
flow is concerned, but since in the case of light the rate of conduction is the 
velocity of light, the variation of flow in terras of time has no practical 
importance in this connection.* 

The diffusion of light and heat in a perfectly conducting sphere or in a 
long prism may, for example, be compared. If the sphere contains the 
source the brightness of the proof-plane when turned to face the source is 
everywhere inversely as the square of the distance from the source, 
but that part of the intensity, however, which depends on diffusion is 
modified as the point of observation approaches within a few multiples 
of / from the surface. In the analogous case of the diffusion of heat, 
similar changes of temperature would Ije found if the proof-plane were 
backed by a substance impervious to heat. When close to the surface, 
and with its back to the source, the intensity deiretids entirely on difiusion 
from that part of the sphere which lies between the proof-plane and the 
boundary facing it, which part is itself losing energy by direct radiation into 
space. If the proof-plane is gradually turned so as to face the souiee, the 
temperature at the same time rises gradually to its full value. 

The same form of integrals which determine the intensity for an internal 
source apply when the source is external, but in either case it would Ire 
difficult to compare the results of experiment with theory. Such a com- 
parison, however, for a prism or a bar, one end of which was exposed to a 
constant source of light, or kept at a constant high temperature while loss 
by radiation was going on from the sides, could easily be made. The 
effects of a cloud could be copied by a tube containing an emulsion of 
colourless oil and water lit from above. The intensity at the section 
distant x from the surface would be proportional to e~**, and would lie 
nearly uniform across that section if the lateral dimension of the bar were 
small compared to f. In an actual experiment the loss of light by 

* Fourier (‘Traits de CSialeur,’ chap. IX, {k 430) recognieea two coefficients of conduc- 
tion, which he colls the *‘p6n£toabilit6’’and the “penn6aUlit6" of the eabstanue. The 

first relateo to radiant heat, and the second to ordinary conduction. In the diffusion of 
light the "ptedtrabilitfi” and “perm^abilitd” are identkaL 
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reflection and absorption wonld have to be taken into account, and would 
be represented in the exponent by an additional term depending on the 
properties of the fluids forming tlie emulsion, or of the l)ar. 

Keturning to the subject of the diffusion of light by rain, etc., the following 
Table shows the effect of a shower or cloud in obscuring the direct light of u 
■ilistant source. 

The difficulty of seeing objects through a stratum not many times I in 
thickness depends chiefly on tlie diminished contrast between light and shade 
caused by diffusion, and not on loss of definition ; the sun, for instance, can 
■often bo seen perfectly defined tlirongii a layer of cloud which reduces its 
light to a very small fraction of its unshaded intensity. 

The quantities used in the computation of the Tabic are : — 

a = Unit length. 

Column I. c = Diameter of drop. 

II. n — = number of drops in volume a* requisite’ to halve 

the directly transmitted light. 

„ 111. I — I.ength in inches of a column of the cloud of section of 
the cloud of section which contains n drops. 

., IV. / = Ditto in feet. 

L = Thickness of the cloud in line of sight. 

771 = L//. 

Q =: Water-content of cloud in volume a^. 

Jo = Brightness of proof-plane exposed to direct light from the 
source (supposed distant). 

Il = Ditto. Due to direct light at distance L from the lit 
boundary of the cloud. 

„ V. N — Number of drops per unit volume of cloud. 

„ VI. D = Average distance between the drops. 

These are related as follows : — 

(l)ii = a*/c*, (2)f»c/Q, (3)»i = L//, (4) U = lo x2 » (5) N * n/f. 

(6) D = N-*. 

it has been assumed (as a not impossible proportion) that Q = 1/100,000.* 
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Table I. 


I. 

n. , 

in. ; 

IV. 

V, 

VI. 

('•)■ 

iiich«B. 

(»)■ ' 

(0. 1 

inches. < 

(»). 

feet. 

(N). 1 

1 

(D). 1 

iQchei}. 

0-1 

100 

10,000 I 

830 

0*01 

4-fl 

0*08 

164 

8,000 

666 

o-oao4 

8-06 

O-OG 

286 

6,000 

600 

0-0475 

1 2-71 

0-06 

400 

5,000 i 

417 

' 0-080 

2-82 

0'04 

026 

4,000 

383 1 

1 0-166 

1*82 

0*02 

2,500 

2,000 

166 1 

1 1 -26 

1*046 

0 01 

10,000 

1,000 

83 

10 

0*488 

0*008 

10,400 

800 

666 1 

1 20-6 

0 *865 

0*006 

28,600 

40,000 

600 ! 

60 

47*6 

0*276 

0-006 

600 1 

41 *7 

80 

0-232 

0-004 

62,600 

400 ; 

83 -3 

866 

0-140 

0 002 

260,000 

200 

16 *6 

1,260 

U-092 

0-001 

1,000,000 

100 { 

1 

8-3 

10,000 

0-022 


Tliere in an obvious connection between the opacity of a shower and the 
rainfall ; for the size, concentration, and velocity of the falling drops govern 
tlie latter, while the opacity to direct rays depends on the size and concentra- 
tion only. 

If 'tq is the rate of rainfall and v the velocity of the drop, vc = wl; and it 
may las noted that a rainfall of 1*15 in. per day is equivalent to w ss 1/100,000 
in. per sec. 

Ak far as I know,* there are no experiments or observations on the size of 
the drops which constitute rain, cloud, or fog (although when the drops are 
very small some evidence on this point can be got from the subtense of the 
halos they produce), nor has the velocity of moderate sized rain drops been 
measured. The theoretical work of Stokes, in which viscosity is supposed to 
control the I'etardation, to the exclusion of the inertia of the surrounding air, 
applies only to very minute particles. 

If the equation vc = wl is applied to the results given in the Table, it will 
be seen that Q has been greatly overestimated, and that in the case of rain 

* Since thiH passage was 'bitten mv attention has been drawn to the following 
papers, which bear on the subject ;^(1) Lenard, * Meteorologische Zeitschrift/ 1904, 
p. 249 ; (2) Schmidt, ^ Meteorologische Zeitschrift,’ 1909, p. 183 ; (3) Wiesner, ' Vienna 
Akod. Sitalier./ vol. 104, I, p. 1397 (1895). Lenard and Schmidt give experimental 
determinatfons of the velocity of falling drops in terms of their diameter. The methods 
employed were quite different, but the results are in sulistantial agreement. Schmidt 
compares his own and Lenard's values with those given by a formula of the type 
V ■= l/y i/AHHh i/U-v/r (r « velocity, r -■ radius of drop). The constanta have been 
chosen so as to make the formula agree with experiment for small values of r. As r 
increases there is a considerable and growing divergence between the v of the formula 
and the v actually measured. 
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the drops cannot fonii anything like 1/100,000 of the total volume. Fur 
example, though the limiting velocity of drops a tenth of an inch in diameter 
has not been measui'ed, ordinary observation of heavy rain will show that it 
is not less than 10 ft. i)er sec., and thus with Q = lO’*^ w would be not less 
than l‘2x 10*xlO"VlO^ I’et sec., i.e., 100 in. per day. There are no 
measures, as far as I know,* of rainfall per second, or for any short intervals, 
but it is not impossible that a rate uf 10 in. per day, or even more, might be 
reached occasionally. It may safely be inferred, however, that even in the 
heaviest rain Q is rarely as great as 10~* 

The case is rather different for fog and mist, where the velocity of the drops 
is very small, but even when a fog is so dense as to make a street-lamp only 
just visible at a distance of 10 ft. (the densest white fog in my experience) it 
will be found that either the drops must have been much less than a 
thousandth of an inch in diameter or Q much less than 10~*. 
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§ 1. Introductory. 

It was recognised in the early days of spectrum analysis by Stokes and 
KirchhofT that the absorption of light by a sodium flame or by sodium vapour 

* Wieoner gives on account of the rainfall at Buitensorgi and has moosured the 
rote of rainfall over intei'vals of 6 to 16 minutes. In one cose the rate of rwnfall of 
3*27 metres per day (nearly 46,000 inches pw yew) woe recorded os lasting over 
16 minutes. 
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was conditioned bj resonance of the vibrating sodium molecules to that 
period in the exciting light which was removed. In more recent days our 
knowledge of these phenomena has been much extended by E. Wiedmann^ 
and later, S. W. Wood, who showed that the absorption just mentioned was 
accompanied to some extent by lateral re-emission.* L. Dunoyer has also 
made important observations. This is the phenomenon known as resonance 
radiation. 

[Since this paper was written I have to lament the death of my beloved 
father, Lord Bayleigh. I found the following rough memorandum, dated 
September, 1897, among his papers, not put away carefully, but in a pile 
of letters and pamphlets of no value. It was written long previously to 
my own interest in the subject, and I think he had quite forgotten having 
considered the matter; at all events, he never referred to it when I showed 
him some of my own experiments. The memorandum runs thus ; — A 
moderately fed soda flame stops light of D quality incident upon it. This 
may be seen to some extent with sunlight, but better with electric arc, 
or perhaps with another and brighter soda flame. What is the nature of 
this stopping? It is generally spoken of as absorption. But this seems 
unlikely. It must be a molecular operation. If the molecule in the 
Bunsen shines on excitation, how can it fail to do so as the result of energy 
of the right sort already falling upon it, and certainly operative upon it ? 
It seems more likely that the energy is re-radiated without absorption, 
is., that the light is scattered. If so, it would probably be scattered as from 
small particles of the ordinary sort with polarisation effect ." — Jviy 21, 1919.] 

The range of conditions for rosonance radiation is much more restricted 
than for absorption. Had it been otherwise, the discoveiy would not have 
been so long deferred. Absorption is not interfered with — indeed, the 
absorption lines are much broader and easier of observation, when the sodium 
vapour is enormously diluted with foreign gases, as, for instance, in a Bunsen 
flame. The ouses of this broadening are not yet clear, but it is certain that 
the lines become very much narrower when the sodium is in vacuo, and it is 
under these conditions that the I'esonance radiation makes its appearance. 
Evidently the same interaction with the surrounding gas which broadens the 
absorption line in some way conditions the disappearance of the resonance 
radiation. 

^ For an account of Wood*a investigations prior to ISli, sea his * Physical Optics,' 
and ed., and papers in the * Philosophical Magazine ' since tl^t date. Dunoyer’s more 
important papers will be found in *Le Radium,* vol. 9, May, 1812, and ‘Journal de 
Phynqne,* January, 1914. My own earlier observations will be found in *Boy. Soc. 
Pros./ A| voL 91, pp. 389 and 511 (1915). They are summarised in the present paper, which 
also contains new material. 

▼ou xon.-*A. 


u 
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Since the absorption lines are extremely narrow under the condition* 
which are favourable for observing resonance radiation, and since only the 
absorbed radiations can be efiPective, it results that for good efficiency the 
source employed to stimulate the resonance should be one giving extremely 
narrow bright lines. Light belonging to any other part of the spectrum is 
worse than useless, for it is inevitably diffused to some extent by the walls of 
the vessel used, and tends to mask the effects to be looked for. 

The salted Bunsen flame is a very poor source of radiation for these experi* 
ments, because of the breadth of the lines. As Dunoyer has shown, it works 
to best advantage when sparingly supplied with salt, for when salt is freely 
supplied the lines become broader, and useless radiation outside the effective 
region of the spectrum is added ; on the other hand, the effective radiation 
from the centre of the line is little if at all increased, for the line becomes 
conspicuously reversed, the centre being the darkest part. 

I have found very great advantage in substituting for the soda flame a 
sodium vacuum arc in quartz, similar in principle to the familiar quartz 
mercury arc. Tlie sodium lamp is, of course, considerably more troublesome 
than the mercury lamp, but of late I have succeeded in making improvements 
in this respect. 


§ 2. The Sodium Vapour Lamp, 

The present construction of the lamp is shown in fig. 1. (a) is the silica 
envelope. The electrodes are fitted to it by indiarubber connections, which 
are sufficiently tight and mechanically better than cement. The cathode (i) 
is a pool of molten sodium, and connection is made to it by the wire (e), 
which may be of irdh or copper, and fits the silica tube pretty closely. The 
anode (d) is of tungsten rod, 5 mm. in diameter. This,«i^tal, though it gets 
red hot, seems to stand the action of sodium vapou* Indefinitely. Iron 
anodes, on the other hand, after an hour or two of u^Junud drop ofT, 
presumably owing to the formation of an alloy : for thezHpiHhTe is far 
below the melting point of iron. To economise tungsten, the actual electrode 
is gtonnd down to a smaller diameter at one end, and fitted into a hole 
drilled in on iron rod («), which is pinched on to it. The iron rod is carried 
by the brass fitting (f), through which the tube can be exhausted by a Gaede 
mercury pump, kept continuously in action while the lamp is running. 

If the lamp is to last long, the most important point is to run it with only 
a small current, so as not to heat (und reduce the silica of the narrow 
Qonneoting tube, whidi is the source of light. The lamp can be run at a 
cnixent of 6 or 6 amp4res without the need for any extraneous heating to 
mis0 sodium vapour, eze^t at the start, but so large a currant is very hard 
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on the If it is attempted to reduce the current much by additional 

resistance, the lamp goes out. After much trouble, it was found that the 
difficulty could be overcome by gently heating 
the lower bulb containing melted sodium over 
a small ring gas burner (^), concentric with 
the lamp. A test made on an empty tube 
showed that the gas burner alone, as used, 
kept the inside of the lower bulb at a 
temperature of about 180^ C.. apart from any 
heating effect of the current. The latter 
heats the middle and upper part of the lamp 
more than adequately, but does not raise 
enough vapour from the sodium cathode 
without the help of the gas ring. The 
working current was 2'5 amperes, and did not 
heat the middle tube of the lamp hot enough 
to char a piece of paper held against it for a 
few seconds. With the self-induction of a 
large electromagnet in the circuit, and on the 
200-volt supply, the lamp would run inde- 
finitely without going out. It has been run 
24 hours or more, being left unattended all 
night. The drop of potential over the lamp 
was very capricious, even after long running 
at a constant current. It varied from 20 to 
60 volts. The sudden movements of the volt- 
meter seemed to eofMl^nd with a wandering 
of the point of diSjpMture of the arc from the 
sodium surface.' f 

The lamp is started some minutes after 
lighting the ring burner by means of a small 
induction coil, one terminal connected to the sodium cathode, the other to a 
wire twisted round outside the central silica tube. If any difficulty is 
experienced in starting, it is usually traceable to insufficient exhaustiom 
I have not been able to start the lamp on a 100-volt supply, although this 
gives a good margin over the voltage dropped on the lamp while running. 

After an aggregate run of 24 hours it is generally advisable to dismount 
and wash out the lamp, first with alcohol and water, then with weak hydro- 
fluorio add. This metho<l of removing the brown coating of silicon is better 
than the use of boiling caustic soda, or than applying the blowpipe. 



Fio. 1 a actual size). 
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§ 3. Radiation of the Lamp. Minute Strwtwre of the D Lines. 

The D line is by far the strongeet in the spectrum, and, in experimenting 
with it, it is generally unnecessary to use colour screens to out out the other 
lines. 

If the lamp is used to excite D-line resonance radiation in a bulb 
containing sodium vapour, most baffling caprice is observed in the intensity 
of the effect, which will sometimes be extremely brilliant, and at other 
times will disappear, without obvious change in the conditions. 

A Fabry and Perot italon was set up, to examine the structure of the 
D lines from the lamp, and to test whether the caprice just mentioned could 
be connected with it. The italon was about 5 mm. thickness, and had to be 
packed with paper (not an ideal arrangement) to get the distance right for 
separating the Di and Dj fringes. It was then observed that each of the 
D lines was reversed, but that the breadth and darkness of the reversal 
varied with the same caprice that had been observed in the resonance 
radiation. Sometimes one of the D lines (I did not determine whether Di 
or D«) was much more conspicuously reversed than the other. A weak 
electromagnet was then arranged to throw the column of discharge against 
the forward wall of the tube, and squeeze out the reversing layer of cool 
sodium vapour.* The reversal was thus made much less conspicuous in the 
interferometer, though it was never wholly got rid of. Plate 5, No. I, shows 
the change in the interference rings when the magnet current is reversed. 
In the top half the discharge is thrown against the front wall of the tube, in 
the bottom against the back wall. It will be noticed how enormously the 
reversal is develop^ by this change. 

A strong field tends to concentrate the disohaige so much to one side of 
the tube that the wall becomes unduly heated, with attendant bad efibot 
on the silica. This becomes brown, and may even be locally heated so 
strongly as to soften and be perforated. In practice the field was not 
measured, but was increased by moving the magnet or increasing the 
exciting current, as far as could be done without making the front of the 
tube hot enough to quickly char paper. 

Even in this case the front of the tube deteriorates sooner than the back, 
which latter is often cool enough for sodium to condense upon it After a 
lew hours’ run it is convenient to turn the tube round on its axis, the india- 
rubber connection to the pomp being long enough to allow of this. Any 
deposit of sodium then soon clears off, leaving a clear silica wall through 
which the light can emerge. 

. « xUs it in imitation of the devioe ossd by Karobbanm, ' Bleotrioian,’ vol. 78, p.,1074 
(1914), with th( moreuty vapour lamp, 
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§ 4. Eetonanee with D Light, 

With the sodium lamp as described, focussed upon the wall of an 
exhausted bulb containing sodium vapour, very brilliant resonance ia 
obtained, bright enough to be readily shown in the largest lecture room. 
This brightness makes possible various experiments which would be very 
difficult to carry out with the salted tlame as a source. . 

At the lowest temperature and least vapour density where the phenomena 
are perceptible, the beam, as observed from the side, extends right across the 
bulb, without losing intensity as it proceeds. With rising temperature, 
luminosity is not limited to those parts of the bulb traversed by the 
primary beam, but spreads beyond them. This is due to a tertiary emission, 
the scattered radiation being itself absorbed and re-emitted. At one stage the 
whole bulb appears to glow almost uniformly with yellow light. 

With further increase of density, the luminosity b^ins to draw in to the 
front surface of the bulb, the toll taken from the primary beam being so 
great that it becomes rapidly impoverished in the effective constituents. 

Finally, at temperatures in the neighboitrhood of 300° C., the emission 
observed is almost entirely from the front wall of the bulb, and is limited to 
a skin a fraction of a millimetre in thickness. 

Closer examination shows, liowever, that there is always present as well, ' 
a much feebler 1) emission, which extends with little diminution right 
across the bulb. Dunoyer* has observed something of this effect, which he 
regards as a transition stage between the phenomena of pure volume and 
pure surface resonance. I have, however, been able to observe it up to the 
highest temperatures attainable without blackening ip glass vessels, and 
have also observed a volume effect of the same nature in a special iron vessel 
heated to 600° C. As Dunoyer has remarked, it is natural to attribute the 
superficial resonance to excitation by the core of the D line, and the 
subsequent luminosity to excitation by less central portions of the line. 

When the bulb is observed or photographed from in front, the superficial 
resonance is overpowering (see Plate, No. III). But, when observed from 
behind, the superficial resonance is invisible, owing to absorption by the 
vapour, and the luminous track across the bulb stands out strongly 
(Plate, Na IV).t 

The light emitted along the tiaok, being of slightly different refrangibility 
from the superficial emission, is not so strongly absorbed, and can emerge 
through the layer of intervening vapour, and reach the observer’s eye. The 

* < Jounud de Pfajrrique,' January, 1814. 

“t Ihe patchM of light maridag the eutrauoe and exit of the beam in the photograph 
aie due to dlflhiion by the ghw walla 
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annexed diagram (fig. 2) will show clearljr what is meant bj observation 
from in front and from behind. 



Tlie difterent refrangibilities of the superficial and volume radiation as 
they emerge from tlie bulb can be shown by observing it through an inde* 
pendent layer of sodium vapour. A thin steel tube containing sodium was 
closed at the ends by glass plates cemented on. It could be evacuated and 
heated electrically to raise sodium vapour. The ends were water-cooled to 
protect the sealing-wax. 

The resonance bulb was photographed from in front through the tube, 
first cold (Plate, No. IV), then heated to a temperature carefully adjusted by 
trial to get the right efieot (Plate, No. Y). It will be noticed that absorption 
has taken far more toil from the superficial luminosity, which is now so 
much diminished that it no longer masks the volume efiect. No. IV was 
not given so long an exposure as No. V. If it had been, the brilliant 
superficial resonance would have blurred the whole picture by over-exposure. 

§ 5. breadth of tlu Resommee D Lines. 

The experiments just described show that the breadth of the resonance 
line is not a very definite quantity. It increases with the thickness of 
vapour traversed by the incident beam. It was, however, of interest to 
examine the superficial resonance under high spectroscopic resolving power. 
A Lummer plate was used, mounted on a Hilger "wave-length” spectro- 
scope. 

The interference pattern is seen in Plate, Na VL The spectroscope did 
not separate the two D lines horirxintally as widely as m^iht be deured for 
the present purpose, and this is the more unfortunate in Uiat the thickness of 
the Lummer plate did not happen to be right for fully separating the Dj 
and Si fringes vertically. However, they can be seen to be separate 
vertically in the first few orders, from the bottom of the ]^tograph, which. 
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of course, corresponds to grazing emergence from the Lummer plate. A 
wide slit was used, thus Di and Da are not separated horizontally, except at 
the right and left edges of the pattern. 

The full observable breadth was determined on a measuring machine as 
0'192 of the distance between successive orders, and the distance between 
successive orders can be calculated from data for the Lummer plate 
supplied by the makers as 0‘177 Angstrom. This makes the full observable 
breadth 0'034 Angstrom. There is a little uncertainty, owing to the 
inadequate separation of Di and Dg. It was assumed that tho edges of the 
Di and Dg fringes were just in contact. In any case, however, a measure- 
ment of this kind only gives a rough notion of the true breadth of a line as 
defined by Buisson and Fabry.* 

Assuming a distribution of light of the form e'***, when x is the distance 
along the spectrum from the centre of the hue, the half breadth is defined as 
the distance in which the intensity is reduced to lialf the maximum. Nearly 
the whole of the light is contained in something like double this distance. 
If it is assumed that this corresponds to what was measured on the photo- 
graph, the true bre-idth of the line would be 0*034/2 or 0*017 Angstrom. 
The breadth of the line as determined by the Doppler effect, taking tho 
radiator as the sodium atom, and the temperature as 250° C., is given by the 
formula of Buisson and Fabry as 0*0201 Angstrom, which agrees as well as 
can be expected with the value as roughly determined by the Lummer plate. 
A more satisfactory detonninatiou of the breadth of the line could be made 
with a sliding Fabry and Perot interferometer, but such an instrument was 
not available. I had, however, the use of a Fabry and Perot dtalon of about 
41 cm. distance between the plates. A new distance piece was made for it, of 
such thickness as to bring the Di fringes midway between the Dg fringes. A 
photograph of the resonance radiation taken with this showed the rings, 
though they were apparently not very far from the vanishing point. 

Taking into account the complications introduced by Uie selective absorp- 
tion of the vapour, it is not probable that the resonance lines have the exact 
intensity distribution which is postulated for definition of the breadth. Thus 
it seems doubtful whether an attempt to determine the breadth moi*e 
precisely would have much value. 

The general conclusion is that the breadth of the lines is the smallest it 
could possibly be, if the radiators are monatomic molecules of sodium. The 
thermal motion of the moleoules necessarily gives rise to a broadening of the 
ideal infinitely narrow line, mid this accounts for the whole observed breadth 
ct the line. In some cases, fp., the condensed discharge in hydrogen, other 
* ' SodiM Fraasaise de Physique,’ April'lO, IMS. 
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causes enlarge the lino much beyond the limit set by the Doppler eflbot 
But here such causes have no place. 

§ 6. Reamuince Badiaiion at the First VUra-molet lAne. 

In a salted Bunsen flame practically no lines due to sodium except the D 
line can be observed. With electrical stimulation, for example, with the 
vacuum lamp described, many other bright lines due to sodium appear, some 
in the visual spectrum, and some in the ultra-violet. These latter alone fall 
into the same spectrum series as the I) line; apart from the numerical 
relations of frequency, this is evidenced by the fact that they alone show the 
same type of Zeeman eftect as the D line, and that they alone, like the D line, 
show as dark absorption lines, even when the vapour is at a moderate tem- 
perature and is not electrically stimulated. 

My experiments on the ultra-violet lines of this series have been usually 
limited to the flrst one, at wave-length 8303. This ll^t is not seriously 
weakened by passing through thin glass bulbs, and it can be very conve- 
niently freed from D light by passing through cobalt glass, preferably the 
blue nviol glass made at Jena. Blue light is removed by means of a dilute 
solution of nitrosodimethyl-aniline. The radiation of the quartz lamp 
filtered in this way consists exclusively of the first ultra-violet line ; the 
second and higher ones cannot penetrate uviol glass.* 

Since resonance is obtained with the D line, we might expect it at X 8303. 
My earlier attempts to observe this were unsuccessful, owing, as it now 
appears, to the small size and bad optical quality of the silica vessels used, 
which scattered so much light that they masked the effect to be looked for. 
Owing to the circumstances of the lime, the work had to be broken off 
somewhat hastily. In taking up the subject again, a glass bulb 7'6 cm. in 
diameter was used, charged with sodium according to Dunoyeris methods, 
and exhausted as for experiments on the D emission. Thin blown glass is 
not seriously opaque at X 3303, and the surface is optically better than that 
of any sUioa bulbs that 1 have seen. The bulb was heated to about 260* G., 
and mounted so that the beam from a limited portion of the lamp, made 
parallel by a quartz lens, passed diametricall3F'''^TOugh it. The bulb was 

* These latter lines are feeble unless the lamp is run at heavy currents, in which case 
its life is short. 1 have on occasion run the lamp at 30 amphres or more^ for a moment 
or two, heating it thereby till the tilka walls eoUapsed under atmospheric premnre. In 
this case the relative sad actual intensity of the ultra-violet lines is much Increased. 
When the ailiea Is very hot, the brown atmn caused by moderate heating in contact with 
sodium vapour clears off, leaving the walls transparent. It might' be feasible to run the 
lamp for longer periods in this way if an external vaounm jacket were provided to 
prevent coUapse. 
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photographed laterally, with a quartz lens and blue uviol filter, stopping all 
D light. The result is reproduced in Plate, No. II. The track of the beam 
across the bulb is well seen. To verify that this re-emission consisted of 
X 3303, the bulb was photographed again with a quartz prismatic camera, 
set up at a distance. Two small monochromatic images of the bulb with the 
beam stretching across it corresponding to D and X3303 were obtained. 
Using an ordinary plate (not colour sensitive), X 3303 was somewhat more 
intense, but on orthochromatic plates the D image was greatly over-exposed 
by comparison. The subordinate series lines gave no re-emission. They 
were represented only by dots corresponding to the point where the beam 
entered and was partially diffused by the glass wall. 

The third line of the principal series would not penetrate even a thin glass 
bulb. An attempt was made to observe its re-emission, using a quartz 
sodium bulb and the prismatic camera, but without success, probably from 
the relatively small intensity of this line in the source. This latter point 
was not pursued to the utmost. The success now attained in detecting 3303 
respnance radiation in contrast to the former failure, is mainly due to tho use 
of a large bulb and a temperature low enough for the radiation to be able to 
penetrate across the vessel instead of being confined to the neighbourhood of 
the surface. I& this way the resonance radiation is well separated from 
radiation scattered or reflected by the wall of the vessel. It is true that the 
volume resonance is likely to be intrinsically faint compared with the 
saperficial, but this is more than compensated by using a photographic plate 
instead of the fluorescent screen then employed. The photographic method 
is usually much to be preferred in looking for faint ultra-violet radiation. 

§ 7. Beamianu and the Zeemcm J^eet. 

The resonance radiation so far described, whether at the D line or at 
X3303, is an effect apparently quite in harmony with the classical 
mechanics. Nothing is more natural than that radiations of a certain 
frequency falling upon a .resonator should set the resonator into vibration, 
and cause it to re-emit the same frequency. 

From the same point <rf4lriew, it is equally natural that a slight dis- 
turbance of the tuning should greatly diminish the effect obtained ; and so 
it is found. It is well known from Zeeman’s discovery that we can slightly 
alter the frequency of a spectrum line by placing the radiating or abeorbing 
gas which is responsible for it in a strong magnetic field. It is not convenient 
to place the vacuum lamp in a strong magnetic field,* but the experiment 

* The weak soagnetie field applied to the lamp, as already deacribed for a dUhrent 
pnrpoaa^ la not enough to produce an appreciable Zeeman eflbet. 
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oan be well oarried out if a slightly salted Bunsen flame is used. If either 
this or the sodium bulb is placed in a strong magnetic field the tuning is 
disturbed, and the resonance radiation much weakened. 

§ 8. Stimulation of 1) Light iy Eicdtation at the Firtt Ultra-violet Line. 

. yfe now come to another effect, which seems to have no analogy in the 
behaviour of the vibrating systems dealt with in the classical mechanics. 
This is the excitation of the lower frequency (D line) by stimulation with 
the higher one (X 3303). To detect this in experiment, the line 3303 from 
the sodium lamp must be isolated by ray filters, opaque to visual light, as 
already described. These filters are set in the wall of a dark room, into 
which the ultra-violet beam enters, and converges on the walls of a glass or 
quartz bulb containing sodium vapour. The conditions of this experiment 
are advantageous, in that there is no "false light” to be feared, and the 
D line to be looked for is situated in the visually brightest part of the 
spectrum. Even so, however, it is advisable to carefully rest the eye in 
the dark for some minutes before beginning observations. With these 
precautions, the emission of visual light when the ultra-violet beam enters 
the vapour is well seen, and visual examination with a spectroscope shows 
the D line only. It is quenched when a piece of thick plate glass is held in 
the path of the exciting beam. 

The general validity of Stokes’ law made it seem improbable tliat 
1) radiation would excite X3303 in fiuoresoence. Experiment confirmed 
this anticipation. Ultra-violet light was cut off from the sodium bulb by 
putting a piece of plate glass 1*2 cm. thick, and in other tests a quinine cell, 
between it and the lamp. Photographs through blue uviol glass showed no 
trace of a beam traversing the glass even with 24 hours' exposure. The 
outline of the bulb was itself faintly visible, owing to stray light from tlie 
burner used to keep it hot. 

To return to the emission of 1) light by stimulation at 3303. The interest 
of this observation is that it clearly establishes the existence of some 
mechanical connection between the system which absorbs X3303 and that 
which emits the D line. 

There are known cases of mechanical connection between two different 
periods in a vibrating system, for example, Melde’s experiment, in which a 
vibrating string is set in motion by a tuning-fork of half the period, applied 
so as periodically to alter the tension of the string. The Goldschmidt 
alternator used in wireless telegraphy is another instance. But in this 
class of cases the periods are commensurable. I mean that they stand in 
the same ratio as two mall whole numbers. The periods of D and X 3803 
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•oertainlj do not do this. Here we encounter in a simple form the known 
-difficulty of dealing with spectra on accepted mechanical principles. 

Although our notions of the mechanism by which spectrum lines are 
emitted and absorbed are very vague, it seems certain that the quantum 
relations are concerned. If one quantum of the radiation X3303 were 
absorbed, and one quantum of D light emitted, there would remain over 
one quantum of the radiation X 7619. I have not been able to find this line 
in the spectrum of the vapour excited by X3803.* But, even if the 
residual energy really goes into this radiation, we could scarcely hope to 
detect it, taking into account how little sensitive the eye is in this deep red 
region of the spectrum. 

The'vapour stimulated by X 3303 emits, as we have seen, both X 3303 and 
D light. From the ({uantum point of view, however, it seems improbable 
that these two radiations are simultaneotuly emitted by the same molecule, 
for the absorption of one quantum of X 3303 would allow of emission of the 
same, but would leave no energy over for the emission of D light. 

§ 9. The Two D Linea Separately Considered. 

In the observations mentioned so far, it has not been necessary to take 
into account that the sodium lines are double. An interesting field of work 
was first opened up by the work of Wood and Dunnyer, who found that, if 
one of the D lines only was used to stimulate the vapour, then that line only 
was emitted. 

Later experiments by Wood and Mohlerf have shown that some qualifica- 
tion of this statement is required. It is only valid if the vessel is perfectly 
free* from hydrogen, a condition not easily realised, because of the extra- 
• ordinary tenacity with which sodium retains hydrogen, even when distilled. 
It is further necessary that the density of the vapour should be below a 
certain limit. 

As we have seen, stimulation at wave-length 3303 causes emission of the 
D line. But 3303, like O, is a doublet. This naturally suggested that the 
-corresponding lines of each doublet might be coupled. If so, we might 
expect to find that stimulatiim at the more refrangible component of 3303 
would lead to emission of Dt only, without P» 

I was able to try this experiment by making use of the fortunate accident 
that there happens to be a line of the zinc spectrum exactly coincident with 
the more refrangible number of 3303. Stimulating the sodium vapour by 

* Nor doM it ever eeem to have been obeerved from sodinm vapour in any case. I 
-oonld not detect it in the vacuum arc, 

t ' PhU. Mag.,’ vol. 87, p. 488 (1919). 
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this source, it was found possible to get a luininesoenoe bright enough for 
examination with a special spectroscope capable of separating the D lines. 
The result was to show that both the D lines were emitted, without marked 
difference of intensity. 

At the time this experiment was made, nothing was known of the effect of' 
hydrogen, or excess of sodium vapour, in communicating energy from one 
D line to the other. It should be repeated in the light of Wood and 
Mohler’s result. For it is now seen to be possible that Di alone was 
directly stimulated by the ultra-violet source, Ds deriving its energy from Hi. 

The possibility must also be borne in mind that some similar complication 
may be concerned in the transference of energy between X3303 and the 
D lines. 

§ 10. Folarimtion Erper%ment$. 

Dunoyer* has elaborately examined the polarisation of D resonance. 1 
have repeated some of his experiments in a slightly modified form, pre- 
liminary to examining the new ultra-violet resonance at 3303. 

For observing weak polarisation, a Savart polariscope is usually employed,, 
but no suitable instrument of this kind was at hand. I found, however, in 
the laboratory stock a pair of quartz plates, which, when superposed in the 
right way, gave straight fringes like those of Babinet’s compensator, localised 
in the plates, one of which was wedge-shaped. This combination was set up 
near the source for examination. Photographs were taken from about 
1 metre distance through the quartz plates, and a polarising prism placed 
over the camera lens. The camera pointed at right angles to the primary 
beam. 

The experiments were made in large glass bulbs. The quartzes 'ware 
arranged so as to produce fringes perpendicular to the beam stretching across- 
the bulb. With sodium vapour at low density, giving volume resonance- 
only, the fringes were distinct but not strong, and, since they did not appear 
on the darker background, but only on the bright beam, it seems safe to- 
assume that they indicate genuine though slight polarisation of the 
scattered light. In experiments of this kind it is necessary to guard 
carefully against spurious polarisation effects due to the curved glass walls. 
To minimise these, a bulb of 300 ac. capacity was used, and observation was- 
tiirough an area of rather less than inches diameter. 

As the temperature was raised the resonance radiation began to assume 
the superficial character, but as before, a fainter beam stretched right across- 
the bulb. This was photognphed with the polariscope arrmogement, and the* 


* *Le Badinm,’ voL 8^ May, 191S ; ‘Journal do Physique^' January, 1914 
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fringes appeared decidedly less distinct than they hod clone at lower tem- 
peratures. 

The loss of distinctness in the fringes with a higher temperature, and the 
gain with a lower one, was also observed visually, and could be repeated as 
often as desired. 

The newly discovered resonance at X 3303 could be examined in the same 
way, substituting a blue uviol glass screen for the yellow one, and using 
ordinary instead of orthochromatic plates. No trace of the fringes could be 
detected in this case. The polarisation, if any, must be very slight indeed. 

The slight degree of polarisation in the case of D light, and its apparent 
absence with X 3303, is in very remarkable contrast to the nearly complete 
polarisation observed when ordinary gases scatter white light.* Unfortu- 
nately it is impossible to examine the behaviour of sodium vapour far away 
from the region of selective absorption and resonance, because of technical 
difficulties in handling vapour of the necessary density. I have attempted to 
trace the transition by working os far away from the core of the D lines os 
possible. The broadened D lines from an oxyhydrogen sodium flame were 
used as source. The sodium vapour was contained in a cross-shaped iron 
vessel similar to that used in my studies of the scattering of white light by 
gases. The light passed through a column of sodium vapour before arriving 
at the scene of action, and in this way the core of the D lines was removed, 
leaving only the extreme edges of the lines. Even in this cose, os long as 
any resonance remained observable, it failed to show strong polarisation, so 
that the transition between ordinary scattering and resonance radiation has 
not been traced. 

The corresponding problem for mercury vapour may prove more tractable. 
An effort will be mode to overcome the difficulties. 

§ 11. Oowneetion between Line and Band Spectrum. 

The fluorescence of sodium vapour presents puzzling problems even in 
those simple coses above discussed, when the line spectrum alone is appa- 
rently concerned. 1 do'ftot enter upon the complex phenomena of the band 
spectrum which Prof. Wood has investigated working with dense sodium 
vapour. It is desirable, however, to refer to the relation which he has found 
between the line and the band spectrum in the dense vapour. These are, 
briefly, that the D lines ore excited when stimulation takes in the blue green 
region giving the channelled absorption spectrum. Also that each line of 
the principal series is accompanied by a similar channelled absorption 
spectrum. In the light of these facts it seems 'doubtful whether any tiieory 
* ' Boy. Soa Proe.,' A, voL 85, p. 155 (IBU)- 



286 Line Spectrum of Sodium as Excited hy Fluorescence. 

of the line Bpectrum can be complete whioh does not tidce the band spectrum 
into account. But the complexity of the latter is discouraging. Dunoyer 
has advocated the view that hydrogen is necessary to the appearance of the 
fluorescent band spectrum, but this I find difficult to accept. 

§12. Svmmary {including the hitherto unpublished Experimentai Work only^ 
without reference to tlix General Dismssion of the whole subject). 

1. The sodium vapour lamp has been improved, and the conditions have 
been studied for steady running, and for getting the right kind of radiation 
to excite brilliant resonance with D light. 

2. It is found that excitation of sodium vapour by the second line of the 
principal series leads to the emission of both 3303 and the D line. 

On the other hand, as might be anticipated, excitation of the D line leads 
to the emission of the D line only, with 3303. 

3. When D light falls on sodium vapour of appropriate density, it is known 
that an intense surface emission occurs from the front layer, and a weak one 
from succeeding layers. Analysis by absorption in an independent layer of 
sodium vapour shows that the superficial emission is more absorbable, and 
therefore nearer the centre of the D lines. 

4. The breadth of the D lines in superficial resonance has been estimated 
by interferometer methods. It is found to correspond with the breadth 
conditioned by the Doppler effect, on the assumption that the luminous centre 
is the sodium atom. 

5. Polarisation could not be deteoted in the ultra-violet resonance radia* 
tion, though in accordance with previous observers it was readily observed in 
D resonance. 

DESCRIPTION OF PLATE, 

I. Interfereuce rings obtained with 5 mm. 6talon from sodium lamp. Upper half, 
with discharge thrown against front silica wall by the magnet. Lower half, 
magnet reversed, so as to throw discliarge against back wall This greatly 
develops the reversal of each D line. 

II. Bulb containing sodium vapour, traversed by the light of sodium lamp. Photo- 
graphed through blue glass, showing emission of the second line of the principal 
seriea 

111, Bulb containing sodium vapour, illuminated by a beam from the lamp. Superficial 
D emission as seen from in front. 

tv. Ditto. Volume D emission, as seen from back. 

V. Bulb containing sodium vapour. Photographed without sodium vapour filter. 

VI. Ditto. Photographed through sodium vapour filter, with longer exposure* Greater 

relative intensity of the volume effect. The oval patches to the left are false 
Ught, due to glaw walls. 

VIL Superficial D resonancei, photographed with Lummer interferometer. 
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The Adsorption of Gases at Low omd Moderate Ctmcentrations. 
Part 1 . — Deduction of the Theoretical Adsorption Isostere 
and Isotherm, Part II . — Esrperimental Verification of the 
Form of the Theoretical laosteres and Isotherms. 

By A. M. WlUJAMB, M.A., D.Sc., Chemistry Department. University of 
^ Edinburgh. 

(Communicated by Prof. James Walker, F.RS. Received July 22, 1919.) 

Part I. 

In a previous paper* by the author it was pointed out that for small 
adsorptions the adsorption isotherm could be represented by the simple 
relation 

a s aoC 

where « is the amount absorbed and e is the equilibrium concentration out- 
side the adsorbent. The present paper embodies an attempt to evaluate 
«a in the case of gases, and to connect it theoretically with other physical 
properties. In addition an adsorption formula is developed which applies 
to gases up to moderate adsorptions, that is up to 30 per cent, of the 
wturation value. 

We will first examine the case of a gas at low concentrations. We will 
assume that upon the surface of the adsorbent there is a certain volume, 
determined, presumably, by the range of molecular action, which is occupied 
by the eidsorbate. Then, for the change of energy involved in tho adsorption 
at constant temperature of 1 grm. molecule of the gas by an infinite amount 
of adsorbent a e can write down three expressions. The first of these is that 
obtained from thorinodynamical reasoning by the author.f and we write the 
change of energy^ as 

where pV s BT and p as cRT. 

A second and well-known expression may be obtained from the Idnetio 
theory of gases§ and may be written 

E a RTlogV/V. 

* ‘ Boy. Soe. Froc. Edin.,’ vol. 39, p. 48 (1919). 

t im, vol. 88, p. 83 (mS). 

t Note that o has been sub^tuted for a, whldt is the surface exoesa actually measured 
and usually differs inappreciably from a. 

§ See, for example, Jeans, ‘ Dynamical Theory of Gases.' 
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where V« ie the molecular volume of the adsorbate. This ei^uatioii cauuot 
be applied to the case of a liquid and its vapour, which is presumably due 
to the fact that the expression should really l)e written as 

E = RTlogN./N 

where Na and N are the number of impacts per scc.ond per unit area by the 
molecules in the two phases. N is not proportional to the concentration 1/V 
unless V is great. If the adsorpthjii volume is of thickness S comparable 
with (T the diameter of the molecule of the adsorbate, then the centre of the 
molecule oscillating in a thin lamina only moves through a distance 8 — 
normal to the surface and not 8. Hence if S is the area of the adsorlx^nt 
we see that IS pro 2 )ortioiial to tt/S(8~ir)aud not a/SB, and hence we 
write our second equation as 


E 


whore m = S(S— o-). 


KT log - 

^ S(S-<r; 


= llTlog 


a 


( 2 ) 


The third expression is derived from the ordinary theory of attraction. 
Supi )080 the law of attraction of the adsorbent for the gas is given by the 
expression 

— 3E/3?* = — (^) 

wliere ^ is a universal constant and and uo* aro specific factors attrac- 
tion* for the gas and adsorbent respectively, and r is the distance measured 
from some point in the adsorbent to the centre of attraction of the molecule 
of the gas. Then if is the mean value of r for an adsorbed molecule, there 
being no change in the mean kinetic energy, 

E = [ (r)dr 


= ^(00)} 

= ( 3 ) 


We may equate any two of the expressions obtained above. Thus from 
(1) and (2) we have 

whence = logw^> 

oi c 

3Tlog«/6* , 

^ ! = logW, 

Since the factor is proportional to the square root of the cohesion, we write oft. 
(See Part 111 of this research.) 
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4111(1 therefore 

Tlog«/c' = constant +f'^ logiwrf 

rT >1' 

= c(.»nHtant+Tlog?<?— — 

where the constant is sonic function of at but is independent of T. Again 
from (2) and (8) wo have 

Tloga/r = T log //• + /a/E. oiflfo*<^(ro). (o) 

It IS evident from th(‘8C etjuations that if we afisutno tr to bo independent 
of the temp(‘rature, then <f} (ro) is also independent of T, and we may 

write 

T log at/ c = A+13T, (6) 

where A and H are independent of the toraperatnre but are functions of «. 
For convenience of calculation it is bettor to write the above expression in 
the form 

log«/r= H-hA/T. (7) 

This is evidently the equation for the fidsoi^ption tsosteres — lines of constant « 
Even if B and A are not independent of T if we expand the right-hand 
side of (7) in powers of a we get 



= Ao— Aja, (8) 

neglecting powers of « beyond the fii'st for moderate adsorptions. This new 
expression (8) is evidently the equation for the adsorjdion — the 

relation between a and c (or p) at constant temperature. 

It is now necessary to examine to what extent equations (7) and (8) 
represent the results of observation, and thus to find how far the assumptions 
made in the simple theory are justified by experiment. For this purpose 
we will look at some adsorption isosteres and isotherms, and find (i) how far 
A and B are independent of temperature; (ii) to what extent powers of « 
lieyond th*e first may be neglected in (8). 

Part II. 

(a) The Adnorption Isosteres, 

It is as a rule difficult to obtain observations of an adsorption isostere over 
a very wide stretch of temperature. At high temperatures the adsorption is 
small save for very gi'eat pressures, while at low temperatures the adsorption 

VOL. xcvi.— A. X 
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ia great even for small pressures. The examples here cited have been chosen 
as covering as wide a stretch of temperature as possible and providing a fair 
representation of the observations available. 


Table I. 

Argon (Hoiufray*) « = 1-67. logiV^’ = 1*620— 807/T. 

Crit. temp. == — 117®C. = 110. 





r 

caU*. 


cm. 






6 



261*0 

6*1 


10 



272 *7 

10*0 


15 



286*8 j 

14 *6 


20 



298*0 ' 

19*6 

' 

26 



808*6 

23*1 

1 

SO 



310*6 

29 *9 

1 

40 



330*8 

40*1 

1 

60 



342*6 

60*2 

1 

flO 

1 


362 *4 

60*1 



In Table T, T has been interpolated by Miss Homfray from observations at 
different temperatures. The method of interpolation is not that suggested 
by the equations (7) an<l (8) above, and hence there is introduced a small 
unknown error. Wiierever possible the author has evaluated by oxtrax^olationf 
from observations at low temperatures the saturation adsorption which is 
denoted by in the Tables. 


Table ir. 

Methane (Homfray) « = 7*18* log pjT = 2-226 — 1050/T. 


Crit. temp. — 96®C. (at^ = 98). 



T. 


/> calc. 




j 

cm. { 




240 

i*r 

1-7 



265 

3*4 

3*3 



S73 

6*6 

6*6 



293 

12*6 

13*0 



319 

28*9 

.27*7 



361 

61 *2 

60*8 



373 

(96 *2) 

97*0 



466 

1 

380 



In Table II the values of p in the secoud column have been interpolated 
from observations at constant temperature. The values in brackets are 
extrapolated. Fig. 1 presents in graphical form the results of other 

* *Zeita. f. Phyaikal. Chei»./ vol, 74, p 129 (1010). 
t ' Trans. Farad. Soc.,’ vol. 10, p 167 (1914 )l 





t 





3*0 


A£etftan/e- 

‘ 

¥-0 


Fiu. 1. 

Table III. 

Carbon dioxide (Chappuis*) « = 282. log />/T = 4‘269— 1398/T. 
Crit. temp. 31° C. («^ circa 2000^ 


T. 

1 p (ChappuU). 


p ooIp . 

878-0 

3*8 

8*8 

3*8 

286*0 

^ 7 *6 

7*0 

6*9 

200*6 

8*7 

8*4 

8*8 

898-7 

12*6 

11*7 

11 *6 

804*7 

16-8 

14*7 

14 *7 

308-7 

18-7 

17 2 

17 *0 

320-0 

27*6 

26 *6 

26*4 

828-7 

81*1 

28*8 

28*8 

829-0 

87*8 

36*6 

86-2 

888-8 

40*7 

88-8 

88-4 

888-6 

48*7 

40*8 

40-7 

348-0 

62*8 

62*2 

02-2 

349-1 

64*6 

68*8 

64*1 

806-8 

77*1 

77-1 

77 *8 


* < Wied. Ann.,* vol. 19, p. 161 (1881). 

X 2 
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In Table 111 the values headed “ji? (Ohappuia)’' have been interpolated by 
Chappuis on tlie erroneous assuiiiptiou that ** the increase of adsorption with 
pi'esBure at any temperature between 0° C. and 83° C. is proportional to that 
at 0® C,” The column headed 1ms been interpolated by the author from 
Ohappuis's observations by plotting on the same shoot the (a, log «T/p) points 
for all his observed values at diflerent temperatures and then extrapolating 
to a =: 282, using the fact that the points for a given temperature lie on a 
straight line which does not intersect the lines for other temperaturea This 
extrapolation, though laborious, is very easy. The values of a in this case 
refer to 15 c.c. of charcoal — say 27 gnn. In all other cases the values are 
referred to ] grm. of that adsorbent, the only one here considered. 


Table IV. 

Ammonia (Richardson*) a = 15. logp/T = 3‘193— 1628/T. 
Grit, leciip. 130° 0. = 154. 


— . — 

— ■ - - 

• 

T. 


p calc. 


cm. 


273 

0*6 

0-6 

283 

0-9 

0 8 

293 

1 *8 

1*8 

803 

2-0 

2*0 

818 

8 0 

8*1 

82B 

6*6 

6*6 

848 

0*G 

9*6 

868 

16 •! 

16 *8 

878 

26-6 

25*1 

388 

87-9 

88 *6 

408 

66*6 

67 '3 

418 

88*4 

88*0 

483 1 

116 

117 

448 1 

168 

162 

478 

268 

267 


The observations on ammonia considered in Table IV are interesting 
inasmuch os most have been made at temperatures helow the critioal point. 
The deviations at the lowest temperatures, though small, are apparently 
systematic and are emptiasised in the isosteres for greater values of a, whioh 
are presented in graphical form in fig. 2. 

The special case of the isostere of zero adsorption is considered in Part III 
where many examples are discussed in connection with the theoretical aspect 
of Che constants A and B of the formula. 


♦ ‘ Jour. Anier. Ohem. Soc.,* vol 3S, p. ISSS (1917). 




(6) The Adso'i^tion hothernis. 

As examples of the applicability of the formula (8) the cases below are 
selected from a mass of data and calculations. For com|)ari8on thei e are also 
given the values calculated from the liest values of the constants in the well- 
known exponential '* formula 

% =s 

log « = log aQ + 1/n log t\ 


in the form 
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Table V. 


Nitrogen at 0“ C. (Titofif*) log alp = 1 -416 -0-0143 a (I). 

Orit. temp. —148'* 0. = 96. log a = 1-424+ 0-927 log p (II). 



a Oba, 

aCalo. (1). 

«Calc. (11). 

om. 

0 0. 



U > 4 » 

0*1U 

o*m 

0-128 

1-21 

0*298 

0 - 31 t 

0-818 

9*98 

0*087 

o-eoo 

0*988 

12*98 

3*04 

.1-06 

2*87 

22*94 

5 OH 

6-06 

4*81 

; 84 *01 

7*06 

7-02 

' 7*02 

66*28 

10*81 

10 -37 

11*12 

77*46 

18-06 

18 -oe 

14 *86 


Table VI. 

Metliaue at 0° C. (Homfray, loe. eit.) log ajp s 0-166 — 0-0166 a (1). 
Orit. temp. —95° C. («, = 98). log a s 0-497 + 0-545 log p (II). 


P- 

a Ohft. 

oCale. (1). 

■ Gala. (11). 

cm. 

o.c. 



6*7 

7*4 

7*4 

9*1 

18*4 

12 ‘3 

12 -3 

12 *8 

19*1 

16*9 

16*6 

16*7 

27*4 

19 1 

19 -3 

19*0 

86*8 

22*8 

22*4 

22*0 

46*1 

26*3 

26 *2 

26*0 

67*8 

28 *4 

28*6 

28*8 

70*2 

31 ‘3 

81 *3 

32*0 


Table VII. 

Carbon monoxide at —82° C. (Homfray). log ajp = 1-132—0-0219 a (1). 
Crit. temp. -41° C. (a, = 94). log a = 1062 + 0-400 logy (II). 


P- 

1 aObn. 

aCalc (I). 

ai'«lo. (11). 

om. 


' 


0*6 

6*2 

6*8 

0*4 

8*0 

17 *1 

17*1 

17*9 

4*0 

19-4 

10 *0 

20*1 

7*2 

1 26*7 

26*1 

26*4 

7*5 

26*2 

26*6 

26*8 

11*7 

1 81*7 

31 *3 

30*8 

14 ‘8 

84*7 

84*7 

83*0 

18 *7 

87*6 

87 *6 

87*2 

28*8 

48*3 

43*4 

44*3 

42*2 

j 

40*8 

48-8 

61 -6 


* ‘ Zeits. f. Phyaikal. Oiem.,’ vol. 74, p 641 (1910). 
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The close agreement of the theoretical formula with experiment is shown 
by the very numerous observations of Chappuis* contained in Table VIII. 
These are probably the most accurate existing data at any one temperature. 
They illustrate also the systematic increasing deviation between the calcu- 
lated and observed values when the adsorption becomes great. Tlie diveigencc 
otherwise appears to be within the limits of error of observation of tlie 
pressure and is nowhere laige, save initially, and here an error ot‘ only 
0*023 cm. would cover the deviation, since the calculated value of p for 
u = 10*45 is 0*090. 

Table VIIL 

('arbon <lioxide at U° (Chappuis). log «/p = 2*0727—0*000720 a. 

Crit. temp. 31° C. circa 2000). 


1 ^ 

a Ohn . 

a Calc. 

Per ooiit. div. [ 

1 

ADI. 

C 0 



0*113 

10 *45 

18*0 

4 24*0 

1 0*223 

2a*i« 

26*2 

+ 9*0 

i 0*305 

:i 4*0 

83*9 

- 0 *3 1 

1 0 *470 

52*7 

50*9 

- 3 *4 ' 

0*680 

61 *6 

61 *7 

4 0*3 

0*070 

71 *9 

70*3 

- 2*2 

0*780 

81 *8 

80*2 

- 2*0 i 

0*906 

91 *2 

91 *6 

4 0 *4 

0*988 

100 6 

08-6 

- 2 *0 , 

I'lOO 

110*1 

108 *2 

- 1*7 1 

1*240 

110*9 

119 *8 

- 0*1 ' 

1*862 

120*6 

128 -6 

- 0*7 : 

1*496 ' 

139*6 

130 *7 

4 0*1 

1*626 

140 -8 

149 *4 

4 0*1 

1*762 

168-0 

169*3 

4 0-3 

1*882 

168*4 

167 *9 

- 0*8 

2*012 

178 *2 

176 *8 

- 0 *8 

2*170 

188 *1 

187 *4 

- 0*4 

2*812 

108*1 

196*5 

- 0 *8 

2*494 

208*4 

207*9 

- 0*2 

2*641 

218*8 

217*0 

- 0*6 

2*822 

228 *3 

227*8 

- 0 *2 

2-998 

238*2 

i 238*0 

- 0*1 

3*176 

248-1 

247*9 

- 0*1 

3-892 

258 *8 

269*8 

4 0*0 

8*648 

** 268-2 

868*1 

- 0*0 

8*766 

278*6 

278*6 

4 0*0 

8*976 

289*6 

289-8 

4 0-1 

4*194 1 

800-6 

300-6 

± 0*0 

4*427 

811 *1 

811*4 

4 0*1 

4 *693 

824-4 

328 ‘6 

- 0 *3 

6*078 

341 *2 

840*2 

- 0*3 

6*463 

867*8 

866*7 

- 0*8 

6-084 

877*6 

877 *6 

± 0*0 

6*413 

393*2 

898*8 

4 0 *2 

6-667 

898*8 

809*6 

4 0*2 

7*010 

414-2 

416*4 

4 0*8 

! 7-712 

438 -2 

480 *3 

4 0 *8 


* Loc cU. 
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Table VIII — continued. 


p - 

a Obs . 

1 

1 a Gale. 

Per cent dir. 

cm. 


i 

— — — • 

8-548 

464*6 

! 466*0 

+ 0-8 1 

0-487 

401 *8 

! 408 8 

+ 0*1 1 

10*41 

610 *4 

1 619*2 

- 0*0 1 

11 *61 

647 •« 

' 847-8 

+ 0*0 ' 

12 *68 

676*8 

: 674-0 

- 0*2 

18-80 

602 *8 

' 601*6 

- 0*2 

16 *14 

630*8 

620 *6 

- 0*2 

16-88 

060 *2 

658 2 

- 0 *2 

1 HH )6 

686*4 

: 686 -a 

- 0*8 

10 *67 

714*2 

718 *2 

- 0*1 

21-57 

744-0 

743 *3 

- 0*1 

23 *67 

774*6 

774*8 1 

+ 0*0 

26 -81 

804 ‘2 

1 804*6 

+ 0*0 i 

28*17 

883 *7 

1 836*0 

+ 0*2 1 

80*84 

863-4 

867*0 

+ 0*4 

33 -60 

892 *8 

1 896*8 

+ 0*4 

36 *47 

021 ‘6 

1 027*8 

i + 0*7 

30-68 

060*6 

068 *8 

+ 0*0 

43-06 

978 *2 

i im ‘3 

+ 1*1 1 

46*40 

1006 

' 1010 

+ 1*3 

60*36 

1038 

1040 

+ 1*6 

64*31 

1060 

1077 

+ 1*7 

60*20 

1087 

1112 

+ 2*3 

64-64 

1114 

I 1147 

+ 30 

70*84 

1140 

1 1182 

+ 8*7 

76*34 

1166 

1216 

+ 4*3 i 

1 


In view of the use that the author has made of the equation (6) in extra- 
polating to the value of log uje at zero concentration, discussed at length in 
Part III, it is of interest to examine the complete («, log a/c) curve. This is 
presented in fig. 3, which is based upon the author's observations* on sulphur 
dioxide at —10*’ C., that is, 165° 0. below its critical point. It will be seen that 
there are three portions — to B, B to C, 0 to D — any one of which might 
be approximately represented by a straight line. In the case of gases hdow 
their oritioal temperature the portion AB becomes very steep, and extrapola- 
tion to A is diffionlt. This is shown by ammonia in the case of the observa* 
tions of Titoff and of Bichardson even ahom the critical temperature, and 
hence in these cases the equation (8) cannot be used for extrapolation. In 
the other cases examined, mainly gases ahcve their critical temperature, the 
portion A to C is very nearly rectilineal, and extrapolation is consequently 
justifiable for observations up to 30 per cent, of the saturation adsorption, and 
is exemplified in the case of ethylene in fig. 4, in Part III. 


■** ‘ Proc. Boy. Soc. Bdia.,’ vol. 37, p. 161 (1917). 
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Summary of Parts I and IL 

1. The theoretical form of the adsorption isostero is deduced and found 
to be 

log«e/c = B+A/T 

where B and A are functions of a only. 

2. The agreement with observation for gases above or near the critical 
temperature is satisfactory. 

3. The theoretical form of the adsorption isotherm is deduced and foiind 
to be 

logflt/c = Ao— Aia 

where Ao and Ai are functions of the temperature only. 

4. The agreement with observation up to moderate adsorptions of gases 
above their critical temperature is satisfactory. 

The author wishes to thank Prof. James Walker, F.B.S., for his valuable 
assistance in the presentation of this paper. 
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Part III . — Experimental Verification of the Constants in the 
Theoretical Adsorption Isostei'c. 

By A. M. Williams, M.A., D.So., Cheuuetry department. University of 

Edinburgh. 

(Communicated by iVof. Jamks Walker, F.R.S. Received July 22, 1919.) 

1*AUT III. 

Having established the form of the theoretical isosteres and isotherms, it is 
now possible and desirable to find how far the constants of the deduced 
expressions fall in with their theoretical values. We will in the present 
paper confine ourselves to a consideration of the constants A and B of the 
zet'o isostere. These are given by equation (7) in 

and they are also given by Ao in equation (8), 

loga/c :s Ao*-Aia 

since A« = 

(a) MisH Homfraijs Obsei^vatwns* 

There exists only one set of observations sufficiently extensive to be 
suitable for our present purpose. 

Miss Homfray's observations embrace the adsorption by cocoanut charcoal 
of helium^ argon, nitrogen, carbon monoxide, methane, carbon dioxide, and 
ethylene, and it has been found possible to evaluate Ao for all these gases at 
various temperatures. Accurate extrapolation from the observations was 
sometimes difficult in the case of the first two gases which show many 
irregularities in the data, but was relatively easy with the others. Pig. 4 
represents graphically the extrapolation in the case of ethylene, and illustrates 
the power and scope of the method adopted. It is, of course, obvious that 
* the further away from fit = 0 the observations lie, the less reliable is the 
extrapolation, and the assumption has been made that there is no change in 
curvature in the graphs near fit s 0, since such is not found in the case of 
those curves with values available near a ss 0. In extrapolating, repeated 
use was made of the fact that the gradient of the («, logetfe) curves varies 

* *Zeit. f. Physiksl. Qhem.,* vol. 74, p. 129 (1910). 
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oontinuouBlj with the temperature. This waa helpful in the ease of observa- 
tions at low temperatures when few points were available near « = 0, and 



was also used at high temperatures where perhaps only one ol)BeTvatiou was 
recorded. The error in extrapolating here would be small, since the point 
was always near dr = 0. But in a few cases the readings are so discordant 
that only a mean value can be given with a big probable error. This was 
particularly the cose with argon. 

The values of Aq thus obtained have been plotted against the reciprocal of 
the absolute temperature in order to test (7), and the cuives are shown in 
fig. r>, ft will at once be seen that the graphs closely approximate to 
straight lines, that is, A and B are appreciably independent of the tem- 
perature over the range studied. This is more closely examined in the 
Tables following, where a comparison is made of the observed and calculated 
values of log «/c for different temperatures. As regards the constants A and 
B, the difference between log a/c calculated and observed is the error in B if 
A is regarded as known, and the last column gives the variation in the 
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Ethylene. T* = 283. B = 3-676. A = 1631. 


T. 

Log o/e ob». 

Log Skjv calc. 

THrergeore. 

PercentaM 
error in o/c. 

A oalc. 

278 

3*660 

8*661 

-0-008 

-1*9 

1688 

2D3 

8-227 

8*848 

•t-0'016 

+ 8*8 

1627 

810 

2-792 

2*789 

-0-008 

-0*7 

1682 

888 

2-072 

8*674 

4-0-008 

+ 0*6 

1680 

861 

2-880 

2 *822 

-0-008 

-1*9 

1634 

378 

2-067 

2*040 

-0-008 

-1*9 

1684 

4D5 

1 1-700 

1*708 

•fO-008 

+ 0*7 

1629 

456 

1 1-261 

1*261 

±0-000 

:k0*0 

1681 
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Table X. 


Carbon dioxide. T, = 304. B = 2 085. A = 1245. 


1 

T. 1 

Log a/f obR. 1 

1 

Log a/ r calc. 

Divergence. ; 

1 

Poreenfcago ! 
error in a/r , 

A calc. 

•m ' 

2 671 

2-660 

-0-015 

- 3-0 

1249 

293 

2 84S 

2-344 

+ 0 -001 

+ 0-2 

1246 

319 

1'9H7 

1 -998 ' 

+ 0-011 

+ 2 6 

1241 

333 

1 ‘822 

1 -834 

+ 0-012 

+ 2-8 

1241 1 

361 

1 '046 

1-641 

-0 -006 

-1-2 

1246 1 

373 

1 ‘446 

1*483 

-0-012 

-2-8 

1249 I 

406 1 

1-174 

1-169 

-0 006 

-1-2 

1247 

465 1 

0-828 

0 -881 

+ 0*003 

+ 0*7 

1244 1 


Table XL 

Mctbaiie. Tc = 178. B = 20C8. A = 1081. 



- 





T. 

Log a/e obs. 

Log a/c calc. 

Divergence. 

Percentage 
error in a/e. 

A calc. 

240 

2*583 

2*672 

-0 -Oil 

-2-0 

10S4 

266 

2-206 

2*807 

+ 0 -012 

+ 2-8 

1078 

278 

2 -088 

2*028 

-0-010 

-2*3 

1064 

293 

1 -774 

1*767 

-0*017 

-4-0 

1086 

310 

1*440 

1-466 

+ 0*016 

+ 3*8 

1075 

361 

1 -161 ' 

1-147 

-0-004 

-0-9 

1082 

378 

0-967 

0*966 

-0*001 

-0-2 

1081 

456 

0-480 

0-444 

+ 0*006 

+ 1-2 

1079 • 


Table Xir. 

Carbon monoxide. Te s 132. B s 2*014. A s 933. 


T. 

Log pfe ob«. 

Dog v/e calc. 

Divergence. 

Percentage 
error in «/e. 

A calc. 

104*7 

2*865 

. 2*806 

-0*060 

-14*6 

044 

289 -4 

1*008 

1*011 

+ 0*008 

+ 0*7 

982 

244-6 

1 -616 1 

1 1*830 

+ 0*016 

+ 3-6 

020 

273 

1*427 1 

1 1*481 

+ 0*004 

+ 0-9 

082 

298 

1-106 

1*198 

+ 0*002 

+ 0-6 

082 1 

819-2 

0*936 

0*985 

ckO -000 

0 -0 

038 

861 

0-697 

0-672 

-0 *026 

- 6*9 

041 

378 

0-516 

0-516 

+ 0*001 j 

+ 0 -2 

083 

1 



302 


Dr. A. M. Williams. The Adsorption of 


Table XIII. 

Nitrogen. T« = 127. B = 2110, A = 856. 


'J\ 

j 

Log «/f <*aU*. 

1 

Jlir^rgence. | 

1 

Percentage 
error in a/r. 

A calc. 

104 *7 

2-50!) 

2-606 

-0-003 

-07 

857 

a89 4 

1 -r588 

1 -686 

+ 0-008 

+ 0-7 

H55 

244-5 

1 ‘641 

1*011 

I -0-030 

-7 '2 

863 

273 

1 ‘240 

1 *240 

-0-004 

-0-0 

857 

282-8 

1-140 

1 -14:1 

+ 0-003 

+ 0-7 

866 

806-5 

0-800 

0 004 

+ 0-006 

+ 1-2 

855 

820 

1 0-740 

0*786 

+ 0-080 

+ 8-6 

844 

851 -2 

0 -667 

0*648 

-0*000 

-2-1 

859 

378 

, 0-400 

0*406 

-0-004 

-0-0 

867 


Table XIV. 

Argon, Te = 156. B = 211. A = 822. 


T. 

Log a/c obii. 

Log a/c calc. 

A calc. ! 

1 

146 

(2 -6 P)' 

3-78 

(651) 

196 

2*06-2-12 

2-33 

770-782 

286 

1-60-1-66 

1*50 

800-811 

273 

1 -124 

1 -12 

823 

321 

0-67-0-71 

0-67 

822-836 

351 

0 -4.3-0-53 

0-46 

816-H50 

373 

0 •23-0-31 

0-81 

791-821 

i 


The values of A and B for argon given in Table XIV were not deduced 
directly from the graph, owing to the difficulty in evaluating Ao. They were 
deduced by extrapolation from the values for A and B obtained from the 
isostercs for finite adsorptions tabulated by Miss Homfray. (See, for example, 
Table I, Part IT.) 

From the Tables it will be seen that A and B are appreciably constant over 
a range of some 200 degrees Centigrade, and this itidicates from the theoretical 
iUscuBHion that in the region of temperature in question and v) are 
appreciably constant, that is, the range of cohesive forces is appreciably 
constant. The values for aigon would, however, indicate that at lower 
temperatures w increases. This must be interpreted to mean that the 
molecule is less closely held to the attracting surface at low temperatures. 
The curves are, therefore, only npprodniaJtdy straight lines, and we are at 
present unable to predict whether they will remain so at higher temperatures. 
Let us now examine a little more closely the physioal meaning of the 
constants A and B. From the theoretical equations of Part I 

A sss ^/R . a*ao^^(f*o}« 
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For ihe same adsorbing surface A/a^ is proportional to <^(/u), and if the iiicaii 
distance ro is closely the sanw for different substances, then is closely 
the same, represents the s^TeciHc attraction of the adsurbeil substance, 
while the cohesion represents tlie attraction of the subsUiice for itself and 
should therefore be proportional to x a* or a. We may take the u (»f Van 
der Waal’s equation 

+ f*) = RT 

to give us a measure of the cohesion factor of different substances, lii 
the Table following this value of a has been used and is the mean of tlie values 
calculated from observations and given in Laiidolt-Bbrnstein’s tables, save in 
the case of helium, where the data of Oniu«* have been employed. The last 


Tabic XV. 


Substance. 

rt. 

«* 

A 

A;.*. 

He 

0 000060 

0*0083 

184 

1 *61 K 10* 

A 

0*00260 

0*0608 

822 

1*62 


268 

618 

866 

1*66 

CO 

280 

520 

083 

1 -76 

CH 4 

867 

606 

1081 

1*78 

CO. 

701 

887 

1246 

1*40 

03 H 4 

886 1 

041 

1681 

1*78 


column indicates that ^( 7 * 0 ) is indeed appreciably constant for ditleieut 
gases, and hence we sec that we have here a new method of placing the 
values of the internal cohesion of gases. 

We get further information as to r*) and 8 , the mean effective range of 
molecular action from B, since 

B = and 10 = 8 ( 8 — 

If Vo (and therefore 8 ) is the same for all the molecules considered, on 
graphing w against o* we should obtain a straight line, the gradient of which 
is the area S of 1 grni. of the adsorbent, while the intercept on the cr 
axis is 8 , and the intercept on the w axis is 88 , the initial volume of the 
surface film. 

Since Van der Waal's “ a " has been employed lor estimating the cohesion, 
c has been recalculated from his b " by means of the relation 

c = (38/27rN)S 

and the data are presented in Table XVI. Tlio value of a, calculated from 
the viscosity relation by Sutherland, is also given for compazisou, and is 
denoted by <r'. The w) curve is shown in fig. 6 , and the line is the most 
* ‘ Proc. Acad. Set Amaterdaiu,’ vol. 14, p. 678. 
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Table XVI 


Gm 

h 

9 . 


1 

n 


5. 


▲ 

0 -00187 

a -88 K io-» 

2 66 K 10*** 

1 8-H 

0 *0129 

8 87 * 10-* 

8-98K10-* 

Nj 

171 

3*10 

2*96 

' 3 -HO 

129 

4-00 

4-12 

CO 

170 

1 S'09 

2 '74 

3-014 

103 

3*68 

3 68 

OH* 

160 

1 »03 

— 

' S-OflH 

117 

3-93 

— 

00, 

191 

1 3*21 

2 ‘90 

2-086 

122 

4-16 

4-01 

O.H* 

263 

1 3 '63 

3*31 

1 3-676 

047 

3-87 

1 

3-74 


likely through the points shown. It will be seen that in the case of nitrogen 
and carbon dioxide the points lay well ofT the line. In the case of carbon 
dioxide this corresponds to the low vahie of A/a* in Table XV, making ^(ro) 
small, and hence n and S large. The gradient of the line shown is 



1*31 X 10*, and hence we conclude that the area of 1 grm. of the adsorbent is 
1*31 X 10* sq. crn. Assuming the area is 1*3 x 10* sq. cm., the author has 
calculated 3 in Table XVI for the various gases from the relation 

ss S(3 — (t). 
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If we use <r' instead of the likeliest line gives S = 1’07 x 10® sq. cm., and 
taking this value h* has been calculated. It should be noted that if ro, and 
therefore S, varies from substance to substance, the (cr, w) points will not lie 
on a straight line, but straight lines whoso gradient is the value of the area S 
through the points in question will intercept on the a axis S values corre- 
sponding to the various values. 

Our calculations, then, lead us to the conclusion that the area of 1 grm. 
of the charcoal used by Miss Homfray was initially 1'3 x 10® sq. cm., and the 
thickness of the initial adsorption film was approximately 4*0 x 10"® cm., 
giving the volume of this film as 0'062 c.g. If we assume the charcoal 
{density 1*67) to be made up of n thin laminm, the thickness t is given by the 
equations 

= 0 * 6 , 

2wS' = 1*3x10®, 

whence ^ ^ x 10"® = 90 x 10"® cm. 

1*0 

On the other hand, if we assume the charcoal made up of u spheres of 
radius r, we have 

= 0 * 6 , 

4w7r?*® = 1*3x10®, 

whence r = " | . 4'" — ^ ^ 

1*0 

On both assumptions we see that the thickness of the adsorbent is great 
compared with the adsorption layer, and hence we are justified in assuming 
that the adsorption film may be represented as of volume S x 6. 

Beverting now to tlio points which are off the line the explanation for 
carbon dioxide has already been given in the low value of if> (ro) — the reason 
for this itself is not obvious. In the case of nitrogen the value of ^ (ro) is not 
so low as to be attributed to the uncertainty of the a values as accurate 
measures of the cohesion. It is therefoi'e of interest to use the value of w 
corresponding to c from the line in fig. 6, and see if this gives us a constant 
value of A in the equation 

log «/c = logi4y+ A/T. 

The values of w and A, already given, were selected as the best for repro- 
ducing the observed values. The two values of A are compared in 
Table XVII below. 

It will be noted that the couatancy of A (II) is not quite so good as that 
, of A (I), but it is possible that more acourate observations might have led 
to A (II), and therefore to a more likely value of to for the curve. 

VOL. XOVL— A. ' Y 
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Table XVII. 

A = T(log«/r-2110) (f). A = T(loga/c-2*O70) (TI). 

A = 856 (T). A= 865 (II). 


T. 

A (I) 

A(JT). 

A(l) 

A(U). 

104-7 

867 

803 

1 

- 2 

239*4 

865 

86.S 

- 1 

- 2 

244 *r> 

863 

871 

7 

6 

273 

857 

866 

1 

- 1 

282 *3 

865 

864 

- 1 

- 1 

806*6 

866 

864 

- 1 

- 1 

dSO 

844 , 

864 

-12 

-11 

asi ‘2 

869 

871 

8 

6 

378 

867 1 

860 

1 1 

4 




’ 

- 208 

« 220 


The obaorvations on the adsorption of helium merit a brief discusaiou. It 
has already beeu remarked (in a footnote to Part I) that what is observed 
is not « but a, the excess of the surface concentration over the concentration 
in the gaseous phase. Assuming no chemge in the volume of the adsorbent 
we have, in fact, 



whence n/c = a/fl— aV«/cV = a/c — SS 

and therefore ajc = 

For small values of ajc we cannot negloct Sfi. These small values only occur 
in the observations at higher temperatures with argon, nitrogen, and methane, 
and the correction does not seriously affect the results. With helium, 
however, the case is different. Of the observations on this gas, unfortunately 
only those at 83° A are sufficiently extensive to be employed. Here we 
have log ajc = 1*81 or a/c=0'65. If we employ the data of Onnes {loc, ciL), 
Tc ss 5*26, = 2’26 atmospheres, whence a == 0*000069, b = 0*00106 leading 

to a* = 0*0083, and <r = 2*65 x 10'^. We may use these values to solve for 
A/a* in 

log(a/c+SS) = logS(8-<r)+A/T 
where SS = 0*052, So* =s 0*035. leading to 

log (0*66 + 0*05) = log 0*017+ A/83. 

A = 83 X (log 0*70-log 0*017), 

» 83 X 1*61, 

»13A 
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Hence 


134 

a* 0*0083 


1*61 X 10* 


which is in good agreement with the values obtained for other gases. (The 
values lead to 1-52 x 10*.) 

It is evident that if the theory holds for higher temperatures the olaerved 
adsorption of a gas will vanish, when 

logSS = logS(8-<r)+A/T, 


Thus, in tlio case of helium there should be no observable adsorption (or, 
rather, very nmall negative adsorption) after the point given by 

log 0*052 = log 0-017 + 134/T, 
or T = 134/0*49 = 270, 

and in fact Miss Horn fray records zero adsorption at 287°A and 290°A. 

Miss Homfray elsewhere nuuitions that at 83" A, 3 grm. of charcoal 
adsorbed 330 c.c. of argon at jts saturation vapour pressure. Assuming the 
adsorbed film to have a density the same as liquid argon, we see that the 
volume of the film per gramme charcoal was 


110x40 
22400 X 1*4 


or 0*14 0.0. 


This is less tlmn thrice S3 or five times S<r, so we see that the transition 
layer between adsorbent and saturated vapour is not more than 5 molecules 
thick. This is what we might expect from the smallness of the value of 
3, the effective range of the molecular forces. The evidence here presented 
as to the value of 3 must be regarded as affording support to the views 
advocated amongst others by Langmuir as to the smallness of the range of 
molecular attraction. 


(b) Titoffs Observations, 

The only other set of observations which are at all extensive is due to 
Titoflf,* and includes data for hydrogen, nitrogen, carbon dioxide, and 
ammonia. Only the observations on hydrogen, nitrogen, and carbon dioxide 
may be used for extrapolation by means of equation (8), and the results for 
the two latter gases are given below in Tables XVIII and XIX : — 


* ‘Zeita f. Phydkal. Ghem./ vol. 74, p. 641 (1910). 
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Table XVIII. 

Nitrogen. T. = 127. B = 2-516. A = 769. 


T. 

Log etjo obs. 

IjOg aje calo. 

Divergence. 

Feroen6am 
error in 

A. 

194 

(8-20) 

2*43 

+ 0*28 

+70 

714 

878 

1*290 

1*296 

-0*001 

- 0*2 

769 

SOS 

1-019 

1*020 

+ 0*001 

+ 0*2 

769 

868 

0*666 

0*666 

-0 *001 

- 0*2 

769 

424*6 

0*200 

0*304 

+ 0*014 

+ 8*8 

768 



Table XIX. 



Carbon dioxide. T« = 304. 

B = 

3-825. A s 1396. 

T, 

Log a/e oba. 

Log a/e ealo. 

]M««rganee. 

Percentage 
error in a/e 

A. 

106*5 

(6-04) 

4*93 

-0*11 

-29 

1419 

37S 

2-917 

2*938 

+ 0 021 

+ 6*0 

1390 

808 

2*430 

2*488 

+ 0*003 

+ 0*7 

1896 

863 

.1 788 

1*780 

-0 *008 

- 0*7 

1397 

424*6 

1*113 

1*114 

+ 0-0(11 

+ 0*2 

1396 


Values of Ag cannot be directly determined from the isotherms for ammonia 
for the reason mentioned in Part II — the («, log a/c) curves are not straight 
lines. Values of A and B may, however, be determined from the isosteres 
for finite adsorptions as was done with argon. We have the following 
Table : — 


Table XX. 


a. 

60 

40 

80 

20 

10 

0 

A 

1800 

1405 

1428 

1460 

1487 

1640 

B 

S 840 

S-268 

S-230 

2-106 

2-173 

2-180 


The zero values are extrapolated assuming no change in corvataro of the 
(a, A) and («, B) curves. But the change in curvature of the («,log«/c) 
curves occurs just below » a 10, and the assumption is scarcely justifiable, 
as the values suggested by this consideration ore much lower for A and much 
higher for B. Nevertheless, the values given in the Table may he employed 
as representing a possible (^(rp), 8) configuration of the intern, even if it is 
not the one actually occurring with ammonia at zero concentration. 

The observations with hydrogen are at three temperatures only, and ate 
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discusaed after the correction 88 to the observed a[c values has been 
detemiined. In Table XXI are presented the results already obtained, Tb» 


Table XXI. 


G». 

a*. 

A. 

A/a*. 

cr. 

B. 

w 

c&. 

NH, 

1 0-0518 

769 

1 -40x10 

8*10xl0-# 

S-616 

0-0327 

887 

1806 

1-67 

8-21 

8-825 

O-OP07 

893 

1540 1 

1-72 

8-04 

3-160 

0 0141 


(<r, w) points are too few in number for an accurate determination of S, the 
values of being uncertain, and the a values close to each other. 

Allowing for the variation in A/a*, the best value of S appears to be 7 x 10®, 
while if we assume the variation in 8 from A/a* = 1*7 to A/a* =s 1‘5 should 
be the same as found with Miss Homfray’s charcoal, the best value of S is 
9 X 10®. Taking S to be 8 x 10®, we got SS to vary from 0’29 to 0*31. This 
value is so great that it is obvious that the correction must be introduced 
to the nitrogen and carbon dioxide values. ' The results are shown in 
Tables XVIIIa and XIXa below. 


Table XVIIU. 

Nitrogen. = 127. B = 2*610. A = 736. 


T. 


194 

278 

303 

868 

424*5 


1jOf( a/c obs. 

Log ajv obs. 

Log a/r calc 

(2-20) 

(2*20) 

2*40 

1296 

1-306 

1*306 

1*019 

1 *032 

1 *040 

0*666 

0-694 

0*694 

0*290 

0-364 

0*344 


A 


696 

736 

734 

786 

740 


- Table XIXa. 

Carbon dioxide. T^ = 304. B = 3*880. A = 1377. 


T. 

Log a/c obfl. 

Log afe obfl. 

Log a/c calo. 

A. 

196*6 

(6-04) 

(6-04) 

4-80 

1407 

273 

2*917 

2-017 

2-928 

1876 

808 

2-480 

2-481 

2-424 

1878 

868 

1*788 

1-786 

1*780 

1878 

484*6 

1*118 

1*188 

1*128 

1876 
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The values of (1/T, log afc) with hydrogen do not lie on a straight line, but 
the curvature is less when the (1/T. log aje) points are oonsidered. The value 
of the gradient between two of the points loads to a value of A/a* much 
greater than any hitherto recorded, and this suggests an error in observation. 
The results of calculation are shown in Table XXII. 


Table XXII. 

Hydrogen. Tc = B = 1*11. A = 311. 


T. 

Log a /0 obs. 

Log afc ob 9 . 

Log a/c oalc. 

Percentage 
error in aje. 

A. 

36a 

1-78 

I 97 

I 00 

+ 6 

304 

273 

0'2S 

0 .*10 

0-26 

-12 

326 

104 

0-6« 

0 -as 

0-71 

+ 7 

306 

. _ 



! 

_ . J 





Table XXa presents a summary for the corrected values of A and B. 3 is 
calculated from the relation = S (3— <r). assuming S = 8 x 10*. Oomi>aring 
the values with tlioso in Tables XV and XVI, the tendency for the values of 


Table XXa. 


One. 

a*. 

A. 

A/a^, 


B. 

W, 

1 

6. 

Hj 

0 *0206 

311 

1 -62 X 

2-60xl0-» 

Ill 

O'lS 

4 '1 X 10-* 

Ns 

618 

730 

1 42 

3-10 

2-«l 

0 041 

8*6 

CO, 

8.H7 

1377 

1-64 

3-21 

3 

0*0076 

3-3 

NH, 

1 

898 

1640 

1 -72 

3-04 

2.16 

0*014 

3*2 


A/a*, and hence of ^(ro), to fall with a is again to be noted, carbon dioxide 
not forming an exception here. This tendency points to the necessity fur the 
existence of a second relation, presumably dynamical, connecting a and 
The values of A/a* appear to be slightly less in the present case, indicating 
that the attraction of the charcoal oo* is less. This may be connected with 
the smaller value of S and the greater surface S, which leads to a smaller 
thickness of the adsorbent — in this case only 13 x 10~* cm. if composed of 
thin laniinm. 

There are no other observations available for the purposes of the present 
paper, so a summary of the insults may now be given. 

Swmmary of Fart II L 

1. The form of th|||theoretioal adsorption isostere for zero concentratiofi 
bag been established for a number of gases above their critical points. 
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2. The I'elationship among the oonstants is in good agreement with the 
theory based on the existence of a thin surface layer. 

3. A new method of obtaining the relative internal cohesion of a gas is 
thereby presented. 

4. The surface area of the adsorbent can be evaluated. 

6. The range of molecular attraction may be determined, and in the oases 
considered is found to vary from 3*2 to 4*1 x 10“*^ cm. 

The author desires to express his thanks to Prof. James Walker, F.II.S., 
for his help in the presentation of this paper. 


Address of the President y Sir J. J. Thomsony O.M.y at the 
Anniversary Meetingy December 1, 1919. 

The losses of the Society since the last Anniversary Meeting have been 
very heavy. Fourteen Members on the Home List, and three Foreign 
Members, have died during the year, and among these are some who have 
for many years been most closely connected with the work of the Society, 
apd whose discoveries and researches liave for long been the glory of British 
science. 

One of these. Sir Wiluam Cbookes, had worked at science with untiring 
diligence and most conspicuous success for 60 years. A pupil of Hofmann, 
he became famous in 1862 by his discovery by the new method of Spectrum 
Analysis of a new element, thallium ; this discovery won for him his election 
into the Society in the following year. In 1873 he again made a discovery 
which attracted universal attention, that of the Kadiometer. The way in 
which he arrived at this discovery is as great a tribute to his genius as an 
investigator as the importance of the discovery itself. In the course of 
some chemical experiments, he observed certain irregularities in the 
weighings made with a very delicate balance ; he followed these up, and at 
last traced them to forces acting on a surface exposed to radiation, and, 
with his unrivalled power of epitomising a dis^very in a dramatic experi- 
ment, he summed the results of his work up in the well-known instrument, 
the radiometer or light-mill. Though subsequent research has not oon6rmed 
the theoiy by which he explained its action, the radmmeter is a striking 
example of his skill as an experimenter, the thoroughness of his work, and 
his determination to leave no difficulty unsolved. His long-continued work 

VOL. xon.-— A. z 
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on the discharge ot electricity through high vacua led to results of great 
iniportanoe, and the beauty and interest of his experiments did much to 
promote research iu a region which has proved fruitful in results. 

He had a singularly independent, original, and courageous mind ; he looked 
at things in his own way, and vm not afraid of expressing views very 
different from those previously considered orthodox. In not a few oases, 
notably in that of his views of radiant matter, time has shown that his 
ideas were much more in accordance with those which arc now accepted than 
Uiose commonly held by bis contemporaries. 

The Royal Society owes much to him for the services he rendered as 
Foreign Secretary and President, and especially for the papers which he 
communicated to the Society ; these were delightful to those who heard 
them, and have increased in no small degree the value and interest of our 
' Transactions ’ and ' Proceedings.' 

We have lost another Past President, Lord Raylkigh, who continuously 
for the last 50 years enriched every branch of physios, with results of 
first-rate importance. Lord Rayleigh's output of work ha« rarely been 
equalled, either in distinction or in. amount. He published nearly 400 jMipers ; 
not one of these is commonplace, there is not one which does not materially 
advance its subject, and hardly one of them contains anything which requires 
correction. His discovery of argon is one of the romances of science. It 
might seem incredible, and, indeed, to some it was incredible, that, in spite 
of the study which for centuries had been made of the atmosphere, there 
should have been in it, quite unsuspected, such quantities of a new 
substance that the amount in a moderate-sized room is to be reckoned in 
kilogrammes rather than in grammes. 

Time does not permit of even a sketch of Lord Rayleigh's contribution 
to science ; a full account of these, it is hoped, will soon be forthcoming, 
but I cannot pass over without notice his ‘Theory of Sound,’ a model of 
a scientific text-book, for the clear and critical exposition it contains of 
the work of others, and for the value of his own contribution to tire subject. 

Loid Rayleigh possessed to a very remarkable d^[ree thC power of 
getting, in his theoretical as well os in his experimental work, at the very 
esseuce of the question, his judgment in scientific matters woe unrivalled, 
and no subject ever passed through his mind without having difficultica 
removed and valuable ideas added. 

To pass to other branches of his activity, he was Secretary of the Society 
hrom 1886 to 1896, and President from 1906 to 1908. He hod from its 
inception (with which he had a good deal to do) taken tire greatest interest 
in the National Physical Laboratory; he was Chairman of the Executive 
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Committee fiw its commeacement until a few months before his death, 
and the success of the Laboratory is in no small degree due to his wisdom, 
interest and influence. He rendered great assistance during the war by the 
advice he gave in cases of exceptional difficulty, on which he was frequently 
consulted, and by his services as Chairnian of the Committee on Aeronautics. 
He was for many years Soientiflc Adviser to Trinity House, and was 
one of the original members of the Advisory Committee on Scientific and 
Industrial liesearch. 

Geohgk Cakky Fostek, who had been a Fellow of the Society for 
fifty years, was one of its most beloved and respected members. His 
unfailing courtesy, his sagacity, his fairness and freedom from prejudice, 
made him an ideal councillor. He was one of those whose unobtrusive 
labours in the business and organisation necessarily connected with the 
work of scientific societies have done much for the progress of science. 
He was the pioneer of the teaching of Practical Physios in this country, 
as in 1866, in two rooms in University College, London, he establislied the 
first Students’ Physical Laboratory in England. 

By the death of Mr. Docane Couman, at the age of 85, we have lost 
a great ornithologist and a benefactor of the Society, and one whose 
presence was always welcome at scientific gatherings. The ‘Biologia 
Centrali'Amerioana,' edited by Godman and his life-long friend and colleague, 
Osbert Salvin, is, from its magnificent contributions to Natural History 
and Arohssology, a striking instance of the debt which Science owes to 
the labours of men who, like Godman, hold no office, but spontaneously 
devote themselves to the extension of knowledge. 

The well-known physicist. Prof. William Watsom, was Director of the 
Central Laboratory, B.E.F., from its establishment in 1916, soon after the 
first gas attack, down to the end of 1918. Ho did much in devising means 
of defence against an infamous method of warfare. He was frequently 
“ gassed *’ himself, and his death after two months in hospital is attributed 
largely to the trying expeiieiioeB he met with in the discharge of his duties. 

Dr, A. G. VxBNOK Habcovbt, who died in August at the ago of 65, 
was elected a Fellow of the Society in 1863, the same year as Sir William 
Crookes. He was endeared to many generations of Oxford men, a pioneer 
in the science of Physical Chemistry, and a very skilful experimenter. He 
was one of the Metropolitem Gas referees, and brought to its present state 
of efficiency the lO-candle pentane standard. 

Alexamdre Maoalistbb, well known to many generations of Cambridge 
medical students, was a very successful teacher and worker in anatomy, 
and a man with exceptionally wide interests. 

z 2 
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Dr. Hbnby WiLDB was a pioneer in the invention of the dynamo, and 
applied it on a large scale, more than 60 years i^, to the electro-deposition 
of metals and to searchlights for the Navy. A man of pronounced 
individuality, he interested himself in later life in the subject of terrestrial 
magnetism and the relation between the atomic weights of the elements. He 
founded the Wilde Lectureship in the University of Oxford. 

Dr. John Aitken, who died but a few days ago, was, like Mr. Qodman, an 
excellent example of an unofficial worker who made important contributions 
to science. His investigations on the influence of the presence of dust on the 
deposition of moisture have attracted much attention, both from the beauty 
of the experiments and the importance, both from the physical and meteoro- 
logical point of view, of the results obtained. His scientific papers bad a 
freshness, an originality, and a simplicity which gave them a peculiar charm. 

I have also to record the loss of Prof. Adbian Brown, distinguished for 
his researches on fermentation ; Sir Bobbrt Inoub Palgrave, a distinguished 
statistician ; Prof. Trail, of Aberdeen, a well-known botanist ; 1x)rd 
Macdonald, and Sir Edward STntiJNo. 

Our Foreign Member, Prof. Pickering, of Harvard University, was one 
of our most distinguished astronomers, and one who took a large share 
in the remarkable development of astronomical research in America in the 
last fifty years. His exceptional powers of organization enabled him to 
initiate and cany to a successful conclusion groat schemes of astronomical 
research. To mention but one instance, at his observatory at Harvard 
about two hundred thousand photographs were taken and catalogued, showing 
all stars down to the eleventh magnitude and many fainter ones; these 
give a history, the only one that exists, of the Stellar Univene, and when 
a new object has been discovered its past history for many years has neatly 
always been revealed by these platesw 

Prof. Emil Fischer had for long been one of the most famous of German 
chemists, the founder of a successful school, and a great teacher ; his own 
work was of such importance that it has been said of him that by ** hie work 
on the sugars, the proteins, and the uric derivatives (each an enquiry of 
unparalleled magnitude and importance) he made biology on the- chemical 
side a science." 

The contributions to the literature of anatomy by our late Foreign 
Member, Prof. Betzius, of Stockholm, were unequalled by any one of his 
generation. 

It was, as you may imagine, with tiie greatest regret, almost with consterna- 
tion, tluit the Council heard from Sir Alfred Kempe that the state of bis 
health obliged him to resign the office of Treasurer, which he has hidd for 



315 


Annivertary Address by Sir J. J, Thomson. 

20 yeats. It is difficult to find words adequately to express our indebtedness 
to him ; by his sagacity, his long experience of the affairs of the Society, 
and his legal knowledge, he has rendered invaluable services in our councils 
and in directing the policy of our Society. He carries with him on his retire* 
ment from the office which he has so long and worthily held the thanks and 
good wishes of every member of the Society. 

But this does not complete the list of our losses : it was with very great regret 
the Council heard from Dr. Schuster that he could no longer undertake the 
duties of Secretary. Everyone who has had the privilege of working with 
him during the strenuous years from 1912, when he took office, realises how 
much the Society owes to the unremitting work and zeal which he has 
devoted to the duties of his office, to the soundness of his judgment, and to 
his unstinted generosity. On him has fallen nearly the whole of the very 
heavy burden of the organisation of International Association necessitated by 
the war. We may congratulate ourselves that his activities in this direction 
will not terminate with his tenure of the Secretaryship, and that the question 
of International Science, in which he has so long been interested, and for 
which he has done so much, will still have the benefit of his work and 
guidance. 

1 have yet another loss to announce : the Council only a few weeks ago 
learnt with great regret that the state of Mr. Harrison's health was such that 
he could no longer discharge the very heavy duties of the Assistant- 
Secretaryship, an office which he has held for 24 years, the longest tenure in 
the history of the Society. I think all members of the Society will unite in 
tlianking Mr. Harrison for the ability, zeal, and devotion to the interests of 
the Society which he has displayed so conspicuously during his long tenure 
of office, and will hope that the leisure to which he may now look forward 
will effect the complete restoration of his health. 

This September Sir Bichard Glazebrook retired, under the age limit, from 
the Directorship of the National Physical Laboratory. Pew I think are 
privileged to see in such a‘ striking and unmistakable form the success of 
their life’s work as Sir Bichard can, in the buildings and achievements of the 
National Physical Laboratory at Teddington, which have all been done under 
his direction. He leaves the Laboratory in the full tide of prosperity and 
with a splendid record of services rendered during the war. 

The domestic events in the history of the Society have been so numerous 
that I have but little time' for any other subject I cannot, however, pass 
over without notice the remarkable result that was announced at our first 
meeting this session, that the observations made at the eclipse of May 29 
showed that light was deflected, when passing close to the Son, by an amount 



816 Anniversary Address by Sir J, J. Thomson. 

which, within the somewhat wide limits of the experimental error, agreed 
with that predicted by Einstein. 

The deflection of light by matter, suggested by Newton in the first of his 
Queries, would in itself be a result of first-rate scientific importance ; it is 
of still greater importance when its magnitude supports the law of gravity 
put forward by Einstein, a law which has explained the long-standing 
difficulty of the motion of the perihelion of Mercury. 

On Einstein’s Law the velocity of light passing through a field of gravita- 
tional attraction depends upon the gravitational potential, and diminishes as 
the potential diminishes. Thus the gravitional field round the Sun acts like 
a refracting atmosphere, the refraction diminishing as the distance from the 
Sun increases. 

Though there are some hundreds of theories of gravitation Einstein’s is the 
only one which has predicted a result which has been verified by experience. 
On Einstein’s, as on several other theories, changes in gravitational attraction 
travel with the velocity of light, and also the mass of a body varies with the 
proximity of other bodies. 

In view of the statements in the press about the overthrow of the 
Newtonian Law, it may be well to point out that it is only in most 
exceptional cases, oases which are very difficult to realise, that the diflbrence 
between the effects of the two laws is appreciable. 

The modified theory of relativity by which Einstein arrived at this result is 
of remarkable interest and subtlety. The space around matter is on this 
theory distorted by an amount which diminishes as the distance from the 
matter increases, so that an observer in an aeroplane if he were provided with 
infinitely delicate instruments would, as be rose in the air, find the shapes 
of objects on the ground continually changing ; and again the ratio of the 
circumference to the diameter of a circle would be changed to a minute 
amount by placing a weight at the centre of the circle. The laws of morality 
have been said to be a question of latitude, on Einstein’s view those of 
geometry are a question of altitude. ’ 

On Einstein’s view gravitation is due to a particle trying to find the 
easiest way through space distorted and disturbed in tliis way. We 
may put it as follows. The dynamical principle of Least Action, when 
applied to a particle moving through a space of this kind, would lead to a 
diflforent path from that which would be pursued if the space were Euclidean, 
and this difference in path is that which would be produced if we supposed 
the space to remain Euclidean and the particle to be acted upon by an 
appropriate force. This force is what we call gravitational attraction. Thus 
we dan represent the effect of ihis distorted space by the effects of sidtable 
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foices, and I expect it will be found that even the most enthosiastio rela- 
tivitists will be tempted to think in terms of forces rather than in those of 
the geometry of non-Euclidean space. 

If the distortion of space were very great, the customary methods of 
dynamics might lose their significance; and the question arises will, on 
Einstein’s theory, the space inside an atom be so far from Euclidean 
that ordinary dynamical methods are unjustifiable? The answer to this 
question is, “ No.” There are two lengths which have special significance in 
connection with the atom ; one of these is what we call the radios of the 
atom and is of the order 10~* cm., the other we call the radius of the electron 
and is about 10~'^ cm. Even at tlie smaller of these distances the gravita- 
tional potential due to the mass of the atom, and therefore the distortion 
from Euclidean space, would be exceedingly small compared with the corre- 
sponding quantities due to Earth at its sur&ce, so that there is no 
special distortion inside the atom, except at distances from the centre, which 
are infinitesimal even when compared with the radius of an electron. 

One point of interest in connection with any view we take about mass is 
that, on the electrical theory of matter, the massive part of the atom is 
invariably positively charged, so that any state of space which we associate 
with mass ought to involve something corresponding to a positive charge of 
electricity. 

The determination of the consequences of Einstein’s theory on the 
principles of relativity, where the ideas of space and time are so intimately 
correlated that time has to be treated as a fourth-space dimension, introduces 
us into a space of four dimensions which we cannot visualise, and whose 
properties arc very remote from our experience. It is this which makes any 
general explanation of Einstein methods so difficult. To the analyst the 
difficulties presented by space of four dimensions are mainly those of an 
increase in the number of his symbols and equations ; bis difficulties begin 
when he has to explain his results to someone who is not an analyst. It 
is a remarkable and roost interesting fact, from the point of view of either 
physics or metaphysics, that from such transcendental considerations as those 
I have indicated, should have emerged a result so closely connected with such 
a prosaic thing as that it is more tiring to go upstairs than down. 

According to Einstein’s theory the Fraunhofer lines in the Sun must be 
displaced towards the red. This effect, though looked for by several 
obsetyerSfhas not been confirmed; but even should it turn out that the theory 
has to be greatly modified, or even abandoned, its conception and develop- 
ment will, 1 think, always be regarded as -one of the great triomphs of human 
thoqi^. 
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Aaother interesting oonsequenee of Einstein’s theory is the -exceeding 
minuteness of structure which it demands from matter. The electron, with 
a radius of 10~*’ cm., carried our notions of the minuteness of some 
constituents of the Universe far beyond those associated with the older 
atomic theory, but the'size of the centres of disturbance, which in Einstein’s 
theory are associated with matter, bears to the size of the electrons about the 
same proportion as the size of the smallest particle visible under the most 
powerful microscope to ttiat of the Earth itself. 

I am afraid that the termination of the war has not brought to an end tbe 
difficulties in the way of scientific research in this country. Not the least of 
these is the difficulty and expense of procuring apparatus. It is perhaps 
surprising that under these circumstances the Government should have put 
obstacles in the way of the importation of philosophical instruments. 
Another very real difficulty is that the large increase in the number of 
students in our universities has greatly increased the educational duties of 
many of our most active workers, and so diminished the time they can 
devote to research. 

The demands of war required large quantities of substances which pre* 
viously were only obtainable in small quantities and at great expense. 
Prominent among these is helium, which can now be procured on a scale 
which, measured by Laboratory standards, is unlimited. Such supplies of 
helium put cryogenic research on a new footing and render possible investiga- 
tions which promise to be of the greatest importance to many different 
branches of Science. It is greatly to be regretted that in this country, the 
birthplace of cryogenic research, we have no adequately equipped cryogenic 
laboratory. 

We must now proceed to the presentation of the Medals. 

The Copley Medal is awarded to William Maddock Bayliss, F.B.S. 

Dr. W. M. Bayliss has been engaged in the investigation of physiological 
problems for the last thirty-five years. His work has ranged over a wide 
field. In his earlier papers dealing with the electrical phenomena associated 
with the excitatory state in glands and contractile tissues, he brought forward 
results which were at the time entirely novel and have formed tbe basis of 
all subsequent investigations. His paper with Starling on the electrical 
phenomena of the mammalian heart was the first to give the correct form of 
the normal variation, as confirmed by later investigations with the string 
galvanometer. 

His work on vaso-dilator nerves and the part played by them in vascular 
reflexes, effected a revolution in our conceptions of nerve conduction .and- 
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showed that the law of Bell and Majendie, previously accepted as of 
universal application, did not express the whole truth, and that in fact a 
nerve fibre is normally the seat of processes which are both centripetal and 
oentrifugal. 

A third group of researches is represented by those on the innervation, 
intrinsic and extrinsic, of the intestines. In conjunction with Starling he 
showed conclusively that the movements of the intestine are under the 
control of a local nervous system, and even to the present time the intestines 
are the only organs in higher animals which have been shown to be the seat 
of a local nervous system capable of carrying out co-ordinated reflexes. 

A fourth group of papers deals with the mechanism of the pancreatic 
secretion. Bayliss and Starling showed tliat this was effected by the 
production of a specifio chemical messenger, which travelled by the blood, and 
not by the stimulation of nerve endings and the passage of impulses through 
nerves and the central nervous system. They showed, moreover, that this 
secretin was but a type of a whole group of substances which they 
• designated hormones. The discovery of these hormones and the precise 
definition of their nature and of the conditions of their activity mark an 
important epoch in the development of our knowledge of the organs of the 
animal body. 

His researches on the mode of action of enzymes and on the closely related 
questions with regard to the nature of colloidal solutions, have obtained 
universal recognition. His work on the osmotic pressure of colloids, as 
studied in solutions ot colloidal dye-stuffii, is a model of the manner in which 
such investigations should be carried out. 

The war led to Prof. Bayliss making a great advance in practical medicine. 
He studied the condition known as shook, which follows great loss of blood. 
The condition had previously been treated by the injection of saline solution, 
but the effect produced was characteristically transitory, and sometimes no 
benefit accrued at all. Prof. Bayliss, amongst other things, proved tha't 
perfused fluid to be efifoctive must contain colloidal matter sufficient to give 
the osmotic pressure Of the normal colloidals of the blood. This and other 
results are given in his admirable work on Shock, which was published in 
1918. 

A Boyal Medal is awarded to Prof. John Bretland Farmer, F.BB., for his 
teaearohes in botany, especially in the cytology and anatomy of jdants. 

His work is characteriBed by the fundamental importance of the problems 
worked upon ; thus his memoirs on the meiotio phase (Bedoetion Division) in 
agimals and plants ate of as great value to zoologists as to botanists, and his 
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conclusionB and interpretations of the complex nuclear changes which 
precede the diflerentiation of the sexual cells have stood the test of criticism^ 
and remain the clearest and most logical account of these very important 
phenomena; during the present year his views have received very full 
support His papers, in collaboration with his pupil, Miss Digby, on the 
cytology of those ferns in which the normal alternation of generations is 
departed from, has thrown new light on problems of the greatest biological 
interest, and especially on the nature of sexuality. Further, in his oyto> 
logical work on cancerous growths. Prof. Farmer has established the close 
similarity between the cells of malignant growths and those of normal 
reproductive tissue. 

His physiological work also is of high quality. His observations on the 
circulation of protoplasm in plant cells, in the absence of oxygen but in the 
presence of light, may be referred to, and his most recent work on the water- 
conducting power of woody tissues opens up a new line of investigation. 

A Boyal Medal is awarded to Mr. James Hopwood Jeans, F.B.S. 

Mr. Jeans has successfully attacked some of the most difficult problems 
in mathematical physios and astronomy. In the kinetic theory of gases lie 
has improved the theory of viscosity, and, using generalised co-ordinates, has 
given the best proof yet devised of the equipartition of energy and of 
Maxwell’s law of the distribution of molecular velocities, assuming the 
validity of the laws of Newtonian dynamics. He has discussed the theory 
of equipartition of energy from several points of view, and has shown that 
it inevitably leads to the Bayleigh-Jeans law of distribution of energy in the 
normal spectrum. As this law is found experimentally to bo true only for 
long wave-lengths, Mr. Jeans has shown how in this and other cases, where 
the theory of equipartition is inadequate, the quantum-theory enunciated 
by Planck supplies the modification necessary to bring theory and observa- 
tion into accordance. 

In dynamical astronomy he took up the difficult problem of the stability 
of the pear-shaped form of rotating incompressible gravitating fluid, at a 
point where Darwin, Poinoard and Liapounoff had left it, and obtained 
discordant results. By proceeding to a third order of approximation, for 
which very great mathematical skill was required, he showed that this form 
was unstable. He followed this up by the discussion of the similar problem 
when the fluid is compressible, and conolnded that for a density greater 
than a critical value of about one-quarter that of water, the behaviour 
is generally similar to that of an incompressible fluid. For lower densities 
the behaviour resembles that of a perfectly oomptessiblB fluid, and with 
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inoreasing rotation matter will take a lenticular shape and later be ejected 
from the edge. He has considered the bearing of these researches on Laplace’s 
tiieory of the origin of the solar system, the formation of binary stars and 
the nature of spiral nebulie. 

The Davy Medal is awarded to Prof. Pei-cy Faraday Fraiiklaud, F.lt.iS., for 
his investigations in three sections of chemical science. 

His early work on the illuminating power of burning hydrocarbons was 
considerable in amount and had the further merit of inspiring others in the 
study of combustion. He was one of the first after Pasteur to study seriously 
the chemical reactions which occur during the vital processes of numerous 
lower organisms, and to apply such reactions to the preparation of pure 
products. During the last 20 years he has devoted himself to the elucida* 
tion of the relationship existing between the chemical constitution and the 
rotatory power of optically active substances; the large amount of work 
which Prof. Frankland and his pupils have carried out on this subject has 
greatly advanced our knowledge of this relationship. 

The Sylvester Medal is awanled to Major Percy Alexander MacMahon, 

F.RS. 

Major MacMahon’s researches on the combinatory analysis and on subjects 
allied to the partition of numbers are of the highest value, and display 
great originality and invention. He has shown equal }x>wer in the discovery 
and treatment of the wonderful ranges of partition theorems which are 
derivable from the theory of elliptic functions, and of the similar theorems to 
be obtained by the application of analysis to purely arithmetical principles. In 
the difficult and almost untouched field of multiple partitions he has been a 
solitary worker; and no other mathematician since Sylvester has shown 
himself possessed of the special qualifioationB requisite to penetrate into the 
struoture of number with the combination of insight and mathematical power 
that is apparent in MaoMahon’s papers. 

The Hughes Medal is awarded to Dr. Charles Chree, RRS. 

Dr. Chree has for many years devoted himself to the intimate study of the 
phenomena of terrestrial magnetism, notably those which are recorded by 
self-registering instruments. He has investigated the diffetenees which occur 
in the diurnal variation on quiet or moderately disturbed days, he has studied 
die initial stages of magnetic storms, and has investigated various problems 
connected with the relation of solar phenomena and manifestations of 
terrestrial magnetism. These investigations are published in six papers in 
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the ' Philosophical Transactions/ and a number of others in the ‘ Proceedings 
of the Boyal Society.’ Perhaps the most notable result obtained is that 
called by Dr. Chree the " acyclic change.” This manifests itself on taking the 
averages of quiet days, when it appears that the mean value of the magnetic 
foroe|is not the same at the end as it was at the beginning of the 24-hourly 
period, but shows a difference which is always in the same direction. Owing 
to his knowledge and unique experience in the interpretation of magnetic 
curves, Dr. Chree is invariably consulted by explorers in the reduction and 
publication of observations obtained in Arctic and Antarctic Expeditions 


A Study of Catalytic Actions at Solid Surfaces. II . — The 

Transference of Hydrogen from Saturated to Unsatumted 
Organic Compounds in the lAquid State in Presence of 
Metallic Nickel. 

By Dr. E. F. Abmbteono, F.I.C., and Dr. T. P. Hilditch, F.I.C. 

(Communicated by Prof. H. £. Armstrong, F.B.S. — Beceived August 18, 1919.) 

It has been shown in the first part of this series that hydrogenation in 
the liquid state at a surface of metallic nickel is to be considered as effected 
by the temporary union of the unsaturated organic compound and of 
hydrogen with the nickel, followed by a breakdown of this intermediate 
system into nickel and the saturated compound. 

Tins explanation is a development of the “intermediate compound” 
theory of catalysis first put forward by De la Bive* and differs from the 
older view mainly in that it postulates an intermediate system of a very 
loose unstable type, similar to that produced between the natural enzymes, 
water (or oxygen), and the compounds attacked by the latter, during 
enzymic catalysis. 

It evidently applies also to other cases of organic compound oatalysiB, 
such as the ketonisation of organic acids in presence of alumina, thoria, 
or otiier metallic oxides, and the dehydration of alcohols to ethers or 
olefines in presence of the same class of oxides. These catalytic actions 
have, indeed, been so explained by Sabatier and Mailhe,t on the basis of 
the simple “ intermediate compound ” theory. 

* ‘Ana. Ghim. PhysV vol. 39, p. 388 (1888). 

t ‘Gompt Read./ vol. 1M>, p. 888 (1910) ; ' BuU. See. GUia.,’ vol. 13, p. 819 (1913). 
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The dehydrogenation of hydrocarbons by finely divided nickel or palladiam 
seemed at one time to be more difficult to explain by theories of inter- 
mediate chemical association of the metal with the hydrocarbon, until the 
experiments described below had been undertaken, when we were able to 
correlate this type of action with those which have just been mentioned. 

Sabatier and Senderens* showed that cycUo hydrocarbons such as cyclo- 
hexane or methylcyclohexane are converted by means of nickel at 
270-300° C. into benzene or toluene and hydrogen with a certain amount 
of methane as by-product. They explained the action as the withdrawal 
of hydrogen by the nickel on account of its tendency to form an unstable 
hydride. 

In a later paper, Sabatier and Chiudionf Itave extended their work to a 
number of similar compounds at 350-360° 0., and state that the presence 
of hydrogen is necessary for the decomposition to proceed satisfactorily. 

They have also observed that, when pinene vapour is carried by a current 
of hydrogen over nickel at 360-360° C., the product consists of a mixture 
of cymene and cumene with a saturated hydrocarbon, probably a menthane, 
so that both dehydrogenation and hydrogenation were taking place 
simultaneously. 

It is to be observed that, contrary to the hydrogenation process, catalytic 
dehydrogenation of these hydrocarbons is not any means a complete 
operation, whilst the temperature at which it proceeds best, 270-300° C., 
varies from the optimum range given by Sabatier for the dehydrogenation 
of ethyl alcohol in presence of nickel, 180-230° C., and these facts suggest 
that the mechanism of each of the actions considered may not be of the 
same nature. 

The evidence which we have obtained from time to time that metallic 
catalysts, during the hydrogenation process, interact primarily with the 
unsaturated organic compound, together with the resemblance of the whole 
process to enzyme action, led to the consideration whether the catalytic 
action, like that of certain enzymes, might not be reversible; in other 
words, whether speoiflo compounds, although " saturated ” in the ordinary 
sense, might be capable of interacting with the metal to form a system 
which would break down into a more stable equilibrium, consisting of 
hydrogen and a less saturated compound. 

This speculation has to some extent bem substantiated by the observation 
that hydrooyolio compounds of the nature of those studied by Sabatier, 
Senderens and Gaudion (loo. eii.), when heated in the liquid state with 

* 'Compt. Bend./ vol. 1S3, p. 066 (1901). 
t ‘ Oompt. Bend.,* voL 108, p. 070 (1818). 
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nickel and an unsaturated compound at a temperature much below that 
employed by these workers and in absence of hydrogen, partially yield up 
hydn^en which is absorbed by the unsaturated component of the B 3 r 8 tem. 

The compound which, amongst the few we have studied, lends itself 
most readily to the action is cyolohexanol ; at 180° C. a mixture of equi- 
molecular parts of cyclohexanol and methyl cinnamate in presence of nickel 
may be transformed into one in which about 10 per cent, of the cinnamic 
ester has become hydrogenated to methyl /9-phenylpropionate, acoording 
to the ultimate equation : — 

CaHuOH + C6H*.CH:CH.C00 CH» = C«Hi«0 + CaH 5 .CH»CH»COO CHa. 

Cyclohexanol, Methyl cinnamate. Cyclohexanone. Methyl /3-phenylprojHonate. 

According to the results of our experiments, it is necessary that both 
components of the system should be present in the liquid state, and no 
methyl /9-phenylpropionate, or only very small traces, resulted when oyclo- 
hexanol was distilled through a mixture of methyl cinnamate and catalytic 
nickel. The dehydrogenation of cyclohexanol can be regarded as removal 
of hydrogen either from the hydrobenzenoid nucleus or from the secondary 
alcohol group present, and we have therefore examined other cases of 
hydrocyclic compouuds in which the latter group was absent Cyclohexane 
could unfortunately not be employed in the apparatus available owing to 
its high vapour pressure at the necessary temperature; distillation of 
cyclohexane through a mixture of methyl cinnamate and catalytic nickel led 
to a negative result, as in the similar distillation of cyolohexanol through 
the same mixture. 

Dimethyloyolohexane (hexahydroxylene) and dihydropinene possess, 
however, sufBoiently high boiling-points to admit of their employment in 
our apparatus, and it was found that, although little or no interaction with 
methyl cinnamate and nickel took place at 180° C., a certain amount 
occurred at 230° C. Similarly, a mixture of ethyl stearate and methyl 
cinnamate, when heated at 230° 0. with catalytic nickel, gave a product 
containing small quantities of methyl /8-phenylpropionate and ethyl oleate. 

It was also found that a mixture of the cinnamic ester and oatalytie 
nickel was absolutely unaffected by passage of a current of ethane, either 
at 180° or 230-240° C., but it is not possible to state definitely whether 
this is due to the incapacity of ethane to participate in the interaction, 
or to the fact that the ethane was not present in the liquid state. 

Employment was, however, found for the ethane, which bad been used 
in the last experiment, by utilising it as the inert gaseous medium in the 
reaction vessel in many of the other experiments. In others carbon dioxide 
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vae employed, but the inteiaotion seemed to proceed much better in 
presence of ethane. It cannot be definitely stated that carbon dioxide is 
less suitable as an inert medium, since the difference may well bo due to 
traces of some “ anticatalytio ” impurity in the carbon dioxide ; the ethane 
would be free from the latter, having been prepared from ethylene by 
catalytic hydrogenation over nickel, and then passed through liquid methyl 
cinnaniatu at ISO*’ C. in presence of nickel. 

Another case of simultaneous dehydrogenation and hydrogenation was 
observed by Zelinski and Glinka* in the action of spongy palladium on 
methyl tetrahydroterephthalate, when a mixture of methyl terephthalate 
and hexahydroterephthalate resulted. This is obviously of the same type 
as the action now described, differing only in that the transference of 
hydrogen is effected between different molecules of the same, instead of 
varying, compounds : — 

C,H8(COOCH*)9+2C«H8(COOCH,la=C,H4(COOCH8)8+2C,Hi5(COOCH8)8. 

Tetrahydro- Tetrahydroterc- Terephthalate. Hexahydrotere- 

terephthalate. phthalate. phthalate. 


The most novel feature of the present experiments would appear to be 
that simultaneous dehydrogenation and hydrogenation have now been 
effected at temperatures not tar removed from the general optimum hydro- 
genation range of ITO-ISO** C., and that hydrogen has been transferred 
from one compound to another, instead of from one molecule to another 
of the same species. Although we have no absolute proof that the 
mechanism of the change is not dependent on the production of liydridcs 
of nickel, we consider that it is more natural to regard it as a further case 
of the catalytic equilibria which we have discussed above, depending 
on the formation of an intermediate system comprising the organic com- 
pounds, nickel and hydrogen 


SstttMfeed , 
oompound *** ^ 


[ flfttumtod com< 
pound, Ni 


] r UuBatumtod ' 

^ I oomppund, Ki 
L hydrogen . 


Vaeaturated 

compound + Xi -f hydrogen. 


The equilibrium ultuhately arrived at will depend on the resultant of 
the varying affinity for nickel of the saturated and unsaturated compounds 
involved. 

The above doctrine of catalytic hydrogenation and dehydrogenation in 
the liquid state affords some explanation of the products obtained during 
the hydrogenation of unsaturated glycerides. Mooref has shown that 
partial hydrogenation of ethyl oleate causes the formation of ethyl stearate 

* * BerV vol. 44, p. 8306 (1911). 
f ' J. Soc. Ch«m. Ind.,’ vol. 38, p. 3S0 (1819). 
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and also of ethyl esters of isomeric forms of ordinary oleic acid, these being 
most probably ethyl elaidate and an ethyl “iso^oleate" derived from 
A”'** oleic acid. 

The appearance of the elaidie ester, the stereo-isomeric form of ordinary 
oleic ester, is readily explained by the assumed equilibrated action between 
catalytic nickel and the ethylenic linkage, for on reformation of the 
constituents during the balanced action it is plain that either or both 
stereo-isomeric ethylenic derivative might result. 

The displacement of the “double bond” along the carbon chain is more 
difiBcult to understand, but since we have established that catalytic nickel 
is capable of bringing about dehydrogenation simultaneously with hydro- 
genation, it is possible to offer a tentative explanation of tltis abnormal 
isomerisation. As already stated, we have observed that transference of 
hydrogen from ethyl stearate to methyl oinnamate in presence of nickel 
proceeds to a very small extent at 230° C., and probably in the penultimate 
phase of onr conception of the hydrogenation process, represented on p. 325 
as [Saturated compound, Ki], the nickel, being already associated with the 
freshly produced ethyl stearate, is capable of active dehydrogenation at 
temperatures lower than 230° C. There would then be formed a dehydro- 
genated ethyl stearate, the hydrogen liberated being transferred to more 
ethyl oleate. The " dehydrogenated ethyl stearate ” is, of course, according 
to this view, the ethyl A**'” oleate isolated by Moore, dehydrogenation 
proceeding preferentially at this point of the stearic acid chain of carbon 
atoms. 

We ore not concerned here with the reasons for this preferential action, 
and unfortunately the amount of transformation effected, even at 23(f 0., 
when starting from ethyl stearate and methyl oinnamate, is so small that 
it does not appear possible at present to produce sufficient of the dehydro- 
genated ester to isolate it in quantity and determine its constitution. 

It is nevertheless suggestive that, as Moore has poiuted out, the pro- 
duction of the isomeric form of oleic acid takes place to a greater extent 
the higher the temperature of hydrogenation, and is also more marked, at 
equal temperatures, with palladium, generally a more vigorous catalyst 
than nickel. 

Moreover, his observation that the final ratio of " iso-oleate ” (is., mixed 
elaidate and oleate), to ordinary ethyl oleate is difibrent when 

ordinary ethyl oleate is the subject of hydrogenation from that obtained 
when ethyl “ iso-oleate ” is hydrogenated, is to be expected if this explanation 
isooneot. 



A Study qf OatcUytic Actiom at Solid Swrfaces. 


327 


Experimental. 

Methyl cinnamate was selected as the material to receive hydrogen for the 
following reasons : — 

(i) It absorbs hydrogen in presence of nickel in the usual hydrogenation 
process smoothly and rapidly over the temperature range 120-240° C., 
without appreciable formation of by-products, the ethylenic linkage only 
being acted upon. 

(ii) The separation of a mixture of methyl cinnamate and /9-phenyl- 
propionate is somewhat more readily effected than that of most respective 
pairs of ethylenic and saturated compounds; after removal of the other 
component of the system a preliminary separation was made by distillation 
of the esters in a vacuum, when with methyl /9-phenylpropionate present, 
a mixture of esters relatively rich in the latter distilled at about 
105-110° C./5 mm., the romainiug methyl cinnipnate being recovered at 
115-120° C./5 mm. The enriched mixture was hydrolysed with caustic soda 
and a mixture of cinnamic and /9-phenylpropionic acids thus obtained, 
/d-phenylpropionio add is freely soluble in cold petroleum ether, whereas 
cinnamic acid is very sparingly soluble, and a final separation was made by 
this means ; the yS-phenylpropionic acid so obtained was almost, but not 
completely, free from cinnamic acid, and melted in general at about 50° C 
instead of 48° C., the true melting-point. 

The catalytic operation was carried out by mixing at about 50° G., the 
desired proportions of methyl cinnamate and cyclic derivative with nickel 
catalyst, and displacing all air from the vessel by a current of ethane or 
carbon dioxide. The apparatus was then closed and heated at the experi- 
mental temperature whilst intimate mixing of the solid catalyst with the 
liquid was maintained. Subsequently the product was filtered from catalyst 
and then distilled, as described above. 

The following experiments illustrate the results obtained during the 
investigation : — 

Oyelokexanol . — ^The oyolohexanol was prepared by hydrogenation of phenol, 
and had been freed from simultaneously formed cyclohexanone by treatment 
with sodium bisulphite solution. 

60 grm.of oyclohexanol and 80 grm.of methyl cinnamate were heated with 
nickel catalyst in an atmosphere of ethane at 180° C. for hours. 

On fractionation of the filtered product at 10 mm. there were obtained:— 

(1) 36 gnu., hp, 58-60^ 0. 

(2) 30 gnn. of liquid esters, b.p. 113-114° 0. 

(8) 40 gnn. of crystalline methyl cinnamate, b.p. 128-130° C. 

VOL zon.— ^ 2 A 
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Fraction (1) was extracted with a concentrated solution of sodium bisulphite, 
when the characteristic bisulphite compound of cyclohexanone, moderately 
soluble in the sodium bisulphite solution, was obtained ; on retjeneration of 
the ketone there resulted about 3 grm. of cyclohexanone. 

A portion (10 gnn.) of fraction (2) was hydrolysed, and eventually 1*6 grm. 
of /9-phenylpropionic acid, melting at 50" C., was produced. This corresponds 
to a total production of 4‘5 gnu. of j9-phonylpropionic acid, or 5 grm. of 
methyl /S-phenylpropionate. 

In another experiment with 50 grm. each of methyl cinuamate and cyclo* 
hexanol, in presence of ' nickel catalyst, at 180" 0. for 5 hours in an ethane 
atmosphere, about 12 grm. of the eaters were hydrogenated. 

It may be mentioned that the bromine absorption of the /8>phenylpropionio 
acid obtained was in general about 2-3 per cent. 

]HmethylfycU)hKt-ane.~-^\& was obtained by repeated hydrogenation of 
xylene, followed by removal of unchanged xylene by a mixture of sulphuric 
and fuming sulphuric acid: it then boiled at 129-132" C. 

60 grm. of methyl cinnamate and 25 grm. of dimethyloyclohexane were 
heated with nickel catalyst in an ethane atmosphere at 180" C. for 1^ hours, 
when it was found that no action had taken place. 

A similar experiment was then made at 230" C. for about 1 hour. In this 
case slightly more than 2 gnn. of methyl /8-phenyIpropionate were found hi 
the filtered product. 

Dihyiropmene . — ^The pinene fraction of turpentine oil (b.p. 155-157" C.) 
was hydrogenated in the customary manner, the product being the desired 
dihydtopineno (b.p. 166° C.). 

On heating equal weights of dibydropinene and methyl cinnamate with 
catalytic nickel in a carbon dioxide atmosphere at 180^ C., no formation of 
phenylpropionate was observed ; but at 230" C., after analysis of the product 
in the usual manner, 3 grm. of j9-phenylpropionic acid, melting at 60" C., 
were obtained from 40 grm. of methyl cinnamate used in the experiment. 
The hydrocarbons recovered from this experiment were soluble to the extent 
of 30 per cent, of their volume in oonoentrated sulphuric acid, the original 
dibydropinene oontainiiig 8 per cent, soluble in this rei^nt. 

Ethyl dearaJtt . — ^The ethyl stearate was prepared by hydrogenation of pure 
ethyl oleate, and melted at 34" C. 

100 grm. of ethyl stearate and 50 grm. of methyl cinnamate were heated in 
an ethane atmosphere at 180" C. for 3 hours without formation of any 
/9-phenylpropionate. The recovered methyl cinnamate oryatallised at once 
whilst the 90 grm. of ethyl stearate rooovered absorbed 0‘8 litre of hydrogen 
measured at 18" C., on rdiydrogenation. 
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A similar result was observed when the same proportions of the esters and 
catalyst were heated at 230^ C. for 1 hoar. On heating these proportions 
at the higher temperature for 5 hours, however, a small transference of 
hydrogen from stearate to cinnainate was evident. The products separated 
under 6 mm. pressure as follows ; — 

B.P. 106-108*’ C., 6 grm. mixed cinnamate and /9>phenylpropionate. 

B.P. 115-128° C. (mainly 125-120° C.), 24 grm. crystalline methyl 
cinnamate. 

Residue, 97 grm. fatty acid ethyl esters, which re-absorbed 1*0 litre of 
hydrogen measured at 19° C. on rehydrogenation. 

From the lower boiling fraction 0*8 grm. of /S-phenylproprionic acid was 
obtained. 

In another experiment, 100 grm. of ethyl stearate and 25 grm. of methyl 
cinnamate were heated with nickel catalyst in ethane at 250° C. for 1 hour, 
when a slight action occurred, about 0*5 grm. of phenylpropionic acid being 
isolated, whilst the residual ethyl stearate (after removal of all methyl 
cinnamate by distillation in a vacuum) absorbed 1*05 litres of hydrogen on 
rehydrogenation. 

An experiment was also made at 180° C., the apparatus being initially 
filled with hydrogen, in order to ascertain whether a slight initial hydrogena- 
tion might induce the transference action at a lower temperature ; the result 
was negative, about 1 grm. of /3-phenylpropionic acid being obtuned — an 
amount less than that possible to be obtained from the 400 c.c. of hydrogen 
present. 

A similar attempt to induce the prooess with hydrogen in the case of 
dihydropinene and methyl cinnamate was equally unsnocessful. 
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Tidal Friction in the Irish Sets. 

By 6. 1. Tatlob, M.A. 

(Communicated by Sir Napier Shaw, F.B.S. — BeceiTed December 4, 1918.) 

(Abstract) 

The rate of disaipation of energy at spring tides in the Irish Sea is 
calculated from the known formuhe for skin friction of the wind on the 
ground and the friction of rivers on their beds. The results range from 
1040 ergs to 1300 ergs per squaio centimetre per second. The least of these 
is 160 times as great as Mr. Street’s previous estimate of 7 ergs per square 
centimetre per second. 

The rate at which energy flows into the Irish Sea is next calculated from 
the rise and fall of tide, the strength of Uie tidal current, and th^ phase 
difference over two sections taken across the North and South Channels. 
The rate of dissipation of energy is found to be 1530 ergs per squue 
centimetre per second. This is in good agreement with the previous result. 

It is next shown that this absorption of energy is suflScient to reduce the 
amplitude of the incoming wave to one>half, so that three-quarters of the 
energy of the incoming tidal wave is absorbed. 

This absorption of energy explains most of the chief characteristics of the 
tidal phenomena of the South Channel to the Irish Sea, the velocity of the 
cotidal line, which is only about one-third of the velocity of the tidal wave, 
the angle through which the cotidal line turns in passing up the Channel, 
and the effect of Camsore Point and Wicklow Head on the times of high 
water to the north and south of them. 
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A Linear Associative Al{febra suitable for Electromagnetic 
Relations and the Theory of Rdatimty, 

By W. J. JoiiMSTOK, M.A., Assistant Professor of Pure Mathematics in the 
University CSollege of Whies, Aberystwyth. 

(Communicated by Sir Joseph Larmor, F.B.8. — Received August 28, 1912.) 

Clifford has pointed out that geometrical algebras may be based on a 
system of fundamental units, i, j, k, o, etc., these units being alternate 
(V 3= —ji, to s= —oi, etc.), and the square of each unit being —1. It can be 
proved that such a system is associative. 

Such an algebra based on four fundamental units, i, j, k, o, expresses in a 
remarkably simple manner the vector formulae of Minkowski and the electro- 
magnetic relations. 

The four fundamental units, together with their products, y, to, etc., yk, 
yo, etc., ijko each with the factors in a definite order and the scalar unit 1 
give a linear associative algebra of 16 units. The scalar unit is commutative 
with the others, and the remaining 15 units may receive any interpretation, 
geometrical or otherwise, that is consistent with the distributive and asso- 
ciative principles. 

The units i,j,k will now be interpreted as mutually rectangular unit 
vectors in Euclidean space, and the unit o as a unit vector in the fourth 
dimension perpendicular to each of the other three. For the present applica- 
tion the other units ij, ijk, ijo, etc., may remain uninterpreted. 

The product of two vectors in four-dimensional space 

xt+yj-rzk+wo, 

consists of two partial products. One partial product 

(y*'— y's)/t-f-...-t-... a:'w)io-f...-f-... (1) 

is Minkowski’s " six-vector.” 

The other partial product 

^ — (aa'+yy'-bw'-l-iwO (2) 

is a scalar. 

Put V = riy/— 1, where e is the velocity of light, and y/— 1 is regarded as 
an uninterpreted symbolic scalar commutative with all the units », jk, ijo, 
etc. Then the position of the point («, y, s) at the time t is represented 
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by the extremity in four-dimeneional space of the vector drawn from the 
origin 

zi+yj+zk+ioo s= xi+^’+sk+tt^(-~l)o. ‘ 

If we suppoM that the two vectors, xi+..., x'i + ..., are drawn from the 
origin 0 to two points P, Q in four-dimensional space, then the scalar (2) 

= -OP . OQcosPOQ = (PQ»-OP»-OQ»)/2. 

But PQ* B« (ic— a:')*+(y— y')*+(»— *')*+(w— w')* 


and similarly for OP* and OQ*. Thus the scalar (2) is invariant in the 
theory of relativity. 

Let the partial product (1) be multiplied by the vector ®"t+y"y+«"A+«>"o, 
then we have two partial products. One is the sum of scalar multiples of 
i,j, k, 0 , and the other is the sum of scalar multiples of ijk, ojk, oki, oij. These 
are the two “ four vectors ” instanced in Prof. Conway’s tract on relativity, 
p. 40. 

A vector factor may be replaced by a dififorential operator. Put 


Theh 


.0 .0 ,0 0 






v/-l 3 
^“ 0 <' 


-Vj* 




Let tX+^Y+A;Z be the force in free ether on an eleetroetatio unit, 
tL+jM+A;N the force on unit magnetic pole in the electromagnetio system, 
^ the scalar potential, and iF+jOr+kH the vector potential. Then the 
operation 

Vi {« (tF+^ + iH) + o^y/ — 1 } 


gives a scalar part 


/0P.0G^aH\ 


(S) 


It is known that this vanishes. 

The other partial product is 

y*L+WM+^'N-.^-l(*oX+><>Y+fa»Z)... (4) 

Tliii ia the " suc-vector * mentaoned in P)rof. Conway's tnot, p. 41. 
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If we operate with on expression (4) and the result is equated to 
zero, we obtain the eight equations 
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These are Maxwell’s equations in the Hertz-Heavisidc form. 
The expression 


tF +y&+/5H 


may be defined as the “ four-fold vector potential.” This has virtually been 
done by Minkowski. Then the process just given is equivalent to 

Vi*(four-fold vector potential) = Vi {expression (3) } + 57i {expression (4)} 

= Vi {expression (4)} 

= 0 . 

Hence also 

Vi»F = 0, v,»G = 0. = 0, = 0. 

Other details may be similarly expressed. The operator Vj corresponds t«» 
the quaternion operator ^ ; and if it is borne in mind that ij is no longer 
replaceable by k, etc., the properties of are obtained by similar methods. 
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On Generalized Relativity in Connection with Mr. W. J. Johnston’s 

Symbolic Calculus. 

By Sir Joskph Larmor, F.B.S., Cambridge. 

(Beceired Augost 28, 1919.) 

The caloulua presented by Mr. Johnston in the note printed above is so 
concise for the direct expression of the relations concerned in electrodynamic, 
relativity, and involves so aptly the main relations of physics, that it may be 
profitable to consider it in farther detail from that point of view. Maxwell 
had himself introduced quaternion notation into olectrodynamics. 

In the first place, as to how the essential idea of invariance can come in, 
it will suffice to illustrate from three dimensions, in which the vector to a 
point xyz is represented by the binary form ix+Jy+kz. Hence i, j, k are 
symbolic units defined algebraically by the typical relations t* = — 1, 
ij as —ji : but the further quaternionic relation ij'k = — 1 is not assumed, for 
though (ijkf is necessarily unity, just as i* is — 1, the use of roots or fractional 
powers of operators- is excluded. Now just as we can pass from a point xyz 
to another point V, so also we can change from one trihedral set ij’k to any 
other one i'fk^ possessing the same characteristic modes of combination. In 
fact let x'y't' represent the same point ayz referred to this other set of Cartesian 
axes, their values being expressed by the usual equations for change of axes ; 
then +jy -f kz becomes on substitution tV +jy + k'z', and it is readily verified 
that the set i'fk' thus determined is of the same type as yk. The formulas so 
obtained for them are one general specification of such systems of units, 
irrespective of what value the product ijk may have. Extension of these 
ideas to n dimensions is natural and direct. 

A self'oonsistent yk... n>fold algebra has been developed, on geometric 
analogy, mainly by Clifford* after Hamilton and Orassmann. In it the square of 
the difference of the vectors of two points, vis. +k^+...y where f repre* 

cents xi—xt, etc., turns out to be the purely scalar quantity— ({* 4 * 9 *+ (*+•••)« 
and this suggest tbe geometrical interpretation. For it 'is the square, with 
changed sign, of the distance between the two points in Euclidean geometry, 
and so is invariant when the region is referred to a new set of unitary vectors. 
Now, the duality inherent in relative properties makes reference to a new 
trihedron i'JW equivalent to a rotation of the region, referred to the previous 
one yk, except as regards the possible addition of a* reflexion of the region in 

* ‘Amer. Journ. Math.,’ vol. i (1878); or W. K. CUflbtd*! ‘Mathematical Papers, ' 
pp. 888-276. 
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a, plane, which need not now be attended to. Thus the square of the distance 
expressed in this form is invariant for all displacements of the region, as 
referred to anj frame ijk ; and this is sufficient to ensure that the geometry 
inherent in this consistent algebraic foundation is Euclidean, whatever be the 
number of dimensions. Invariant relations in the algebra connote construc- 
tions in that geometry, expressed directly without regard to any system of 
axes : all such quantities and relations as are evolved in Mr. Johnston’s note 
ate of this type, transcending special systems of reference. 

An algebra of this kind remains valid when the scalar quantities involved 
in it, such as x,i/, ... F, G, .... ate complex quantities instead of real, and 
this is a main feature of the application to physical fields. The y/— 1 of the 
complex scalar cannot become mixed or confused with i,j, k, ...; although 
their squares are the same —1, their products remain explicit Thus it is 
the same as if the scalar symbols were made complex only after the operations 
aie finished. 

The equations of electrodynamics are invariant as explained above forchanges 
from any quaternary system ijko to any other system i'j'k'o', when one of the 
scalar coefficients, that expressing the time, is a pure imaginary. On this 
scheme a displacement in which time is implicated as the fourth dimension is 
the same thing as an alteration of translational velocity, in ordinary space, of 
the system as a whole. Just to the extent that invariance holds, is the formu- 
lation thus independent of any eowUant transkUory velocity that may be 
ascribed to the whole system. This statement lepresents the limited degree 
of generalization that can arise on the usual scheme and be interpreted as 
non-essential of space and time, in a calculus like the present one. 

In combining results of rotations about the same axis, it is the angles of 
rotation that are additive in the formuiie: thus, as Mr. A. A. Bobb has pointed 
out, though velocities of convection in the same direction, such as v, are not 
additive, the corresponding angles represented by sinh~M>/c become so. 

Having thus an auxiliaiy geometry of n dimensions of Euclidean type, it is 
the invariants, that arise in its calculus, that are the types of pure self- 
contained geometrical entity appropriate to such a hyperspaoe. The object 
of tlte Hamiltonian quaternion was to get rid of arbitrary frames of 
reference ; the quantities that alone can occur in a quaternion analysis thus 
represent these invariants, viz., quantities resulting from additions and 
multiplications of complete vectors: and the question for that calculus is 
whether these suffice for geometrical reasonings, or whether on underlying 
scheme of reference such as ... is inevitable. 

As the distance function is a sum of squares, this geometry is of the fiat 
or Euclidean type. All simple types of geometry become fiat in the 
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smallest regions ; thus we may attempt to construct them by piecing together 
small flat regions, so as to form a uniform whole ; and in this way Biemann 
has farmed (in extension of Gauss) the elliptic and hyperbolic geometries by 
the method of the Calculus of Variations. Or we may consider the region 
around every material nucleus to be affected by its presence, and so to be 
non-uniform ; and we may thus with Einstein propound the problem whether 
universal gravitation may be adequately or fruitfully represented by local 
deformation of space, instantaneously re-established whenever disturbance 
arises throt^ convection of material nuclei, rather than by a field of stress 
which, on account of such very rapid restitution, could not be absorbed into 
the electrodynamic scheme of relativity. 

Finally, the lesults of Mr. Johnston’s note may be summarised. The “ four- 
potential,” F, G, H, recognised by Minkowski,* may be e-xpressed by the 
symbol U, which represents Ft+Gy-pHA^-l-Wo; and the usual spooial operator 
tB/3kc+y0/^-fA:0/0j!+o0/3M? is represented by Vi- Then when y/—l et 
is put for w and 4^/e for W, the expression for ^lU determines the 

conjoint electric and magnetic fields in terms of his notation by (4), viz., 

cviU »y*L+A»M-|-i[;N— y/— 1 (ioX+joY+koZ), 

where XYZ and LMN are the electric and magnetic intensities, the scalar part 
(8) vanishing in virtue of the electric field being devoid of convergence except 
at its sources. His expression for consists of eight terms as follows : — 

V,»U = y/^loA-iC-jC‘-kC''-^-l(JkoD+kidD'+ijoD”)-t-ijkB ; 

and its vanishing involves that of A, B, C, C', C", D, D', D" separately, 
giving the eight equations of the electrodynamic field in free space in the 
order in which they are written in his note.t 

Thus all is expressed in terms of two vectors, U and Vj, in the unitary 
scheme typified by ■> — 1 and s —ji, but wiUi no other restriction such 
as the ijk as —1 of quaternions. 

* The procedure of Minkowaki loeme to have been, having identified eleatradynaniic 
relarivity with invariance of the system as regards position in the fourfold continuum, 
to group and identify the phyeioal quantttiee of the Maxwellian field as componenta 
of various 4-vecton and 6-vectora, constructed independently from the single fourfold 
vector potential so that their invaiiance is analytically recognisable. This gave rise 
to sn algebra of the various types of vectora The procedure in the present calculna 
is the reverse. The system of invariants natursl to a four-dimensional flat continnam 
are immodiately manifest in Mr. Johnston’s application ti CUfford’s cnkulus ; and the 
totality of them are identified precisely with the veeton of the eleotrodynamie adbama 
of Maxwell, with which they are co-oxtonsive, The formal sdwme of physical nature 
as regards electrodynamic and radiaUonal phenomena ie thus concomitant with the 
geometry of e eini^e vector function in four Buclidcnn dimensione of spem and time. 

t These equations ere set ont on p^ 84fi. 
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It is only in so far an a hyper>qnaternion oaloulus can be framed, operating 
directly with hyperoveotors, such as and U, without any relation to a 
special unitary system of reference such as ijk.,., that a method of direct 
relativity can be said to assert itself. Failing such a calculus, it is necessary 
to fall back on the indirect method, which cannot help using ijk ..., but bases 
the relativity on the proposition that there is nothing to distinguish one such 
system from any other; the conclusion is, in substance, that if we could 
transcend the modes of representation of the physical world that ate open to 
IIS, we should discover direct relativity. In this continual effort to transcend, 
the method of Variations on Biomann’s foundation has been a substantial 
feature ; the symbolic calculus now under consideration seems to constitute 
another direct help to hyper-spacial synthesis. 

Here the sole function of the quantity c is to make cdt of the same physical 
dimensions as dx : by change of unit it may be reduced to unity. But the 
alternative mode of expression, 

Vi*U = 0, involving the vanisliing of Vi*H, and ViV» 

implies on the ordinary theory of space and time that F, 6, H, and there- 
fore the whole disturbance, travel out in three dimensions of space from 
located point-sources with definite velocity <*, which thus enters as tiie velocity 
of radiation ; while the permanence of the sources has to be adapted to the 
scheme by FitzGerald-Lorentz deformations of their collocation. 

Thus a scheme of the kind above specified, however symmetrical and 
coneise as a representation of a field of activity, seems not to be so effective 
in the representation of its sources. An electron or an atom is a singularity 
permanent though mobile in space ; that quality is essential to the idea of 
matter. Whereas in the oontinuum of four dimensions the electron is 
represented, not by a singular point, but by a curved line (that of Minkowski) 
with a condition to be satisfied all along it. The element of time is in this 
respect an obtrusion ; the compact mobile singular point in three dimensions 
of Bpao$ seems to be the natural expression of permanent unchanging 
existence. , 

{Added Odober 20 , 1919 .) 

Analysis of FesniilUiet in Oeometrie Bestrietion is at first made 

to three dimensions: this will illustrate the general case, though new 
features will there ooae in through the higher products. The position- 
vector S from the origin to tihe point aeyt, which satisfies the oriterion of a 
vector being an entity independent of orientation of co-ordinates, is repre- 
sented, at first tentatively, by the bilinear form tx+fy+k*. When the 
system of axes of co-ordinates is altered ays become x'y's' : and. when we 



338 


Sir J. Lannor. 


write the usuil geometric equations of transformation, and so introduce a 
new trihedron, i'jfhf, related in the contravariant manner to ijk, 

X ss lix' + miy + «!*', i' = hi + laj + IJe, 

y s +«**', / = mii+maj+mjc, 

z St , k* =: mi+Titj+nJc, 

then the position- vector R is also expressed by R', equal to 

By the known relations of Euclidean geometry, it is now easy to verify that the 
unitary system does, in fact, remain invariant as to type, except that the 
product ijk changes sign when the system of axes undergoes perversion, 
represented symmetrioally by reversal of sign of all the units. Thus, for the 
group of rotations without perversion, +/*-(-£* is invariant, and the 
product ijk as above. But a binary product i'f is not expressible in terms 
of like products ij, jk, ki unless — j* sz and then, provided further 

—ji , ..., it will have expression of type 
i'f ss ni/fc + nJH -t- «»v. 

here with no change of sign for symmetrical perversion. Thus the unitary 
relations y s= —ji, ..., ..., persist on transformation, so are invariant. 
Also (jk, ki, ij) is oogredient with («, j, k) so that the quaternion simplification 
is suggested which avoids two kinds of vectors, making them identical by 
postularing that ijk is a scalar constant. 

The square of Ri— Ra is now ya)*-i-(*i— a^i)*}. As it 

must be invariant for change of trihedral axes, it is necessary that be the 
same for all directions of the component vector i ; it must therefore be a 
scalar, say A. This involves and secures that the square of any vector is a 
scalar, say is the square of its tensor; and the vanishing of the tensor 
involves that of all the components of a real vector. 

Thus the unitaiy system has been restricted to the form 
. z* ssjf* = « wA, yk^B, 

ij s —ji, jk as ki as —'Ue, 

involving three derived relations of type Aij s BX;. 

It would seem at first that, to avoid complexities, the symmetric entily B 
must be scalar as well as A, and then we have B* ss — A^ so that both oan 
be real only when A is negative. But this holds, as will appear, rather for 
quaternions than for pure vectors. 

We oan now further simplify the symmetric group of units by multiplying 
them all by the same scalar, via., by any quantity of ordinary algebra, real or 
complex. If this multiplier is y/—A, the plan of a spooiol algebra is 
reduced to the form 

—1, ij m —ji, ijk St— lot +1. 
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The first alternative is the unitary scheme belonging to quaternions ; the 
second alternative is the same scheme perverted symmetrically by change of 
sign of all the units. 

A scheme with f ssj* sale* = +1 cannot be obtained for the flat space 
except by multiplying each unit by >/— 1, which involves every component 
of every vector being a pure imaginary. 

Perversion of a space (in the sense of Listing and Maxwell) is transforma- 
tion into a new space, the mirror image of the former ; thus cliange from i to 
— t is equivalent to a perversioa Two perversions in succession are 
equivalent to a rotation without intrinsic change; thus the quaternion 
unitary system is not altered by cluinge of sign of both t andy. 

The notation of quaternions, so for as regards pure vectors, was introduced 
into electrodynamio relations by Maxwell as a convenient means of exhibiting 
their independence of all special systems of co-ordinates, but not, at that stage, 
of all assignable systems of translatory convection. The earlier formuloe of 
direct attraction evolved by Ampere, Grassmann, and others were con- 
structed on scalar ideas; but, as they implied instantaneous transmission, 
they were not affected by any finite motion imparted to the system, whether 
uniform or not. The effort to express the electrodynamic and other relations 
in terms of vectors independent of frames of reference in space, and also 
independent of uniform convection in space to which the formults of 
material dynamics and perhaps gravitation already give no response, is in 
the main the modem analytical problem of relativity. 

Limitation of BdativUy to the Free ^ther. — ^The invariant scheme for an 
electrodynamio field does not constitute complete relativity. It is merely 
concerned with the changing field itself, of which the abiding discrete entities 
of nature are the sources. It is the relations between the latter tliat con- 
stitute the facte of existence : their own permanence throughout change of 
relations is implied and must be verified. Now the field of existence for 
this purpose is not that of m, y, z, t, but that of x, y, z alone : for matter and 
other permanent foundations exist not in time but irrespective of it An 
eleotron is a singularity in space, whose essential qualities are independent of 
time. This may be claimed to be a true discrimination, which must prevent 
time being treated after the manner of another dimension of space. Events 
occur both as regards space and time, but the entities that substantiate these 
events, being the permanent constants in their mathematical representation, 
have no relation to time : phenomena are in space and time, and relate to 
substance, but that (unless we take matter to be a fleeting show) is the 
essential substratum into which time does not enter. 

Thus, lor example, for the equation m 0, the basic type of solution 
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{**+y*+**)~*/{c<— (a5*+y*+**)*}, which in three dimensions expresses the 
fact of clean propagation without leaving a trail, such as exists for three 
dimensions but not for two, has in the four diinensions for its singnlarity or 
source by which it enters into the manifold, the line which is the axis of t. 
A point singularity would now belong to a point of spaoe and to an instant 
of time : the field of which it is the nucleus, which is traceable back to it, 
would be regarded as introduced into the system through that point-source 
at a definite time. Such an instantaneotu nucleus would be entitled to the 
'designation of a mirarle, as distinct from the usual permanent nucleus which 
would be a mobile point of matter or other abiding source. Such instan- 
taneous nuclei may be amenable to treatment analytioally by the methods of 
Green’s memoir on potentials of ellipsoids in n dimensions: the simplest 
type of that which corresponds to the ordinary potential, is 

having a singularity which at the instant r is at the point (p, q, r) and as 
time changes expands into an infinite source spread over a spherical surface, 
and thus is impracticable. 

Ideas of propagation are, however, excluded in the fourfold space-time 
oontinnuro, which presents a static map of the entire historical world-process 
at one glance. Though quantitative permanence as regards the inertial 
measure of matter evaporates, physical configurational permanence of the 
nuclei which constitute it would perhaps remain, while inertia is transferred 
hypothetically to energy. It is of interest in this eonhection to recall that 
when a permanent isolated material system is moving through space, and 
radiating away its tliermal energy, while its total energy and momentum 
and inertia continually diminish, yet its velocity reuiains constant* These 
results follow on the usual electrodynamio principles; it is not a case of 
relatively transcending them, for the effects are of the first order in vfe : 
the velocity contemplated is thus velocity with respect to the tether. From 
the other point of view, such constanoy of velocity is demanded by the 
relativity scheme as established for electrodynamics; for, if the velocity 
were retarded by the reaction of radiation, the system could not remain 
invariant when referred to a space-time frame moving along with itself. 
[This latter statement is thus the criterion on relativity ptindples that 
replaces the Newtonian first law of motion.f] 

Time eonirasted with Spaee in a Pemument irorfd.>-Analytically, varieties 
ot geometrio algebras may be obtained by altering the values of the squares of 

* See Poynting’s * Scientific Papen,’ appendix added of date 1918. 

i Of. n cognate dlecuHion in ' Proe. American National Academy,’ 1917. 
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the various units between the alternatives + 1 or — 1, or even by putting some 
of them equal to zero as in Grassmann’s polar elements. The polar relations of 
type ij ss —ji must not be tampered with. For if any of them wore changed 
to the type ij s= +/i the square of the distance of two points would no longer 
be invariant: we would have an algebra appropriate to soiiie type of 
manifold, but tliat would no longer be a flat or Euclidean space whether real 
or imagmaiy. 

The algebra of Hamiltonian quaternions of type in which 

one of the units r is the real quantity +1, is not a four-dimensional geometiic 
algebra in the present sense, but is rather an algebra of two dimensions, viz., 
ijk limited by ijk = — 1, operating with another isolated dimension r of a 
different kind. To obtain in it a distance invariant in the four dimensions 
one must form the product with another quaternion, complementary to it as 
regards w, namely wr—ix—jy—kz, this product being And 


similarly the operator "^(s) ^ i** variant only in this 


limited sense. 

Thus the usual quaternion system can be developed : but it would appear 
to be rather an algebra of interaction between two types of vectors, one in 
three limited dimensions ijk, the other in the dimension r, these vectors com- 
bining as wholes according to the ordinary algebra of scalar quantities. 

In a quaternary algebra, ijko, of direct geometric type, we cannot have 

"^(s) **+y*+®*. unless it is a ternary geometric 


algebra combining with a unitary one o. It then breaks up into an algebra 
of space and an algebra of time, the two combining by some scheme of rules 
such as ^ose of the algebra of scalars. Except in this special case there 
cannot be permanent particles of matter or electrons belonging to the 
system (except as nuclei purely configurational) any more than there can be 
permanent spaoial distances not involving time. 

Electrodynamic relativity seems to be secured for the field in free nther 
sacrificing them both i-’^ticles and electrons and space are resolved, so that 
only Minkowski's singular curves or “ wwld lines " and their intersections — in 
a later form the intersections alone — surviye. The material world vanishes 
in order that relativity may survive. It can thus be held to be mote direct 
and practical, in relation to the complete expression of the order of nature, to 
persist so far as possible with the procedure expressed in terms of matter 
and motion, in the Hewtonian manner; this requires and involves slight 
deformation of the material structure of measuring systems, and thereby 
is quite competent to secure, in relation to matter which alone can be 
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obeerved, the observed relativity that is otherwise interpretable by merging- 
time with universal space into one interlocked manifold.* 

It may be noted chat schemes in hyperspace and hypertime mig^t be 
constructed in which time would be endowed with more than one dimension : 
there could be an algebra of time vectors operating with space vectors 
according to some scheme of laws, the simplest case being the mutual inde- 
pendence of time and space as above that goes with the laws of ordinary 
algebra. 

Thus we appear to arrive again from the other side at the position 
previously asserted. Belations from their very nature must be between 
entities that possess features of permanence when the point of view (scheme 
of co-ordinates) is changed. Mutuality or relativity will be futile except as 
mere symbolism if these entities ore not maintained. To establish the possibility 
of permanent material or electric systems it seems to be necessary to treat 
qpace by an algebra of its own distinct from time, in the manner originally 
enunciated summarily as a postulate, the cause of much misunderstanding at 
the time, by Newton in the ‘ Principia.' 

Belations, which are the subject matter of knowledge, are changing in 
time : but there must be underlying things that are related, defined as of 
permanent type, even though in -other respects known only through these 
relations, that is relatively. This duality, relations and entities related, 
appears to be unavoidable ; the possibility of knowledge implies both. 

The apparent present is merely a boundary between past history and future 
evolution. The past would thus be the real present that is with us, and 
memory the purveyor of the materials of systematic knowlegaf 
But, whatever be the critical obstacles, the problem of probable interaction 
between gravity and electrodynamic fields, including rays of light, of course 
remains urgent ; and if such connection is actually detected by the various 
astronomical determinations now in progress, data such as hitherto have been 
entirely non-existent will have been supplied for an attack on this deep-seated 
question^ 

* This holds for the older experimental evidence of Michelson, Rayleigh, Brace, 
Fitsgerald and TVonton ; the more recent astronomical e-vidence, involving the inter- 
planetary spaces, cannot be so, incorporated. 

t It may be noted that the late lerd Rayleigh, in a Presidential Addresa to the 
Sooiety for Psychical Research last April, hinted at hie difficulty in understanding 
how past and future could possibly be related merely ae North and Ejonth. 

I This was written before it became known that the Greenwich and Oambridge 
Bsteonomeri, in their recent eclipse expeditions, had confirmed Einitein’e prediction for 
the amount of the deflection of a ray of light by the influenee of the Sun. It must 
be recognised that the theory has come to stay in some form or other. Its main impUea- 
tioBt of instantaneous propagation of change in the constitution of space, sums to 
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The relation that ijk is a scalar, say —1, is not a necessary part of the 
geometric algebra: it is introduced in the mixed scalar and vector of 
quaternions in order to limit all the derived vectors to one type, and so get 
direct geometrical interpretation. But in the quaternary algebra, to restrict 
ijko to a scalar value would retain the algebraic geometry, wliile limiting 
its powers of representation ; thus, for example, it would obliterate the 
expression of the eloctrodynamic scheme by combining its eight e<iuaUons 
in pairs into only four. It would be really a ternary algebra with + o for 
the value of the product ijk. 

The spacial algebra may in fact be elaborated in various ways. In the general 
case of n dimensions the distance of two points is invariant for algebraic 
geometries that involve all the relations = — I, ij = ^ji ; and tliis ap|>ear8 
to be irrespective of how their unitary scheme maybe completed by assigning 
laws and interpretations for triple and higher products. 

May we say that all such c()mpleted systems represent flat or Euclidean 
spaces, and so are equivalent at bottom to the simplest single one that can lie 
constructed, but that they difler as regards richness of detail ? Viewed from 
the geometrical side the answer seems to bedtjfinite; a geometry of lines 
and distances appears to be quite feasible by itself on the basis of translation 
and rotation, as in Euclid, without advancing at all into special interpreta- 
tions of the higher products, which could represent, thnmgh various schemes, 
quantities such as areas and volumes and their orientations. 

As any invariant expression formed by multiplication of vectors is homo- 
geneous in the units, though the reduction by substitution of —1 for i*, 
etc., makes it apparently not ao, alteration of all the units by multiplying 
by the same scalar does not change the expression. It is therefore invariant 
as a whole, but not divisible into independent invariant parts ; except that 
the parts of odd and even orders in the units are separately invariant, as 
with Cliflbrd. In the expression for above, the two parts, one homo- 
geneous of the first degree and the other of the tliird degree in ijko, cannot 
be other than conjugate components of a single gimeralised eightfold vector. 

This process of evolving something completely different, an undirected 
scalar, from the interactions of directed vectors, was the startling innovation 
of the symbolic algebraic analysis. It perhaps had its ultimate suggestion, 
in much simpler form, in the imaginary of ordinary algebra and the Argand 

be avoidablo only on a psychological point of view which would afiiiert that a portion 
of space is existent only while attention is concentrated on it. It can be managed, 
however, by including the varying space in a uniform space of higher dimensions, 
Just as the deformation of a two-dimensional surface can be visualixed as a whole in 
uniform apace of three dimensions ; cf. infra^ p. 3h3. 

VOL. XCVI.— A. 2 B 
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diagram; this however involved a real and a complex or symbolic miit, 
whereas in a vector scheme, self-symmetrical, all units must be alike 
and symbolic.* It can be developed on a purely logical unitary basis as 
de Morgan s '' double algebra,’' whereas spacial geometry must run its algebra 
three abreast. Without the inode ot* representation as spacial threefold 
continuity, iuhoreut in the mind, as the intuitive guide in an algebraic 
process, a calculus so remote from the usual chain of ideas of algebraic 
combination would have liad small chance of emerging into light. 

On Imaginary Space , — It seems legitimate, as above, to take each com- 
ponent of a general vector to be itself of the most general type of simple 
unidimensional algebra, namely, a complex quantity. But to do this with 
one of the coiiqionenta of the space vector is, in the usual terminology, to 
make that dimension of space imaginary. This would more consistently, in 
algebra, be efTected rather by modifying the scheme of unit vectors that 
define the manifold, kee]>iug the co-ordinate scalar multipliers real. Thus 
for the usual scheme of relativity, in which the fourth dimension, that of time, 
has to be a pure imaginary, instead of writing R = iit+yy-hA:«-h(cY/— l)^o 
we could express it as K == + Ari; + (/•/) (-^—1 , o); and similarly we 

would write U = tF+^G+AH-f- (v^— I . pointing (as Mr. Johnston 

has remarked to me) to tlie introduction of a unitary system yAV, the latter^o' 
taking the place of — I, defined by the relations 


=/=:/, a ^ -1, ij^ 


lo = —0 


This contrasts with the quaternion group of four, scalar phis vector, in which 
0 is merely the real numerical unit. 

The analogy of the analytical manifold called an imaginary space to real 
space is so imperfect for practical purposes as to be almost fictitious when 
the space is flat. To realise it, generalisation is necessary into curved space 
such as that of a spherical surface : for example, the region within a closed 
ellipsoid has its boundary changed to one represented by an open hyper- 
boloid, in flat space. As the new auxiliary manifold of relativity has 
nothing to do, except symbolically, with ordinary space, whether Euclidean 
or not, it is a more self-contained procedure to construct it independently on 
a basis of its own by an associative algebra of type ijko\ • 

We recapitulate tbe electrodynamic scheme on this basis, partly in order to 
emphasise another principle which it aptly illustrates. 

The manifold in which the position-vector is represented by 


B s: ix+Jy+kz+o'd 


* See the diacuuion in Clifford's * Math. Papers,* **0n Biqoaternions,” especially the 
posthumous 'Further Note,' p. 385. 
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implies (Ki—Ej)* invariant, that is (scx— afj)*+(yi— ya)*+(si— £»)*— <a)» 
inTariant ; it is thereby self-consistent and determined, in a form that can 
be visualised and so verified symbolically as an imaginary Euclidean space. 
The invariant entity ViU, where U is iK-f-yfl-f-A-H— and Vi 


a 

dr. 


represents i^+y.^ + /r~+o' 


8 


a 

dz 


a 

d'(eiy 


is expressed as 


ViU = jk'a + AV /9 + ?jy + (to' P -hjo' Q + ; 


for its value when set out at length in this way involves the electric force 
PQR and the magnetic force et/3y of electrodynamics of free space, as 
expressed in terms of their partial 'potentials* FOH^, and also involves the 

+.->^ = 0. 


3f So dn 

electrodynamio relation of conveigenoc ^ + 0 “+^ 


The repetition of the same operation gives 


Tims Vi*U is expressed in terms of two partial vectors, witli units ikjV 
and their ternary products respectively, so named because they are only 
components of a complete complex, which in its entirety, and not as regards 
its separate components, enjoys the invariant property. The single equation 
Vi*U = 0 sums up the relations of the electrodynamic field in free Hpace.f 


[Movent f^er 7, 1919. — The equation alu)\e, uhieh expre^KS the vanishing 
of the scalar part of ViU, viz.. 


aF^aa^an^i dd> 


0 


is equivalent to 




ap . aq . an 

3:7+^+ &• 


* The electromagnetic units of MaxwelFs 'Treatise' are hero employed, in which 
curl (F, O, H) » (u, fi, y) and P b . SFfct-^c^/Ssp. In the Gauas-Helmholts mixed 
electrostatic-magnetostatic system employed in Mr. Johnston's note, the first relation 
would be c curl (F, G, H) — (a, y), and 0 occurs more symmetTicaliy in the field 

equations. A rational way of getting rid of this embarrassing confusion between 
ibe units of practical science and the symmetrical Hertz-IIeaviside modification is to 
eliminate 0 altogether in the mathematical analysis by making it unity. In the final 
results it could be restored by inserting in each term as a factor such power of c as is 
needed for uniformity of physical dimensions in the unitary system that is preferred. 

t Observe that two of these eight relations are involved in the other six ; this 
consisteney is a test of the validity of the symbolic algelntk 


2 B 2 



346 


Sir J. Larmor. 


The loft side exhibits an invariant operator acting on a component of the 
invariant vector potential U, which is not itself invariant. Also the potential 
is not cleanly propagated except in regions where the right side of the 
equation vanishes. As it has been known from the first* that tlio dis- 
tribution of charge is invariant, it follows that the expression on the right 
is not tho measure of the charge though it vanishes in free space where 
there is no charge : that is because the element of volume changes on trans- 
formation as irt/ra, 

Tho symbolic calculus here under consideration adapts itself readily to 
the electrodynamic formulation for a space pervaded by electric flux and electric 
density expressed (after Lorents) by continuous functions : and it is interest- 
ing to observe the auccossivo stages of restriction. Tho invariance of the 
charge also emerges in a different way. Instead of vanishing, wo 

assert an equation, which is invariant, of form 


— — U = lUi +j vi -f kyi\ -f 0 Vp -f zero, 


the zero indicating tiiat the vector-components of other type are to be made 
to vanish as they do identically. In other words, 

Cl, H) = — 4ir(?4i, vi, wi), = — 4wc*/). 


We may regard Ui, vj, lOi, p as quantities to be interpreted. If we operate 
a third time with tho invariant operator on this simple vector — U/4ir, 
the scalar part of the result is 


(ki , Ovi I 9p\ 

i0i« dy 3s dt/' 


This quantity is therefore invariant for all frames of reference.f That 
being so, it is permissible to impose the physical restriction that this 
invariant value shall bo zero. Then it asserts that (ut, vi, wi) is some sort of 
circuital flow, or briefly of streaming, to which is added a convection of an 
electric density p. If it be further postulated that there is no such streaming, 
hut only convection of the electric density, we liave 

(«i, vu wi) = p(4 y, z). 


* See ‘iEther and Matter,’ § 112. 

t Other invaiiant vectora may be noted. Thus the mechanical force on the tnedinm 
is expreaaed by three o( a eet of four components of the product - ^ Vi*U . v,U ; 

the Maxwellian stress system by components of the product of WiU by a conjugate 
vector derived by changing signs of some of the units ifio\ and so on. 
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Thus now 

— — Vi®U = ipJ! +jpi) + /cpz + o'rp ; 
and its square with changed sign is 

Now the second factor of this expression is the invariant expressing the 
flatness of the four-diinenBional continuum , hence tlie other factur, and so 
p/di, muBt also be invariant. Also if rir is an element (7f ordinary volume 
drdt is invariant, being the element of four-diinenBional extension. Therefore 
pdr is invariant,* which expresses persistence of value of electric cliarge 
when the reference is changed from one frame to another. It depends 
expressly on the postulate that all electric curi’ent is convection of charge. 
The inclusion of polaiisation-charges would require special treatment] 

In passing, it may be noted that + — so is scalar 

and invariant for change of axial system. Also, tlie scalar component 
of (ViU)* represents the volume-density of the Ijagrangian function or of the 
kinetic potential in the four-dimensional space, being thus invariant itself, 
and securing by the Hamiltonian principle general dynainical invariance. 
Energy density is the scalar part of the product of two conjugates yiU, ViU'> 
and is not completely invariant. 

But it is to be noted that, if the unitary scheme is restricted, after the 
maimer that the quaternion scheme is restricted, by making the product of 
ijW a scalar, the two partial vectors in lose their separateness of type, 
add together, and the complete elcctrodynamic formulation will be lost. 
The restricted system has been made too narrow, tliough still adeejuate for 
some other purposes of description in the manifold. 

A sot of units, with proper symbolic laws of combination, is what extends 
the scope of pure algebra from relations of linear measures to those belonging 
to more complex constructs in the continuum ; but, when the scheme of their 
laws of combination is restricted, they may continue to be adequate for the 
simpler forms of the space relation, while they lose part of the power of 
expressing wider constructs through their combinations, and thus repre- 
senting the interactions of physical phenomena arising in the space. While 
the quaternion restriction ijk =s — 1 secures agreement with spacial intuition 
by involving only one kind of simple vector, the power of direct representa- 
tion may thereby as here be much restricted. 

^ Cf. £. Cunningham's exposition, after Minkowski, ^ Principles of Relativity/ p. lOn. 
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On the other iiand, the products of second, third, and higher orders in a 
quaternary algebra ijlco arc outside geometrical intuition ; but Mr. Johnston 
has ostablished with logical preoisiou (as I understand) the validity of the 
associative principle in Clifford's algebra, and has also shown that the 
algebra involves, by introduction of twelve new auxiliary units, constructs of 
quaternion type, capable of including and representing Grassmann's various 
species of geometrical products. 

It may be recalled that the Cartesian gooiaotry involves already a symbolic 
algebra, that of the unit —I which reverses a vector. The algebra of 
ordinary complex irnaginaries, as elucidated geometrically, is a binary one 
involving two symbolic units, —1, or say a, and \/"“li or say j9, and the real 
unit y, or + 1 , with the laws of combination ^ =r = yet, a/S = 

0y = yfi. An algebra of polar units ijk . . . can be superposed ou this one, as 
remarked above. 

As already noted, the fact that the continuum ijko' is of only four dimen* 
sions does not preclude the formation in it of a generalised vector such as 
Vi*U, having eight iudependent components. A parallel conception is the 
line-geometry, imagined also independently by PlUcker, in which each line 
has four independent co-ordinates, or six symmetrical ones (the components in 
fact of Clifford’s rotor) with two relations between them, though the space in 
which this geometry has its play has only throe dimensions. As two lines 
(or forces) are not identical unless their co-ordinates all agree, so two eight- 
vectors cannot be identical, or the vector expressing thoir difference cannot 
vanish, unless all the components of the latter vanish separately. Or, again, 
there is the fourfold geometry in ordinary space, in which the spherical 
surface is the unit instead of the point, with combinations of its own : and so 
more generally. So also the vectors of the eleotrodynainic field have modes 
of combinations of their own, to which the scheme above presented is 
completelyadapted. 

In a real flat geometry represented by ijko, dealing with pure vectors 
without the scalar part characteristic of quaternions, the square of the tensor 
of any generalised vector is a scalar represented by a sum of squares ; thus the 
vanishing of the tensor — analogous tu distance — involves that of the vector if 
it is a real one. Ilut in an imaginary geometry such as ijko\ some of the 
squares are affected by the negative sign, and the vanishing of the tensor 
does not carry this result Many theorems of determinaoy which are valid 
for the real space fail for the imaginary one. 

Spaeudwd RdaJtiviiy : ita Limited Range . — ^The converse mode of argu- 
ment seems to lead directly to unexpected limitation of purely relative theories. 
For we can examine the degree of generality possible in a field of physical 
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activity, limited by only two characteristioB : (i) effects are to be simply 
propagated across the sether, without leaving any trail, and all with the same 
standard speed when they do not travel instantaneously:* (ii) uniform trans- 
lational convection of* the whole field of activity througli the iether is not to 
produce any recognisable effect in the internal relations of that field. 

The first characteristic requires that the dislributioue of scalar quantity 
specifying the field, say the functions F, G, should all satisfy the equation 
of simple propagation, which for three dimensions of space and one of time is 
of the type == 0* second characteristic requires that in the manifold 

y, z, ct, these scalar quantities should be the components of a physical 
vector, say of U, equal to iF+/G-f AH— ; in this form they are 
virtually limited in number to four, the analysis for other Gonc(uvable types 
such as a six-vector, or for more than one vector U, being put aside as foreign 
to the actual physical type and impracticably complex. The operation or 
idldx^jdfby+kdldz+o'djdict) is an invariant vector analogous to a 
position-vector, because 3/3r^;, 3/3^, are transformed and combine accord- 
ing to the same type as t/, .... and it is the unique simple vectorial 
dififerential operator that is available. This equation which is the 

complete expression of simple propagation with uniform velocity, has also 
been shown, when constructed in two stages, to be the expression of Maxwell’s 
electrodynamic equations; for they are formulated in terms of the vector 
components of ViU as variables, these components representing the electric 
and magnetic forces of the held. For this purpose the scalar pirt of 
has been equated to zero in advance, being thus an equation of continuity, 
expressing that the convergence of the vector U vanishes. In any cose, if 
that were not done, the vanishing of Vi^U would in itself involve -the 
vanishing of the gradient of this scalar conveigence, and so make its value 
constant and therefore null. Tlie two criteria, (i) and (ii), thus by themselves 
alone severely restrict possibilities, in an isotropic medium such as free asther 
with only one cbaraoteristic speed, to Maxwell’s scheme of equations of the 
eketTodyuamio field.f 

Expressed in SylveatVs tenninologyl the invariance of the binary linear 
form ix^jy+kz, which is made fundamental at the beginning of this note, 

* If there were two standard speeds, as there are for rotational and compreasional 
waves in an elastic solid medium, their interplay would determine velocities of convection 
absolutely, so relativity would be excluded. 

t This conclusion has been reached, as I now find, by Ph. Frank in 'Ann. der 
Fhysik,’ vol. 35, p. 599 (1911X who ascribes it in more general form to H. Bateman, 
',Proc. London Math. Soc.,' 1910. His analysis involves, after Sommerfeld, recognition 
of the products of the AusdehnunysleAre. ^ 

X Salmon, 'Higher Algebra,’ §137. 
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r6<[uires that where (-c, ;//, z) is transformed by any linear substitution (t, k) 
must be transformed by the contragredient substitution : this involves that 
if {Xf ?/, z) is transformable by a rotation of a rigid geometrical system (i, j. A) 
is transformable also by a rotation, but one belonging to the conjugate 
(perverted) group. The characteristics of the polar units necessarily persist 
m this transformation ; for it is already settled that on account of the 
invariance of distance the sclieme can represent spacial relations. 

The following treatment of the last discussed problem is a direct example. 
The transformation for which wave-motions with velocity c persist aro those 

3 0 9 0 

for which Vi^ invariant. Now r/ + 

All 

dy Sz* dw 

contragredient to (.r, //, «’). Jlence invariance of the operator Vi* involves 
invariance of : that is, it obtains only under the liorentz 

transformation, a result reached by Voigt by direct algebra a long time ago. 

If the changes were very slow, or c very great, the field would be simply 
electrostatic, in which an electric nucleus repels another of the same kind. 
That is because the energy of the field is of static elastic type : if it were of 
the steady kinetic type there would be mutual attraction, as in gravitation. 

It is because Mr, Johnston’s rediscovery and adaptation of Clifiord’s 
calculus, though quaternary, is wider and more symmetrical than quaternions, 
that it is able directly to grasp and consolidate so much in the relations of 
physical analysis, though without the intuitive geometrical interpretation 
that quaternions enjoy. At the same time, like quaternions, it has the 
advantage of being condensed into one algebra involving unique modes of 
addition and multiplication of single variables: the separately defined 
products of other vector analyHca arise in it compactly as components of the 
single product with which alone it has to be concerned. 

1 have been indebted to Mr. Johnston for criticism and corrections of this 
note. When it was written Prof. W. K. Clifford’s papers relevant to the 
subject were not at hand. It seems desirable to add brief references to his 
work. He propounded his " Biquaternions ” in 1873 as the algebraic operators 
which change the general position of a rigid body. Some time after, be 
became interested in general linear algebras with polar units, and recognised 
their relation to that special calculus. In 1878, the year before he died, he 
introduced a memoir* entitled ** Applications of Qrassmann’s Extensive 
Algebra,” published in the first volume of the 'American Journal of 

« No. XXX in 'Math. Papers.’ 



where w is trt, is an invariaut bilinear form , hence 





On Generalized Relativity. 


351 


Matheinatios,’ by the following pathetic sentences. 1 propose to com- 
municate in a brief form some applications of Grassmann's theory which it 
seems unlikely that I shall find time to set forth at proper length, though I 
have waited long for it. Until recently I was unacquainted with the 
' Ausdehnungslehro * . , . . I may, perhaps, therefore he permitted to express 
my profound admiration of that extraordinary work, and my conviction that 
its principles will exercise a vast influence upon the future of mathematical 
science.*’ The paper detennines, as he states, the place of quaternions and 
biquaternions “ in the move extended system, thereby eacplaininy the laws of 
those algebras in terms of simple laws;** it generalises them to higher 
dimensions and proves ** that the algebra thus obtained is always a coiiipouTi<l 
of quaternion algebras that do not interfere with one another.** There is 
also a cognate posthumous fragment* “ On the Classification of Geometric 
Algebras.” The prefatory introduction by H, J. S. Smith, pp. Iv-lxvii, gives a 
sketch of tlie work, in which it is held, apparently with justice, that in 
bringing together Hamilton's and Grassmann’s work OlifTord had tianscended 
both their points of view. 

In the present note the algebra of OlifTord is connected with spacial 
relations on the basis of the single criterion that it makes the square of the 
Euclidean distance of two points invariant for all transformations, for the 
reason that it is the square of the difTercnce of their position -vectors. In 
quaternions distance enters in quite a different manner as a tensor. There 
are in CIifford*s work indications, deserving fuller elucidation, how the flat or 
Euclidean geometry of four dimensions becomes elliptic geometry of three 
dimensions, with its more complex notion of distance, when the polar units 
are transformed to quaternion units in this way. 

The apparent paradox in Clifford’s algebra, on which H. J. S. Smith has 
put some stress, that although ixtn =: yet 1 and not = 0, is also 

present in quaternions, from which not improbably it was introduced ; but 
really ii and i* are definite discrete entities, and the suggested transition to a 
limit when they are equal is not relevant, except within the narrower bounds 
of Grassmann’s geometrical calculus of distances. 

Clifford definitely separates the quaternary algebra based on units n, 
defined by polar multiplication, together with 3= — 1 for each unit, 
into two algebras, one concerned with products of even order, the other with 
products of odd order. This is done by intiuducing a new unit, w, equal to 
the product of lu 12, 1$, h ; the unitary system thus becomes <1, 12, ca which is 
still polar, the only change of type being that = + 1 instead of — 1, but 


« No. XLIII in Papers.’ 



352 


Sir J, Lannor, 


at the same time the orders of product terms are much reduced. For the 
algebra of even products, he recognises that this system is identical with his 
special calculus uf BiquaternionH. In the present pliysical application, this 
separation into two simpler algebras is however excluded, for ^t\S is a 
product of even order wliile is of odd order. 

In a condensed and powerful note on the motion of a rigid system left to 
itself without external force in a Hat liyj^erspaco,* the idea of conservation of 
distance, which is made fundamental above, is not introduced. He develops 
kinematics on the basis of his polar unitary system as follows. A point 
is represented by the polar vector p ^ and its velocity enters through 
equations of typo i'A = where p^k = 0. phk = -phk i if, then, 

— 2p sa the velocity of the point is p, equal to the vector part of 

pp. Ho employs these formulae to obtain the Eulerian equations of motion 
referred to axes travelling with the system, and therefore (bo it remarked) 
self-oontained without relation to external bodies ; and he points out how 
their integrals are to be expressed in terms of the time by adaptation of the 
periodic relations subsisting in the groups of general B funotiona Thus the 
isolated rigid sjrstem in free rotation, relative to itself alone, provides its own 
absolute scale of time. The motion is evolved from instant to instant by moans 
of the angular velocities of the body, referred to its own principal axes; 
just as a spacial extension is continued on Biemann’s ideas from element to 
element by means of the values of its curvatures, or as a field of physical 
activity is continued stage by stage in space and time in the recent theories 
of relativity. If, as above, the rotational velocity is represented by time 
gradients of the changing polar units, referred to their own instantaneous 
positions, the phk, ••• can be expressed as time gmdients of /, m, .... 

Clifford published in * Nature ’ in 1873 a translation of Biemann’s discourse 
on the construction, or rather continuation, of a space in terms of 
knowledge of its curvatures at the boundaries of its expansion ; and, as 
Prof. Smith remarks, he “ had imbibed the views set forth in it as a part of 
his intellectual nature.” -He had already contributed to the Cambridge 
Philosophical Society in 1870 a note of enthusiastic anticipation, f '* On 
the Space-Theory of Matter,” in which the atom was to be merely a mobile 
deformation of space just after the manner of the recent relativity formula- 
tion of gravitation. 


* ‘ Math. Papers,* XXV (1876), pp. 236-m 

t 'Math. Papers,’ V. Biemann had already speculated that space need not be 
uniform around the molecules of matter. 
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(hi Oravitational Belativity. 

[Added November 20. — The symbolic geometrical calculus which is the 
foundation of the previous discussion pertains only to the homaloid or flat 
continuum, in which the element of length her is expressed by the formula 

ha^ = hj? -f hy^ + 5s;* + Sit-*, tr = tvt. 

The phenomena of gravitation have been included by Einstein in this 
Minkowski scheme by altering slightly the expression for So*, but so that it 
becomes expressed by the general quadratic function of the elements Of 
length. This generalisation can still be brought within the range of the 
Clifford geometry by introducing into tho analysis a new dimension (f) 
preferably of space ; so that 

5y*+52;*+Sf*d-5io*, w = lei, 

with, of course, an additional component in the relevant vector potential U. 
For the relations of tho electrodynamic field, those above expressed as 
existing between the components of tho vectors yiU and Vi*U, are 
expressible, whatever be the numl>er of dimensions, as relations of circula- 
tion* of the type of Stokes’ theorem, after the manner of Ampere’s and 
Faraday's eleotrodynamic relations, which equate a flux across any sheet 
(binary locus) in the continuum to a circulation around its (linear) edge. 
Such relations, if true for the continuum as a whole, are valid also for any 
continuum of lower dimeusums that is included within it. Now any 

* Cf, on analytical memoir by VL. Hargreaves, ‘Trans. Cambridge Phil, Soc./ vol. 21, 
p. 107 (1908), which involved tho germ of the general relativity relations as expressed 
in this manner. It seems, however, to be sufficient proof to observe that, on arcoiint 
of the vectorial character of the present analysis, on passing to a continuum of lower 
dimensions, every relation that involves only components of vectors, and their gradients, 
which exist wholly in that lower continuum, must remain true. [On working out the 
vectors in the electrodynamic fivefold (with interesting result), this statement proves 
to be true only for a fiat section of it, os closer attention to the analogy of thive and 
two dimensions would ha\e warned. Thus the electrodynamic scheme, as well os 
gravitation, is modified from the usual form, but actually to a very slight degree. 
This analytic representatipn of the world-process as located in a curved section of a 
flat fivefold, involves, as now appears, other variables which are latent after the manner 
of the ignored co-ordinates of ^uth and Kelvin in dynamics ; and it is a question how 
far it agrees with Einstein's schema His method, of, Die Qrundlago . . ‘ Ann. der 

Pliysik,' vol. 49, p. 812 (1916X is to transform the known electrodynamics of the fiat 
fourfold into a carved fourfold determined so as to absorb gravitation, as if it were 
merely another phenomenon added on. But this electrodynamic construct may by 
Minkowski relativity be situated anyhow in the fourfold ; hence its carved transforma- 
tion ought, by the same relativity, to be situated anyhow in a flat fivefold which is a 
continuation of that fourfold. . If this be allowed, thei;e ought to be no disagreement, 
though this ultimate eleotrodynamic invariance ia possibly hardly in strictness assured 
by Einstein’s process.) 
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continuum of four dimensions, fiaving a quadratic line-element, however 
complex, is expressible as a liypersurface in this homaloid continuum of five 
dimensions.* If these considerations are correct, the Einstein generalisation, 
made with a view to include gravitation within his four dimensions, must be 
interpretablo as the geometiy of some tyj)0 of hypersurface constructed in 
this extended homaloid of iivo dimensions. B'or the previous homaloid theory 
of Minkowski which ignored gravitation, this hypersurface, existing in the 
five dimensions, in which the world-process is represented, is flat ; or more 
conveniently in some connections it may be taken as a closed region 
(hypersphere) of assigned uniform extremely small curvature, instead of the 
unlimited hyperplanc. The problem then is to include in the scheme the 
influence — actually very slight in realizable cases — of gravitation ; and this 
is to be done by recognising slight local deformations on this liypersphore in 
order to represent that effect. Now in tlie four-dimensional Minkowski map 
of the historical world-process, the rays of radiation are the curves of 
minimum length on the locus for which the analytic element of length Str 
vanishes; and the paths of particles when gravitation was neglected were 
the curves (then straight lines in the flat) for which the length between 
assigned terminal points is minimum. If the hyporsurface, which is very 
nearly uniform of very small curvature in the actual problem as presented in 
nature, can be so Ghoseri that these two I'elalions persist — namely, that the 
rays of light shall be geodesics on the locus iletermiued by So- vanishing, and 
the free orbits of particles with gravitation now introduced shall be the patha 
of minimum lengtli on the hyi^ersurface — then one way of absorbing the 
universal phenomena of gravitation, into the mixed space-time scheme which 
has arisen from and has transcended and obliterated the previous idea of 
relativity of positions and motion.s, will have been accomplished. 

Viewed from this angle, the problem of the inclusion of gravitation, along 
the special lines of Hamiltonian variational dynamics on which a solution 
has been sought by Einstein, is one of map-making in these hyperspaces. We 
may illustrate by the simplest example, the one which originated the 
analytical theory of mapping. A map of the earth’s spherical surface 
constructed on a plane expresses correspondence, point for point; but in 
other respects the correspondence is necessarily incomplete ; for example, if 
angles are made to agree as in the familiar Mercator projection, the scale of 
correspondence of lengths must vary from place to place. The representation 
by a flat map cannot be complete; it can be achieved only as regards 

* This may be compared with Clifford’s own development of his oalculns; which 
anbsames elliptic or hyperbolic geometry of three dimeneionB under Euclidean geometry 
of four dimensions. 
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correspondence of certain chosen relations, ami that only within a very 
limited range. 

Now the problem developed by Einstein may be visualized as in a way the 
converse of this one. In the Minkowski four-fold continuum of space and 
tiziio, which may be conceived as a flat or homaloid locus in our present 
auxiliary five-fold continuum, the scheme of electrodynamics and radiation 
exists, but the ordinary scheme of gravitation proves not to be adapted to it, 
when matters are tested by observation of nature to extreme refinement. 
Here existence means that its essential properties arc independent of any 
particular scheme of measurement of them ; as for instance the existence of a 
solid body in ordinary space is independent of the frame of reference with 
regard to which a measured survey of its form would have to be conducted ; 
the source of this idea, which is the antithesis of relativity, is presumably 
our experience of the free mobility, without change, of the solid bodies around 
us. As just stated, in the flat or homaloid four-dimensional continuum of 
Minkowski, the plieuoinena of gravitation do not satisfy this criterion ; the 
problem is to replace it if possible by some less simple type of four- 
dimciisional continuum, constructed most conveniently as a hypersurface 
within our auxiliary flat five-dimensional scheme, in which both the electro- 
dynamic and the gravitational theory shall exist in the sense above exj)ro8Be(L 

The Minkowski world-jirocess is mapped on a flat hypersui face, which 
can be conceived as existing in this hypempaco of five dimensions, but the 
gravitational orbits, though definite, are outside it, in tiio sense that they do 
not remain invariant, that their mode of specification has to bo altered, when 
the axes of measurement in the hypersurface are changed. Can, then, this 
flat hypersurfaoe be replaced by another one, so far as regards the actual 
problem of nature still very nearly flat, merely with very slight deformation 
in the neighbourhood of (so-called) gravitating masses, so tliat, while the 
invariance of electrodynamics is preserved, the same property shall be 
acquired by gravitation ? One mode of acquiring it is that the free path of 
a particle, which, when gravitation was ignored, was always a shoriest line 
on the flat, shall now always a shortest line on the new hypersurfaoo when 
gravitation is included. This is the correlative of the following problem in 
ordinary map-making; a representation of a given spacial configuration is 
constructed on the fiat which is true to the configuration as regards an 
assigned limited number of properties ; is it possible, by constructing the 
representation on a surface not flat but nearly flat, to make it true to the 
original as regards one more property ? 

The problem of Einstein in its widest generality, as one gathers, is not 
yet solved. But in the cose that alone is amenable to practical test, in 
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which the adjustments are extremely minute, an approximate verification 
ought, of course, to be possible ; and this is what Einstein has carried 
through, threading his way with great mastery of conception and analysis. 
The result obtained is that one can in this manner bring gravitation into the 
four-dimensional scheme, wliicli is independent of axes of co-ordinates, at the 
cost of doing some violence to electrodynamics by introducing complications, 
to a degree, however, that is far too minute for experimental or observational 
scrutiny, and by doing violence to gravitation itself and its relations to 
light that happen to be just within the range of detection in three cases. 
It is as if one foimd that a cap would not fit exactly over a surface, but that 
a close fit could be forced by slight local stretching. 

It is open to a critic to urge that this way of getting gravitation into the 
eleotrodynamic scheme proves nothing by itself, as Einstein apparently 
recognises, as to the unrestricted necessity or validity of a mixed space-time 
representation of the world-process ; for it merely verifies some exceedingly 
small adjustments only to tho first order of approximation, while a cosmo- 
logical principle which aspires to the dignity of a law of thought must be 
absolutely true, without regard to approximation, for all magnitudes of 
change. That is, it would have to remain true if astronomical verification 
could deal with relative motions of many thousands of miles per second, 
instead of as actually with only a few tens. Viewed os demonstration, it is 
merely an approximate adjustment, and so oarries very little evidence of 
nniversal unrestricted validity. Its true test had to wait some years for the 
opportunity of observation of nature. The adjustment of the slightly 
anomalous motion of the iicrihelion of Mercury taken by itself might well 
have been merely a coincidence. But, if in addition a prediction of the 
exact amount of deficotion of a ray of light by the solar gravitation has been 
verified by the observers of the recent eclipse, as appears to be the case, then 
the point of view has most probably been established, though not neces- 
sarily in its present form. Even if the other prediction, of observable 
increase in the wave-lengths of light emitted in a field of gravitation, such as 
the sun or a star, proved to fail, the point of view must still claim attention : 
and the problem would be to amend the formulation once more, in one of 
the ways which may still be open, so as to force the scheme to include one 
other feature. 

These considerations are submitted tentatively, with a view to getting far 
enough away from the complex analytical details of the gravitation theory 
to enable a judgment to be formed on its general physical aspect, and its 
relation to other recognised general principles of the scientific interpretation 
of nature. 
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One other remark, already hinted at, may be advanced. These theories 
arose out of the idea of tlie relativity of the positions and motions of material 
bodies. On the theory of an tether that idea .was established demonstratively 
long ago, up to the order to which observation can test it, expreased either in 
terms of the original natural interpretation that motion through the lether 
affects slightly the dimensions of material bodies,* or on the ne.w conception 
of a mixed sjmce-timo foundation for representation of the system of nature. 
But in either case it is a veiy limited relativity ; for it holds as regards 
translatory motion of the observer's system only when that motion is uniform, 
and as regards rotational motion not at all. It would a})pear that exposition 
of the new theory ought to get rid, as it can, of this glaring imperfection by 
ceasing to designate it as a theory of relativity at all ; one would describe it 
as the theory of interdependence of space and time, such that time is virtually 
a fourth dimension interrelated with the other three dimensions of space, 
and mi yeTieris only in so far as its measure is a number that is algebraically 
a pure imaginary. This statement seems to express the scope of the theory ; 
by the theory both position and motion are transcended, in any sense that 
practically belongs to these concepts, and there seems to be no relevance in 
any further discussion about their relativity. The propagation of nidiathm 
is transcended also ; its velocity becomes merely the dimensional multiplier 
that is required to make time homogeneous with length. 

And again, a common interpretation of its point of view is that there can 
be na natural frame of reference, no aether. This appears to be almost 
repugnant to common-sense : for it would make the universe consist at best 
of a heap of unrelated particles in the void. And, in fact, these abstruse 
arguments on relativity cannot advance one step without tiie most elaborate 
frames of reference. The aim with which theory has to be content is to 
prove that we can get on equally well with a great variety of modes of 
expression of the iiatmal frame of reference. It can even be maintained 
that this result is a strengthening rather than a destruction of the notion of 
an sether of space ; for its aid cannot be dispensed with, while it is proved 
that its mode of intervention, possibly hitherto imperfectly appreciated, is so 
fundamental that it can be expressed in terms of a great variety of simple 
statements without mutual contradiction. 

Ca/n a Field of Oravitation Dieiurb the Free Periods of a Radiation Spectrum ( 

If this hyperspacial version of the Einstein gravitational theory is a 
valid presentation of physical reality, it hardly seems to warrant the usual 

* Tbb mode of explanation would hardly be open for the recent astronomical 
verifleatioBs. 
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further conclusion that the free periods, as observed terrestrially, of the 
radiatioiifl emitted from the sun or a star, should be displaced towards the 
red end of the spectrum. At any rate further elucidation seems tlosirable: 
and with this in view we may strengthen our intuitional bearings by closer 
scrutiny of a parallel correlation applicable to spaces of two and three 
dimensions. 

Geometry on a given curved surface is self-determined, in the manner 
developed by Gauss, in a binary set of curvilinear co-ordinates (p, 5 ) and 
the expression for the element of length Ss in the form 

8s* = /8jp* + 2ghpZfi -h hhff 

in which f,gji are known functions of position on tlio surface, and so are . 
functions of (p, ry). If wc can effect a transformation 

f = Fi(p, j), v = 9). 

so that the expression for the element of length becomes 

8^ = V). 

where 'k is of coui-we a function of 17 , then the e«iuation for the shortest 
paths on the surface, which is 8 |rf 5 = 0 , becomes 

8 jiV/cr = 0 , where So** = 

The quantities {^) may tlnia be taken as the co-ordinates of a correlative 
point in a plane : and a correspondence is established between the points 
(pg) on the curved surface and the points (f?;) on a flat sheet which is in 
certain resi^ects a map of it, corresponding elements of area being similar but 
not equal. A geodesic or shortest line on the surface corresponds to the orbit 
of a particle m on tlie plane, in a field of force whose potential W is determined 
by the equation of conservation of energy 

i'mA+raW = Eo; 

for the variational equation has been transfurmed* into tlio equation of Least 
Action B j vda- = 0 in the field of force for which v = 4*. Correlative 
elements of length near any point are in the ratio A:*, and the elements of 
extension are similar in this ratio. 

Now imagine, after the geometers, a two-dimensional intellect whose 
activities are confined to this curved surface. He may form a scheme of his 
surroundings either in terms of the co-ordinates (p, q) measuring the actual 

^ As regards such correlations, see two papers, **On the Immediate Application 
of the Principle of Least Action to Dynamics of a Particle, Catenaries [Higid Dynamics, 
Hydrodynamics], and other related Problems,*’ *Proc. London Math. Soc.,* vol. 15, 
(1664), in which this principle is worked out with examples. Cj, also the general 
analytical theory in Darboux, * Th6orie g5n6rale des Surfaces,’ toL 2, chap, vi (16W). 
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curved space, or in terms of the other co-ordinates (f, n}) specifying more 
(HrecUy the correlated flat space. When the curved space is thus repre- 
sented, the shortest lines on it are transformed iuto dynamical orbits on the 
flat. One might propound a problem, what should be the form of the surface 
in order that the orbits in the plane should belong to a flehl of gravitation ? 
This seems to be an analogue, in two spacial diniensiotis, of the procedure 
of Einstein, except that possibly has to be unity also. For it is to be 
remarked that what the intellect thus limited has to deal with is confined 
to the general type of connections, the mode of continuity, in the extension 
in two dimensions : there is no reason except convenience for a choice as to 
whether he should refer the binary manifold to a geometric frame of reference 
(p, q\ or to another (f, i;) ; the latter is here the simpler frame, while the 
representation of the system is simpler on the former one. But when the 
intellect, originally limited, has learned to expatiate into the flat space of 
three dimensions, which we arc familiar with as our own natural representa- 
tion of space, things will have gained a wider outlook, and relations between 
the two modes of representation in terms of (p, ff) and of {f, ??) will have 
opened out. 

Now let us transfer these considerations to the more complex physical 
problem. We have to contemplate an intelligence to whom the Minkowski 
continuum of mixed space and time of four dimensions, one of them imagin- 
ary, is intuitive. To him the historical world-process is spread out as one 
configuration situated in this Euclidean continuum. Whereabouts it is 
situated in it and how it is orientated is inditferent, just as the position of a 
material system of assigned internal constitution in ordinary space is 
indiflercut ; and that is what relativity lias been reduced to in this scheme. 
It is at the choice of our four-dimensional intelligence to refer the historical 
world-process thus expanded before him, either to a flat fourfold space of 
reference analogous to (f , iff) in the illustration, the space of Minkowski, 
having then to recognise gravitational forces and orbits modified under their 
compulsion within it, or else with Einstein to try whether it can be referred 
to a curved hoterogeneoua fourfold space of reference typified by (p, q) in the 
illustration, so that gravitational orbits shall become simply straightest lines 
so far as may be, and the physical notion of acceleration ascribed to a 
universal type of force thus replaced by a foundation purely geometrical or 
rather kinematic. 

Neither of these representations is more valid than the other. To see them 
in direct relation to each other they must be surveyed by an intelligence to 
whom a five-dimensional mixed space-time scheme is intuitive, in which they 
are both contained as the curved surface and the plane of the illustration are 

VOL. xovi.— A. 2 c 
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contained in space of three dimensions. In the Einstein analysis direct 
intuitive correlation is replaced by the surer method of algebraic corre- 
spondence. The co-ordinate system (jeyzt) for the flat hyperspace corre- 
sponds say to (x'y'z't') for the curved hyperspace, just as ({, ij) corresponded 
to (p, 17 ), except that k need not be explicit. Their relation as determined 
by Einstein to the fii'st degree of approximation that is sufficient for ordinary 
gravitation appears to bo that, so far as regard the orbits, the constitutive 
spocial equation for the usual convention of flat space 

corresponds to another for the presumed actual curved space, 

Sa- = 

where c'* = i^yu, gu — 1— 2c"*V where = — 47 rp. 

A geometrical quantity V arises of the type of a gravitational potential 
determining the density p, which latter may or may not prove to belong to 
a completely invariant mass : and Jc'* = ^r*— V as if the light also had n 
mass subject to gravitation. 

The curved fourfold continuum is of the Kiomann type, lieing flat as 
regards its infinitesimal elements of extension, as an element of an ordinary 
curved surface is flat. 

We can compare events occurring in the element Sx'Bg'Sz'St' of the supposed 
actual curved continuum of Einstein as tlius situated in the flat flve- 
dimensional region, with events in the image of it which we form, in the 
corresponding element Bx'By'Bz'Bl' in the flat four- dimensional region in which 
a strained representation, involving gravitation somewhat modified,* has been 
made. For these infinitesimal elements are both practically flat and so are com- 
parable. The scale of ordinaiy space is not disturbed in the representation, 
but the scale of time is changed. For in the fivefold natural and presumably 
universal because simpler frame 'of reference, a Euclidean space-time 
continuum, c has its standard value: in the latter representation strained 
to a flat continuum of lower order, and so involving heterogeneous 
features interpreted as gravitation, it is changed to e'. But events are 
identical in the two representations, both flat and so directly comparable 
as regards these infinitesimal elements; hence as Bx' is equal to Bx, so 
c'St' must be equal to eSt, where, as above, c'/esa 1 — y/c>. The scale of 
the apparent time i', involved in the conventional flat representation that is 
interpreted as a gravitational system is therefore different from that of 

* The modification of gravitation, and half its influence on rays of light, arise in the 
second approximation, in which, in a symmetrical field, the radial element fir'* in the 
value of to* becomes aflected bya factor l-f Se~*V. [This arises from an added postulate 
of coneervation of fourfold extent : see a paper in ‘ Monthly Noticee B. Astron. Soc.'] 
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the standard time t, applicable to the world-system treated as non-gravita- 
tional and located as a four-dimensional non-flat configuration in the flat 
five-fold space. Where V is greater, c', the apparent velocity of propagation 
in the flat element, is smaller, and corresponding apparent times are greater 
in inverse proportion. Thus the apparent periods of vibration of a hydrogen 
molecule in the field of high gravitational potential at the sun are greater 
than their normal periods ; but on account of the smaller apparent velocity of 
propagation the wave-lengths of the radiation emitted from it remain 
normal and constant throughout its course. When this radiation has travelled 
to a place of null gravitational potential, its apparent velocity will have 
fallen to the normal value r, and its period also will thus have become normal. 
Thus, if the superior iutelligonce that can visualize the five-dimensional 
manifold in which the true trauscotidcutai -system and its gravitational 
representation both subsist, makes a comparison between them, he will 
rc<;ognise that tliey are merely I’eferred to different scales of time, so that 
events appear to change more slowly in a region in which there is a highei' 
gravitational potential when flatness is asserted and the fiction of gravitation 
therefore introduced. Thus, possessing his standard of iiorinal time of the 
fivefold space, he will recognise that a molecule of hydrogen vibrating in a 
region near the sun emits radiations of slightly longer periods, as apimrent 
in the gravitational scheme, than a like molecule vibrating in a terrestrial 
laboratory. This super-intelligence, with his transcendent powers of com- 
parison, will thus recognise on the forced flat interpretation of the universe, a 
gi-avitational influence on the periods of free vibrations of a molecule of given 
material, which is eliminated when the real kinematic curved representation 
replaces the apparent flat and gravitational one. J3ut the opportunities open 
to him are not those available to actual mundauo spectroscopic verification : 
what is there immediately determined is not the period of vibration of a 
hydrogen molecule in the sun — that is beyond our reach — but the period of 
the waves emitted by it a» these waves pass the earth. As the gravitational 
potential near the earth is comparatively small, and does not change much in 
the course of its annual motion, it would seem, at any rate subject to correc- 
tion, both that observed spectral periods may be Uiken as constant throughout 
the year, and that as observed in the same locality there is no difference 
between light from the sun and light from a terrestrial source. Because in 
corresponding small elements of the related fourfold extensions spaoial measure- 
ments agree, and the events are identical, all times of the systems must be 
correlated also, but in a ratio which vasies from element to element. 

The object of merging gravitation in a strain of the mixed space-time frame 
-would thus be reduced to securing relativity, in the highly sublimated sense 
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contained in space of three dimensions. In the Einstein analysis direct 
intuitive correlation is replaced by the surer melliod of algebraic cori-e- 
spondence. The co-ordinate system {xyzt) for the flat hyperspace corre- 
sponds say to {x*y*z*t*) for the curved hyperspace, just as (f, iy) corresponded 
to (p, except that k need not be explicit. Their relation as determined 
by Einstein to the first degree of approximation that is sufficient for ordinaiy 
gravitation appears to be that, so far as i*egard the orbits, the constitutive 
spacial equation for the usual convention of flat space 

corresponds to another for the presumed actual curved space, 

where c'® = c*y44, == 1— 2f;"2V where = — 47r/>. 

A geometrical quantity Y arises of the typo of a gravitational potential 
determining the density p, which latter may or may not prove to belong to 
a completely invariant mass : and Jc'* = V as if the light also had a 
mass subject to gravitation. 

The curved fourfold continuum is of the Kiomann type, being flat as 
regards its intinitesiiual elements of extension, as an element of an ordinary 
curved surface is flat. 

We can compare events occurring in the element tx*hy*hzit* of the supposed 
actual curved continuum of Kinstein as thus situated in the flat flve- 
dimensioual region, with events in the image of it which wo form, in the 
corresponding element &c'8y^82'8^' in the flat four- dimensional region in which 
a strained representation, involving gravitation somewhat modified,* has been 
made. For these infinitesimal elements are both practically flat and so are com- 
parable. The scale of ordinary si)ace is not disturbed in the representation, 
but the scale of time is changed. For in the fivefold natural and presumably 
universal because simpler frame 'of reference, a Euclidean space-time 
continuum, c has its standard value: in the latter representation strained 
to a flat continuum of lower order, and so involving heterogeneous 
features interpreted as gravitation, it is changed to c\ But events are 
identical in the two representations, both flat and so directly comparable 
as regards those infinitesimal elements; hence as Sx' is equal to 8.^;, so 
c'St' must be equal to cS^, where, as above, r//c = 1— V/c*. The scale of 
the apparent time involved in the conventional flat representation that is 
interpreted as a gravitational system is therefore different from that of 

* The modification of gravitation, and half its influence on rays of light, arise in the 
second approximation, in which, in a symmetrical field, the radial element 3/* in the 
value of becomes affected by a factor I +2c**y. [This arises from an added postulate 
of conservation of fourfold extent : see a paper in * Monthly NoticeB B. Astron. Soc.’] 
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the standard time t, applicable to the world-system treated as non-gravita- 
tional and located as a four-dimensional non-flat configuration in the flat 
five-fold space. Where V is greater, r\ the apparent velocity of propagation 
in the flat element, is smaller, and corresponding apparent times an: greater 
in inverse proportion. Thus the apparent periods of vibration of a hydrogen 
molecule in the field of high gravitational potential at the sun are greater 
than their normal periods ; but en account of the smaller apparent velocity of 
propagation c\ the wave-lengths of the radiation emitted from it remain 
normal and constant throughout its course. When this radiation has travelled 
to a place of null gravitational potential, its apparent velocity will have 
fallen to the normal value c, and its period also will thus have become normal. 
Thus, if the superior intelligence that can visualize the five-dimensional 
manifold in which the true transcendental < system and its gravitational 
representation both subsist, makes a comparison between them, he will 
re(*ognise that they are merely i-eferred to different soales of time, so that 
events appear to change more slowly in a region in which there is a higher 
gravitational potential when flatness is assorted and the fiction of gravitation 
therefore introduced. Tlius, possessing his standard of normal time of the 
fivefold space, he will recognise that a molecule of hydrogen vibrating in a 
region near the sun emits radiations of slightly longer periods, as apparent 
in the gravitational scheme, than a like molecule vibrating in a terrestrial 
laboratory. This super-intelligence, with his transcendent powers of com- 
parison, will thus recognise on the forced flat interpretation of the universe, a 
gravitational influence on the periods of free vibrations of a molecule of given 
material, which is eliminated when the real kinematic curved representation 
replaces the apparent fiat and gravitational one. But the opportunities open 
to him are not those available to actual mundane spectroscopic verification : 
what is there immediately determined is not the period of vibration of a 
hydre^n molecule in the sun — that is beyond our reach — but the period of 
the waves emitted by it as these waves pass the earth. As the gravitational 
potential near the earth is comparatively small, and tloes not change much in 
the course of its annual motion, it would seem, at any rate subject to correc- 
tion, both that observed spectral periods may be taken as constant throughout 
the year, and that as observed in the same locality there is no difference 
between light from the sun and light from a terrestrial source. Beoause in 
corresponding small elements of the related fourfold extensions spacial measure- 
ments agree, and the events are identical, all times of the systems must be 
correlated also, but in a ratio which varies from element to element. 

The object of merging gravitation in a strain of the mixed space-time frame 
-would thus be reduced to securing relativity, in the highly sublimated sense 
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that the four-dimensional non-flat construction whicli presents the world- 
process at a glance is independent of its position or orientation in the five- 
dimensional flat olectrodynainic construct, or sether as we could name it, in 
which it is contained, as a surface is contained in ordinary space. But on 
forcing this presumably more ultimate formulation into a four-dimensional 
scheme of the simple flat type, there proves to be a residual want of fit which 
cannot be got rid of, and has to be recognized as a new feature or property of 
nature, namely, gravitation in a very slightly modified form, which thus 
interferes slightly with the mys of light and even with the fundaraeulal 
electrodynamic relations. But it does not seem to be clear as yet, unless the 
present expository process turns out to be a failure, that the periods of natural 
radiation can properly be asserted to be modified by a gravitational field in 
any* observable manner. As remarked for the introductory illustration, the 
linear element & was there not necessarily invariant. In the present type of 
exact hyperspacial correspondence, it is just such invariance that f'a\ises the 
strained representation involving a changing scale of local time. In the 
application to actual gravitation the factor analogous to k is taken at its very 
approximate value unity. If it could be exactly unity (actually the relation 
is even not quite isotropic) this invariance of the liyperspacial element of 
length would provide iKjrhaps u portable intinitosimal measuring rod for 
comparisons, which would not alter its length when its direction is changed^ 
thus making comparisons thinkable without requiring the merging of the 
system in the wider auxiliary Euclidean spacial system of five dimensions^ 
as has here been done. 

Wider possibilities of syntheses with k different from unity arise, but they 
would be more complex, vitiating the directness of correlation with the flat 
time-space scheme that is assumed, perhaps only provisionally, in ordinary 
physics, and possibly doing further violence to the latter and to the electro- 
dynamic relations which it involves. 

Thus we postulate a fivefold electrodynamic potential and its concomitant 
electrodynamic vector-systems in the Euclidean nuxiliaiy space (a;, y,z, f, ict). 
Then any section of this space and its vector-system is a hypersurface of 
four dimensions of the same Minkowski type as that system itself, and 
represents a possible electrodynamic world-process ; including implicitly its 
gravitation, which would become apparent only when the hypersurface,. 
actually ah*eady nearly flat, is forced into representation on a hyperplane. 

It is, of course, a very striking feature that Einstein’s theory of gi*avitation 
not merely forces the Newtonian law into the impress of a relativity mould,, 
but that it even evolves that very law in the form of its Laplace-Poisson 
characteristic equation, from a relativity representation in fivefold Euclidean 



Conductivity tmd Dielectric Constant of Dielectrics. $68 

8paoe which does not contain any such extraneous feature. But also, 
viewed from the other side, in extensional analysis of this type appropriate 
to isotropic Euclidean manifolds^ the vector operator y and its powers are 
the fundamental ones, so that it is not really very surprising that gravitational 
analysis can be linked up with a theory of deformable space. 

Finally and again, this re-statement of theories of relativity as relations of 
correspondence in space and tiino^ by aid of uniform auxiliary manifolds of 
higher dimensions, may appear retrograde : in the earliest phase relativity 
was just such correspondence.* But it has the advantage of getting rid of 
the very puzzling auxiliary apparatus of local timekeepers, and tlieir changes 
of rate when moved about. And, moreover, it is not, in fact, possible to do 
without a scheme of space and time; relativity merely asserts in various 
ways that its final specificatioti so far eludes our powers that a large 
number of partial modes of specification can bo employed Indifferently over a 
wide range of problems. 


On the Variation with Frequency of the Coriductiviiy and 
, Dielectric Constant of Dielectrics for High-Frequency OsciUa- 
tions. 

By G. E. Bairsto, D.Sc., D.Etig. 

(Communicated by Prof. J. A. Fleming, F.R.S. Beceivod June 12, 1919.) 

* 

1. Introduction. 

Although wo have a certain amount of knowledge i*egarding the variation 
of the conductivity of dielectrics with frequency for comparatively low 
frequencies, witliin the telephonic range, say, up to 5000 per second, where 
the conductivity is in general a linear function of the frequency, it cannot be 
said that any information exists at preseut as to what happens when we 
extend the range of frequemcies up to those employed in nidiotelegraphic 
work. That energy is dissipated in condensers used in oscillation circuits 
has been known since 1861, when W. Siemensf pointed out that the glass of 
a Leyden jar became heated on charge and discharge. Throlfall,^ extending 

^ Of. 'iEther and Matter/ chap, xi (1900). Here in cognate manner the five- 
dimensional space-time foundation is introduced in order to provide the necessary 
standards of time and space, which, even though provisional, are indispensablew 

t * Berlin Akad. Monatsber./ October, IB61. 

X * Fhys. Rev.,’ vol. 4, p. 67, and vol, 6, pp. 21 and 65. 
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the early experiments of Amo, working with a rotating electrostatic held, 
found that under these conditions there was no hysteresis loss at 10^ ^ per 
second in the dielectrics he employed; ebonite, glass, and sulphur. At 
somewhat lower frequencies of the order of a million a second, several 
observers have made measurements of the energy dissipated, and find that 
condensers have an appreciable decrement. Reference may be made to the 
follovring: W. Hahnemann and L Adelmann,* (J. Dupreux,t J, J. Stockley,J 
M. Wion,§ J. A. Fleming and G. B. Dyko.H L. W. Austin, 1 E. F. W. 
Alexanderson.** 

Most of the mousurernents were nmdc at working voltages, so it is 
impossible to sny how much of the energy loss is due to brusli discharges 
and how much to a true dielectric conductivity. Moreover, the measurements 
have generally been coiifitied to some particular frequency. The object of 
the experiments to be described below was l,o measure the conductivity of 
the dielectric over a wide range of fre([uency, employing continuous oscilla- 
tions of sine wave form, and of low voltages. 

Apart from the importance of the subject ia connection with t)u$ 
properties of dielectrics in general, measurements of this kind are of value 
in another clii-ection, viz, iti the theory of the propagation of electro- 
magnetic waves over the earth's surface. Before the theory as developed 
hy Zeuneck and otliers can be iipplicil to practice, we re<iuire to know the 
values of the dielectric constants and conductivities of the constituents of the 
earth's crust, and the explanation of many anomalous effects winch at 
present are but little understood, would in all probability be cleared up if 
we were in possession of tliesc data for certain regions of the carth*s surface. 
I-i<)ewy,ff with tliis olyeefc in view, has made an extensive seriew such 
measurements, but only with direct currents (I>.C.), wliich wo now know 
gives values of the conductivities which boar no relation to conductivitiOK as 

♦ “ liOsscK iu Condensors, and Damping m Wire teas Telegraph Circuits, " * Eleotiotech. 
Zejt.,’ vol. 28, pp. 988 ami 1010 (1907). 

t “Oflrillalory J)i«»chargcH of Condcnneis,** ‘Electrician,* vol. 38, p, 107 (1909); or 
‘Roienoc Abatracta,* 12 B, No 900 (1909)* 

J “ Eflect of TenqMsrature on Damping in Glass Condensers,” * Schweiz. Elet Irotecli. 
Zeit.,’ voJ, 0, p. 309 (1909) ; or ‘ Science Abstracts,’ 12 A, No. 1441 (1009). 

§ ** Damping in Oscillatory Circuits,” ‘ Ann. der Phys.,* vol. 20, 4, p. 670(1900) : or 
‘ Science Abstracts, ’ 12 B, No. 1696 (1909). 

II “Energy Losses in High Frequency (^ircuitB,” ‘Fioc. Phys, Soc.,’ vol. 2.1, p. 117 
(1611) ; or ‘ Science Abstracts,' 14 B, No, 384 (1911). 

U “Condenser Losses at High Frequencies,” ‘ Journ. Wash. A rail. Sci.,* vol. 1, p, 14.3 
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measured with alternate ourrents (AC.). Even at telephonic frequencies the 
alternate conductivity is much greater than the D.C. conductivity ; at radio- 
telegraphic frequencies the differences become enormous. As a small con- 
tribution to the subject, the author has therefore included two typical 
constituents of the earth’s crust in his measurements, viz., slate and marble. 


2. Apparaius and Methods of Meamremenl. 

The method of measurement adopted is based upon the resonance of 
a leaky condenser. Two condensers, one the unknown leaky condenser 
under test, and the other a standard air condenser shunted with a variable 
high resistance, are alternately placed in series with an inductance, and 
each adjusted for resonance with a primary source of oHcillations, and also 
for the same maximum current in both. Under these cironmslances, the 
capacities of the two condensers will bo the same, and tlie shunted resistaiico 
will be equal to the reciprocal of the conductance for the frequency used 
during the experiment. Now it is exceedingly difficult to obtain a iwrfectly 
Ueady"^ source of undamped alternating currents of high frequency. The 
condition of equality was therefore determined by means of the specially 
designed commutator shown in fig. 1. This commutator, driven by an 



Fig t. Shavhrvg fbr High Frequency Measurements. 

electric motor, alteruutoly, and for equal tunes, inserts either of the two 
, condensers in series with the inductance L«, forming a secondary to the 
primary 1^. Two thermo-junctiouB, Ji and J 2 , are arranged, one in each 
circuit, in such a manner that the E.M.F.’8 produced by them oppose one 

* As this work was carried uut in 1913-1914, three electi'ode valves of anflicient power 
were not available. 


2 D 2 
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another. When the galvanometer placed in the circuit common to both 
gives no deflection, then we know that the two conditions mentioned above 
are fulfilled. This arrangement being a null reading one, makes it inde- 
pendent of any irregularities in the source of the oscillationB, It also 
enables us to approach sero from either side, for it is apparent that, 
according as one conductance is greater or less than the other, so will its 
corresponding rosoiianco current be less or greater than the other, and 
therefore fur one E.M.F. to preponderate over the second. 

For ease of construction, the commutator was built up of six brass rings, 
mounted on red fibre discs supported on a steel spindle. The two end rings 
as well as the two middle ones wore split in half. One half of each split 
ring was electrically connected to the neighbouring whole ring in the manner 
shown in fig. 1. Six small gauze brushes lead the current from the various 
circuits, and in such a manner tliat once during each revolution of the com- 
mutator, and for equal times, each oondenser is inserted in the resonating 
circuit. 

Tlie dielectrics were made up into small condensers with tinfoil inter- 
leaved between the sheets, each condenser having a capacity of from 300 to 
2000 micro-micro-farads. The condenser under test being of a constant 
value, a series of inductances ranging from 0*005 to 0*1 millihenry were 
used, depending at what particular frequency measurements were being made. 

The adjustable standard of resistance being very high, of the order of half 
a megohm, a wire resistance was quite out of the question, especially at high 
frequencies. A water resistance was therefore used. This consisted of a 
block of paraffin wax, in which a circular channel was cut, about 16 cm. in 
diameter, the area of channel about 1 sq. cm. A plug of wax was then made 
in the channel near one terminal (fixed) ; the other terminal consisted of a 
small thin plate of copper attached to a radial arm. This enabled one to 
obtain a continuous range of resistance from zero np to a maximum depend- 
ing upon circumstances. Either distilled water or slightly acidulated water 
was poured into the channel, the maximum resistance depending upon the 
particular dielectric under test, and on the frequency used during the test. 
The highest resistance obtainable was about 2 megohms. The arrangement 
which was kept in a glass case was calibrated at the beginning and end of 
each day’s work. 

The thermo-junctions were of the type devised by Dr. J. A. Fleming, It 
is necessary that they should be both of exactly the same resistance in the 
heater wire, in order that the total resistance decrement of the two circuits 
diould be the same, and what is more, the magnitude of the heater resistance 
should be as small as possible, consisteut with sensitiveness, in order to out 
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down the resistance decrement. It may be pointed out that if we are dealing 
with a constant E.M.F. induced in a resonating circuit ha\ ing only resistance 
decrement, the deflection of a thermal ammeter is inversely proportional to 
the efieotive resistance of the circuit B. As the effective resistance of the 
inductance coil L. .was very small, we may take R as being equal to the 
resistance of the heater wira in the thermo-junction. Then if I be the 
resonance current, wo have 

I 3= K/K (when the circuit is tuned) 
and heat developed = RP, 

.'. heat developed al/R, 

.'. galvanometer deflection al/R. 

Hence the smaller we make K, the greater will be the deflection. There 
are, however, two factors which limit the above. R cannot be made too 
small, for this means a thick wire and therefore a larger surface for radiation 
and a lower temperature of the thermo-junction. Again, a small R means a 
large volti^ across the condenser, and this we decided must be kept low in 
order to prevent any possibility of brush discharge with the thin dielectrics 
used in making up the condensers. 

In the above we have neglected the decrement of the condenser itself, but 
taking this into aocount, it would still remain true that the smaller B is the 
greater will be the galvanometer deflection. It therefore suggests that wo 
should make the heater of the metal having the beat electrical conductivity, 
viz., silver. The heaters finally used were 0’025 mm. diameter, and bad a 
resistance of 0*23 ohm. So, at the highest frequency used, 2 x 10*, and a 
capacity of 1000 micro-micro-farads, the power factor of the inductance and 
heater would be 

* B/I^ = pCR = (2w X 2 X 10*) X 1000 x 10-« x 0*23 = 0 0029. 

The total power factor of the entire oscillating circuit, including the 
commutator, and apart frqgr the condenser itself, was approximately twice 
this value, about 0*007. Since this is much less than the power factors of the 
condensers tested, it follows that the greater part of the decrement of the 
■oscillating circuits resided in the condensers themselves, and the experiments 
were therefore conducted under the best possible conditions as regards the 
production of resomuice. 

The junctions gave with a Paul 10-ohm galvanometer a maximum deflec- 
tion for 0*08 ampere. Under the above circuiustances the B.M.F. on the 
condenser would be 8 volts. At the lowest frequencies, from half-a-million 
downwards, in order not to iherease this voltage above about 10 volts, a second 
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pair of junctions were used, having each a resistance of about 0'96 ohm, 
giving a resistance decrement of approximately the same order of magnitude 
as befoi'e, because we should be using a proportionately larger inductance. 

A second requirement of the thonnojunctions is that they should be exactly 
equal as regards sensitiveness, t.e.,must give equal deflections on the galvano- 
meter for equal currents in cither. With a little manipnlation of the 
soldered junction it is possible to get them so to within 4 or 5 per 9 ent. The 
remaining difference can be compensated for by stiunting the more sensitive 
one witli a resistance until they give the same deflection (see flg. 1). 

Although it is possible to obtain no reading on the galvanometer with the 
commutator running, and definite equal currents in each circuit, it does not 
follow that there will be a balance for all equal currents, either below or 
above. This necessarily follows from the impossibility of obtaining both the 
heating and radiation constants of the two thermo-junctions exactly similar 
at all temperatures. Fig. 2 shows how dose we may get to perfect equality 
under all conditions. The abscisses give the current in either of the thermo- 



Fig 2 . SKeWing OuT-oT-Balance Oefieefion on Commcibtor fbe 
O^renf Cut'i^ntis In the Thet*moJanct1ons . 

junotioDS, and the ordinates the out-of-balanoe deflection on the galvano- 
meter. It will be seen that we have a zero deflection for 63 milliampiree, 
which was the maximum safe current in the junction in question. This 
corresponds to a galvanometer deflection of 100 divisions. At 40 milliampbres 
we have a maximum out-of-balance current of 1*3 divisions; this, however, 
is very small compared with the total deflection, and only introduces a possible 
error of between 1 and 2 per cent. The junctions could stand an overload 
current up to 80 milliainpbres. 

As the source of oscillations a graphite arc in sir, shunted with inductance 
and capacity, was employed. Above about 200,000 'w per second, it was 
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found impossible tc» obtain suflioient power in the secondary oircuit without 
making the coupling too tight. Placing the arc in cotnpiessed air at about 
five atmospheres pressure enabled a much greater power to be taken out and 
increased the available frequency to about a million or so. Hydrogen was 
also tried as recommended by Poulson and others* but while the oscullations 
are stronger, they are much less steady, and, what is mucli more urisatisfac' 
tory, it gives a very impure wave, and the circuit is exceedingly difficult to 
tune, as the frequency varies with the arc current. The latter point has also 
been observed by L. W. Austin.* The graphite arc in compressed air, on the 
other hand, for some reason which is not very plain, tends to suppress all the 
higher harmonic components of the main oscillations and gives a nearly pure 
sine wave. 

The limit at which one can obtain steady oscillations with the Duddell arc 
i.s about 500, OOQ per second. Beyond this the arc behaves very erratically 
and constantly fluctuates ; at 2,000,000 ^ oscillations are only intermittent. 
The author has succeeded in obtaining fairly steady ooutinuous oscillations up 
to about 5 X 10^ per second by means of the aiTangement of circuits shown 
in flg. 3. The circuit A is tuned to a frequency at which steady oscillations 
can be obtained, i.e., from 500,000 to 10^ and circuit B, placed so that it can 


Circuffk AaB 
are placed so 
as IbhaN^no 
muttjal achon 
oneachc^her 



3. Scheme of Pai'allel Circuit to 

Hi^h Freo^uen<^ Cari'enfe. 

>• 

have no mutual action on A, is tuned to a harmonic, either second, third 
fourth, or fifth of circuit B. Under these cireumstanoes, oscillatory currents 
of these different frequencies can easily be obtained, oircuit A acting with a 
steadying influence. If circuit A is tuned to a frequency of 10* and B to 
3 X 10*, and the oscillations started, it is found that if the lower frequency 
circuit A is cut out, the oscillations are immediately stopped in the higher 
frequency circuit B. On making circuit again, the oscillations in B 

‘ Bull, Bureau Btaudards,' voL S, p, 326 (1907). 
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immediately restart. It was only by the use of this orrangemeut that it was 
possible to reach the extreme limit of 3 x 10* per second, to which the 
observations were caiTied for the last three dielectrics mentioned below. 

The actual method of procedure followed in making the measurements was 
as follows : — With the conuuutator at rest each condenser was adjusted for 
maximum resonance current. The commutator was then set rumiing and the 
out>of-balance current flowing through the galvanometer was brought to zero 
by varying the resistance shunted across the standard air condenser. This 
adjustment in the c)ise of the poorer dielectrics would need a slight altera- 
tion in capacity of the standard air condenser to bring the circuit into 
resonance again. A flnal read^justment of the shunted resistance would then 
bring the circuits into perfect equality. 

If jO and S be the capacity and conductance of the unknown condenser 
under test, C« the capacity in parallel with it to produce resonance, G, the 
capacity in the standard circuit to produce resonance, and R the shunted 
resistance, then 

0 = C,-C* and S = 1/R. 

From C and S knowing the ratio of area to thickness for the cUeleotric we can 
calculate 9 and K the specific alternate current conductivity, and the 
dielectric constant. 

The frequency from 400,000 per second and upwards was measured with 
a Fleming cymometer. The lower range was determined with another 
made-up cymometer, consisting of a variable air condenser, reading from 200 
and 3300 micro-micro-farads combined with a single layer solenoidal coil. 
The inductance of the latter was calculated by Russell’s formula and found 
to be 0'238 millihenry; its measured value at telephonic frequencies by 
the Anderson bridge method was found to be equal to 0*233 millihenry. 
This value requires a slight correction when used at high frequencies, 
'fhis correction was applied by Heaviside’s formula:* 

L,-L. = 0 026 microhenry, 

where N equals number of turns, a equals radius of coil, d equals diameter of 
wire and / equals the length of tlie coil. Those quantities were respectively 
66, 415, 0*091 and 7*9, and therefore gave a correction of 0 0055 millihenry. 
The value of the coupling inductance at high frequencies was therefore taken 
as being equal to 0*233— 0*006 or 0*228 millihenry. 


* ‘ Electrical Papers,* vol, 1, p. 356. 
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3. DiaeuasfUyii of Expeiim&nial Resvlts. 

In the Tables are given the experimental results obtained for the following 
dielectrics : — Blotting paper, glass, guttapercha, vulcanised indiarubber, 
marble and slate. The general nature of the results is to show that the 
conductivity increases enormously as the frequency increases. The linear 
law found by Dr. Fleming and Mr. Dyke* connecting the two quantities at 
telephonic freciucncies is now no longer obeyed, but the conductivity gradually 
tends to a maximum and then seems to decrease again. 

We will now discuss the betiaviour of each particular dieleotiic iu turn. 

(a) Blotting Pwper , — Table I gives the results for a condenser made uj) of 
good white blotting paper which had been previously dried in an oven. The 
first three columns give the values of the measured conductance S and 
capacity G at given frequencies. The last three columns give the values of 
the dielectric constant, specific conductivity, and S/Op (approximately 
proportional to the power-factor) as calculated from these quantities S and C. 
The observations are depicted in fig. 4. It will be seen that the conductivity 
at first proportional to the frequency quickly rises to a maximum at about 
600,000 ^ per second, and then decreases again. In the curve showing the 
variation of dielectric constant with frequency we have a sharp fall at 


Table I. — Dielectric: Dried Blotting Paper. Area ss 106 sq. cm. 

Thickness = 0 042 cm. - 2480. 

thickness 


Fluency, 
-*'peir sec. 

Capacity 
in micro- 
miorD-farads C. 

Conductance 

in 

inicro>mhoB B. 

B/Op. 

Dielectric 

constant. 

CoDduotivity 
in micro- 
micro-inhos 
per cm. cube. 

920 

400 

0 876 

0*088(0 000)t 

1-88 

36 *2 

2,760 

396 

0-186 

0 -019 (0 -0096)7 

1-81 

53 

4,600 

893 

0*190 

0-0166 (0-0106)7 

1-80 

76 

180,000 

87S 

8*25 

0*019 

1-72 

.'1,320 

310,000 

880 

10*4 

0*021 

1-74 

4,200 

285,000 

877 

. 16*6 

O'ddO 

1*72 

6,700 

280,600 

876 

10 *6 

0*029 

1*72 

7,900 

320,000 

376 

23*0 

0*030 1 

1-72 

9,260 

860,000 

376 ■ 

26 -6 

0*030 I 

1-72 

10,300 

446,000 

876 

50*6 ' 

0-048 ! 

1 *72 

20,200 

496,000 

373 

62*5 1 

0*064 ; 

1*71 

26,200 

6S0,000 

870 

68*5 

0*061 

1*69 

27,400 

700,000 

860 

62*6 

0*0805 

1*60 

21,200 

880,000 

840 

42-6 ! 

1 

0-01D5 

1 ‘56 

17,100 

1 


t numbers in the brackets are 6l|» ralues of tbe poaer-factor calculated b^ subtracting 
the ordinary direct current component from the total conductance. * 


* ‘ Journ. Inat. Bloc. BngV vol. 49, p. (1912). 
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tolephonio frequencies and tiieu a gradual decrease as the frequency increases. 
Tn drawing the S/Cp curve wc have, for the telephonic range of frequencies. 
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fig 4 ^nation Wifh Frequency of the Conckicfi\?iiy, a DielecIWic Cons&rvr of Blottfnf f^pei* 


separated out the ordinary direct current component of the conductivity 
which is superposed on the true alternate current conductivity. Thus if 
S total measured conductivity, and =? that due to the direct current 
component, then (S— S*)/Cp represents tlie power-factor due to the 
alternate current conductivity alone. These values are given in the 
brackets in column 4. At the higher frequencies So is too small compared 
with S to have any influence on S/Cp. The result of these calculations is to 
give an intercept on the axis of conductivity indicating that from = 0 up 
to about n = 60,000 per second we have a constant power-factor (see fig. 4) 
approximately equal to 0*01. Above this there is an increase in the power- 
factor proportional to the frequency, that is to say, S/Cp may be represented 
as the sum of two quantities ; — 

S/Cp = .k+jTjP, 

or, what is the same thing, . 

V =s a%+in*. 

It is apparent, therefore, that we are dealing with two separate efifeots. 
one implying a loss proportional to the frequency, and the otlier a loss 
proportional to the square of the frequency. At telephonic frequenoua the 
first term is the only one of imjwrtance. At higher frequencies the 
second has the more influence. The first implies a loss whioh is inde- 
pendent of the time taken for taking the dielecliio through a complete oyole, 
and we will, therefore, tentatively designate it a "dieleotric hysteresis " loss. 
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The second which is a loss depending upon the time taken to complete the 
cycle will, for reasons to be given later, lie called a " viscous ” loss. 

A comparison of the different quantities for low and for high frequencies 
is instructive. Thus, the maximum power-factor (0*064) is OJ times as great 
as the power-factor at telephonic frequencies (0*01). The calculated value 
of the D.C. com|>onent is 26*7 x 10“** mhos per cubic centimetre. Tlmrefore 
the maximum conductivity at high frequencies is 27,600/26*7, or 1020 times 
as great as the condiictivity with steady currents. 

(b) Crown Glasis , — The condenser used for these experiments was the thin 
crown-glass used for the cover-glasses of microscope slides. The results are 
given in Table II and arc x>lotted in fig. 5. The general nature of the curves 
is similar to that of the ones for blotting-paper. The linear part of the 
conductivity curve extends over a wider range, and the point of maximum 
conductivity is a little lower, viss., 610,000 per second. The calculated 
value of the D.C. conductivity is 12 x 10“**, and therefore the maximum 
alternating current conductivity is 30,600/12, or 2500 times as large. 

The S/Cp curve is slightly different. It will be scon that it has a 
relatively larger intercept on the axis of co-oi*dinates, implying that hysteresis 
contributes more to the conductivity than viscosity, for the maximum S/Cp 
(0 023) is only 50 per cent, greater than the constant S/Cp corresponding 

Table II. — Dielectric : Crown-glass. Area a? 55 sq. cm. 


Thickness = 0*206 cm. 2760. 

thickness 


Vrequenoy, 

^ per leo. 

Capacity 
in micro- 
micro-farads C. 

Conductance 

in 

micro -mhos S. 

8/Cp 1 

1 

1 

Dielectric 

oonetant. 

Gonduotiriljr 
in micro- 1 

uuoro-mho» \ 
per cm. cube 

020 

... 

1647 

0 16 

0*018 (0 *0145)* 

6*60 

61 

8,700 

1686 

0’4S5 

0-017 (0-0165)* ■ 

0*60 

164 

^600 

1680 

0-688 

0 -0146(0 -0146)*| 

6*58 

266 

160,000 

1606 

26 *2 

0-0176 

6*40 

0,450 

180,000 

1600 

80*0 

0-0176 

t>-36 

11,200 

280,000 
270,000 , 

1400 ' 

41*6 

0*010 

0*30 

16,600 

147S 

68*0 

0*028 

6*26 

21,800 

206,000 ' 

1470 

00*0 

0*022 

0*2 

22,500 

886,000 1 

1470 

68*0 

0*022 

6*2 

26,600 

806,000 ' 

1476 

70*5 

! 0*019 

0*26 

26,600 

400,000 

1470 1 

81*5 

0*019 

6*2 

80,600 

610,000 

1466 i 

80*0 

0*017 

0*16 

80,000 

680,000 

1470 

; 74*6 

0 *014 r 

6 ‘2 

28,000 

020.000 

1460 

06*5 

0*0116 

6*15 1 

i 24.6U0 

706,000 [ 

1460 

1 01*8 

0*0006 

6 16 ! 

i 28.000 

800^000 1 

1470 

06*6 

0 *0086 j 

I 

6*2 

i 23,000 

1 


* The numbert in the breokete are the Talaee of the po«er>faotor oaleulatod bj eubtracting 
the ordinary direct current component from the total eondueUnoe. 
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to low frequencies (0*016). The further oouree of the curve is interesting |f or 
it eventually falls to a value only half that of the intercept for and 



Fig 5 Venation With F>^G|aency oFthc CorytoctiN^rty.Hp.a Dielectric Constant of 

CroWn Glass. 

is still rapidly decreasing. This indicates that the hysteresis loss per cycle 
which is constant at low frequencies, decreases and tends to become zero at 
higher frequencies, viscosity only being of importance. 

During the observations on glass, means were taken to see whether the 
alternate current conductivity varied with the voltage. This was done by 
balancing the commutator for some particular coupling of the primary and 
secondary and then altering it by either increasing or decreasing the distance 
between them. No alteration of the balance was required although the 
voltage conditions were such that at the lower limit only about 2 volts were 
across the condenser, and at the liigher limit a perceptible noise inside the 
condenser indicated that brushing had just set in. This confirms for 
high frequencies what B. Monasch found at telephonic frequencies — the 
energy loss in a dielectric is strictly proportional to the square of the 
voltage, provided brush discharge is eliminated.* 

(c) Vulcanised IndmrMer . — ^This dielectric is one of the two (gutta- 
percha being the other) out of all those tested by Dr. Fleming and 
Mr. Dyke, whoso conductivity they found was incapable of being repre- 
sented within the telephonic range of frequency by the linear law 

^ " Dislectrio LosaeH,’* * Ann. der Fhys./ vol. 2S, p. 905 (1907) ; or * Science Abstracts,’ 
10 B, No. 897(1907). 
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o-ssa+^f <r iaoreasing much more rapidly. This is illuHtrated by the 
first three rows of figures in Table III ; the power-factor for n = 920 is 
0*002, whereas for n = 4600 it is nearly twice as groat, being 0*0036. The 
reason for this is clearly seen on inspection of fig. 6, for there wo see that 


Table III. — Dielectric : Vulcanised Indiarubber. Area = 66 bij. cm. 

Thickness = 0 063 cm. ■ = 1030. 

' thickness 


Frequency, 

^ per Beo. 

■ ” ■ 

Capacity 
in micro- 
mioro-farade C. 

Conductance 

in 

micro mluia 8. 


1 

Dielectric 

con^tniil 

ConductiTity 
in micro- 
micro-mhOH 
[HT cm. cube. 

920 

240 

0*008 

0*002 

2*78 

8 

2.760 

247 

0 012 

0*0026 

2-70 

12 

4,600 

247 

0*028 

0*0036 

2-70 

22 

210,000 

246 

8*2 

0-026 

2*08 

7,000 

286,000 

243 

9*60 

0-027 

2-06 

9,100 

306,000 

243 

10 3 

0-036 

2-66 

15,900 

826,000 

245 

18 A 

0-08S 

2-68 

18,200 

360,000 

245 

17*4 

0*082 

2*68 

17,000 

376,000 

240 1 

16 *9 

0*028 

2*62 

16,600 

896,000 

240 

16 -1 

0*027 

2-62 

16.700 

406,000 

280 

18*2 

0*031 

2-61 

17.600 

430.000 

286 

20 *3 

0*0416 

2*67 

26,600 

37,000 

480,000 

236 

38*0 

0*068 

2*67 

616,000 

226 

42*6 

0*068 

2*46 

41,000 

660,000 

230 

60*0 

0*062 

2*62 

48,600 

47,000 

660,000 1 

240 

48*6 

0*049 

2*62 

720,000 

240 , 

39 *3 

0*036 

2*62 

38,000 

880,000 

226 ' 

1 

29*6 

0*0236 

2*45 

28,800 
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the intercept on the co-ordinate axis is very small, so that it is only over a 
very short range, say up to 400 ^ or 500 ^ per second, that S/Qp can be 
called even approximately constant (by interpolation being about 0*0015). 
The viscous loss is, in fact, of so much greater importance, that at 350,000 
per second, the power-feictor is 0*038, or 23 times as large as at very low 
frequencies. Hysteresis is therefore, comparatively speaking, absent. 

For a very considerable range, from a = 0 up to n = 350,000 ^ i)er 
second, S/Cp is exactly a linear function of the frequency, or 

a = 

The conductivity has a maximum value at abf)iit 560,000 per second, 
and increases so rapidly with frequency that it is 16,000 limes as great as at 
n = 1000. There is also a subsidiary maximum at 350,000 jx)r second, 
oaiising a slight hump on the curve, and indicating the existence of two 
conqionents in the dielectric. 

ft remains now to point out a remarkable agreement between tlie 
maximum power-factor observed above on the powcr-factor-frequency 
curve and the maximum power-factor observed by Fleming and Dyke for 
vulcanised indiarubber at certain low temperatures. They found that at 
abotit —30° C. the conductivity at a given frequency rose very rapidly and 
reached a maximum of considerable value, fourteen times that at ordinary 
temperatures. The power-factor at this point was 0*034, and was inde- 
pendent of the frequency. Now, the power-factor observed above for the 
hrst hump on the conductivity-frequency curve is 0*038, which agrees fairly 
well with the former figure. If we allow for the slight change ef capacity 
with frecjuency and temperature, the agreement is still closer. 

(d) Gnttapen^ha. — This dielectric is another material that ftocs not follow 
a linear law in the variation of conductivity with frequency within the 
telephonic range. In the last case (vulcanised indiarubber), it was due to 
the fact that the hysteresis loss was negligible in comparison with the viscous 
loss. In the case of guttapercha, however, the divergency results from 
quite a diffeient cause, being due to the presence of a component in the 
dielectric having a froquency of maximum conductivity which is only just 
outside the telephonic range. Thus, if we inspect Table IV, we see that the 
power-factor increases from 0*014 at n =s 920 per second up to 0*027 at 
16,000 ^ per second. This was the upper limit imposed by the limits 
of audition on moasurements made with tiie bridge and telephone. At 
n :s 210,000 S/Cp, however, has kllen to 0*019, implying the existence of a 
slight hump on the conductivity- frequency curve at 50,000 ^ per second. It 
was not possible to make any measurements at lower frequenoies, because with 
the present experimental arrangements they would entail a considerable 
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Table lY. — Dieleotrio : Guttapercha. Area s 110 sq. cm. 

Thickness = 0 0682 cm. = 1890. 

thickness 


Frequency, 
per sec. 

Capacity 
in micro- 
micro-farads C. 

Conductance 

in 

micro- mhos S. 

s; 0 /,. 

■■ 

Dielectric 

constant. 

Conductivity 
lu micro- 
1 micro-mhos 
per cm. cube. 

020 

485 

0-88 

0*014 

2*92 

20 

2,760 

479 

0 *168 

0*019 

2*88 

84 

4,600 

475 

0 305 

0*022 

2 85 

160 

15,000 

470 

0 -79 

0'027 

2*82 

416 

180,000 

4#50 

11 2 

0*019 

2 76 

5,900 

236,000 

460 

11-8 

0*018 

2*70 

9,260 

260,000 

465 

13 -4 

0*018 

2*73 

7,100 

206,000 

455 

15 0 

0*018 

2*73 

7,960 

320,000 

460 

17*9 

0 019 

2*76 

9,600 

366,000 

466 

19-6 

0 *0195 

2*73 

io,:ioo 

400,000 

463 

22 3 

0*020 

2*72 

11,800 

410,000 

450 

23*4 

0 * 0 jl 

2*70 

12,400 

446,000 

16 :) 

29-1 

0 *021 

2*72 

16,400 

566,000 

450 

46*3 

0 *028 

2*70 

2 t, 0 (X> 

600,000 

46 U 

61 *4 

0*036 

2*70 

;i 2,600 

600,000 

450 

70 

0*036 

2*70 

:-)7,ooo 

1,000,000 

445 

52 

0*019 

2*67 

27 , 5«)0 

1 , 040,000 

440 

47 

0 *0165 

2*64 

24 , 80 (r 

1 . 360.000 

1 . 700.000 

1 

440 

39*6 

0 *0105 

2 04 

1 

, 11 

1 

4:)5 

27*8 

0*006 

2 *02 


voltage on the concleuser to obtain suflieieut cunent. For this reason, the 
curve has had to be filled in tentatively by means of the dotted lino. From 
about :»00,000 -^per second and upwanla, the conductivity and S/Cjo curves 
(see fig. 7) are precisely similar to those of the <lielectric8 alreatly considered, 
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in that they rapidly rise up to a maximum and decrease again \ the frequency 
for maximum conductivity in this case is about 750,000 ^ per second. 

By interpolation the power-factor for very low frequencies (n ss 0) is 
0 011, and it will be seen that if we prolong the base of the second hump of 
the S/Cp curve backwards in a straight line it will also out the verti^ axis 
at a point very close to this. In other words, each of the two compAtots in 
the dielectrics, except for frequencies in the neighl>ourhood of its peak, 
has little influence on the conductivity at other parts of the curve, boUi 
commencing with a common S/Cp arising from hysteresis. 

As in the previous case tlie maximum power-factor observed at the first 
hump on the power-factor curve agrees approximately with the maximum 
power-factor observed at telephonic frequencies by Fleming and Dyke at a 
certain low temperature (8® 0.). They found a maximum power-factor at 
this temperature, which was independent of frequency and amounted to 0*025. 
The maximum powcr-fatitor observed above on the conductivity-frequency 
curve at ordinary temperatures is 0 028. This coincidence is very striking 
and may be of interest in developing the theory of dielectrics under 
alternating E.M.Fs. 

(e) MarUe . — The next two dielectrics to be considered are typical 
constituents of the earth’s crust. In the case of marble the curves present 
some points of diflerence from those already oousidered. The experimental 
results are given in Table V and depicted in fig. 8. They refer to a condenser 
made up of 20 square marble slabs* about 0'7 cm. thick, and effective area 
coated with tinfoil of 2400 sq. cm. Only 16 wore effective, the remaining 
4 being used on the outside of the condenser to carry the lines of force 
from the outside faces of the last tinfoil electrode. The whole was bolted 
together with two bolts. 

As with the other dioleobrics, the dielectric constant at first falls rapidly 
witiiin the telephonic range, and then slowly decreases as the frequency 
reaches those used in radiotelegraphy. The conductivity-frequency curve 
however is different, in that after the usual linear stage at the beginning, the 
curve in approaching its maxim urn gradually bends over, instead of turning 
upward. The result of this is that the power-factor throughout the whole 
range decreases with increase of frequency. 

At the very highest frequencies it may be noticed that, as regards power- 
actor, marble is better than any of the other dielectrics, the lowest S/Gp 
reached being 0'0033. 

The calculated value of the D.C. conductivity is 310x10“'* mhos per 

* 1 have to express my indebtedness to Dr. J. A. Flemiogi F.B.S., for placing these 
marble slabs at my disponL 



Con$tcmt of Dielectrics for High-Frequesusy OscUkuions. 879 

cubic centimetre, while the muimum A.C. conductivity is 23,000, the ratio 
being 74. 

Table V.— Dielectric : Marble. Area = 2400 m|, cm. 

Mean thickness = 0‘67 cm. . - = 3500. 

thickness 


1 Frequency, 
' ^ per sec. 


I 920 

1 2.7eo 

\ 4,600 

' 44,00U 

I 166,000 

I 235,000 

1 285,000 

320.000 

800.000 
' 460,000 

610,000 

740.000 

080.000 

1,060,000 

1.170.000 

1.400.000 


Capacity 

Conductance 

B/Cp. 

Dielectric 

Coiiductirity 
in micro- 

lu micro- 

in 

constant. 

micro-mhos 

micro -fiiruds 0. 

micro-mhos S. 


per cm cube. 

2771 

1 *48 

0 -008 (0 ’026)* 

8-88 

426 

2707 

2-12 

0 -047 (0 -024)* 

8-76 

627 

2675 

2*68 

0'0a6(0*021)* 

8-66 

768 

2670 

13 7 

o^w 

8-40 

8.960 

2646 

33 

0*0136 

8*20 

9,600 

2600 

40 

; o-oii 

8-06 

11,600 

2610 

64 

0*012 

8-1 

16,600 

2510 1 

66 

. 0 -oil 

8-1 1 

16,000 

2600 

69-6 

1 00O06 

8 06 ! 

17,000 

2440 

68 

' 0-0088 

7*86 1 

18,000 

2440 

67 

i 0*006 

7*86 ! 

20,000 

2440 

60 

i 0 *0063 

7-8 

21,000 

2406 

63 

0*0046 

7-76 

22,000 

2320 

68 

0-0041 

7-60 

22,000 

2300 

61 -6 

0*0086 

7-40 

21,600 

2266 

66-6 

0*0083 

7*30 

23,000 


* The numbers in the brackets are the ralues of the power-factor calculated bj subtraeting 
the ordinary direct current component from the total conductance. 
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(f) Slate . — The results for the slate condenser are given in Table VI and 
depicted in fig. 9. The frequency was taken up to 3,000,000 cycles per 
VOI« XCTI. — A. 2 1 
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aeoond, and it will be seen that the conductivity is still rising, although there 
seems to bo a tendency for the curve to flatten and turn over again. At the 
same time there are several irregularities on the curve, which seem to indicate 
that there are several component materials in the slate. The most noticeable 
point about the dielectric constant curve is its enormous drop at low 
frequencies, K being about 50 at 7i s= 920, wliereas at 500,000 ^ per second, 
it has fallen to about 10. 

This laige drop in K causes the power- factor to be approximately constant 
over a wide range of Irequonoy, whereas if wc calculate (<r^<ro)Jn, which is 
proportional to the amount of work done per cycle due to the alternating 
conductivity, it will be seen that this quantity after being approximately 


Table VI. — Dielectric: Slate. Area = 55*8 sq. cm. 
Thickness s= 0'162 cm. - — = 344. 


Frequeno;?, 
^ per MO. 

Capacitor in 
micro-mioro- 
faradt) 0. 

1 

Conductance i 
in micro- ' 
mhoa 8. ^ 

1 

a;cp. 

1 


Dielectric 

constant. 

Conductivity 
in micro- 
niioro-mhoe 
per cm cube 

920 

1620 

3 00 

0*342 

7*8 

60 *0 

0*00872 

2,760 

1256 

8-06 

0 369 

7*0 

41 *6 

0-0238 1 


1146 

13 *3 

0*400 

8-0 

87-6 

0-0886 ' 


S60 

20 *6 

0*466 

7-2 

28*0 

0*086 


080 

60 

0 405 

6-96 

20*6 

0-20 i 

110,000 

600 

116 

0*33 

8*1 

16 *6 

0*84 

.280,000 

460 

100 

0-29 

2 4 

14*8 

0-33 ’ 

800,000 

390 

260 

0*84 

3*4 

18-8 

0 78 1 

410,000 

300 

292 

0*296 

2*06 

12-9 

0*86 

580,000 

860 

866 

0*256 

2*0 

11 *6 

1*08 

880^000 

816 

400 

0*260 

1*86 

10-8 

1*15 

700,000 

880 

416 

0*846 

17 

10 *6 

1*20 

780,000 

326 

456 

0-2H 

1*7 

10*6 

1*82 

880^000 

826 

480 

0*88 

1*7 

10-6 

1-40 

SSO^OOO 

880 

600 

0*87 

1*06 

10-8 

1*46 

040,000 

840 

625 

0*86 

1*66 1 

11*2 

1*68 1 

980,000 

880 ! 

526 

0 866 

1*6 

10*6 

1*68 i 

1,020,000 

810 1 

680 

0*266 

1*6 

10-3 

1*64 j 

1,060,000 

840 

686 

0*26 

1*46 

11*2 

1-68 ' 

1,160/)00 

886 

696 

0*28 

1*6 

0-8 

172 ! 

1,100,000 

290 

680 

0-80 

1*6 

0*6 

1-88 

1,840,000 

276 

626 

0*246 

1*46 

0*16 

1*82 

1,840,000 

806 

666 

0*28 

1*46 

10-1 

1*04 

1,800,000 

806 

640 

0*24 

1-86 

10*1 

1*86 1 

1,400,000 

806 

660 

0*285 

1*8 

10*1 

1-89 I 

1,680,000 

800 

666 

0*24 

1*36 

9*6 

1*98 

1,060,000 

876 

786 

0*26 

1*8 

9-10 

2*11 

1.780,000 

870 

770 

0’26 

1*3 

8-95 

2*26 

1,860,000 

270 

810 

0*266 

1*25 

8-96 

2-80 

1,000,000 

270 

840 

0*26 

1*8 

8-96 

2-45 

2,170,000 

276 

860 

0*20 

1*16 

0*1 

2-6 

8,660,000 

870 

860 

0-19 

0*96 

8-06 

2-6 
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oonstant within the telephonic range decreases with increase of frequency 
from about 7*8 x 10"“ mhos per cycle per second to about t x 10"“. 



Fig9. 'Jariafton With Freqoenc^ of the CondtidMfly.S#®^, a OielMlthc ConstMit of SW 

The maximum A.C. conductivity is 2'5 x 10~* mhos per cubic centimetre, 
and the calculated value of the D.O. conductivity is 0*0015, hence the ratio of 
the two quantities is 1700. 

Summary. 

1. Measurements of the conductivity and dielectric constants of dry 
blotting paper, glass, vulcanised indiarubber, guttapercha, marble, and 
slate are given for alternating currants of low voltage and sine wave form, 
and for a wide range of high frequencies. 

2. It is shown in all oases that there are present two independent sources 
of loss. One, a hysteresis loss, is usually the only one tliat is important at 

* telephonic frequencies. The second, a viscous loss, has more influence at 
higher frequencies. The first loss is one which is independent of the time 
taken for a complete cycle, while the second depends upon this time and at 
low frequencies gives rise to a loss which varies as the square of the 
frequency. 

3. The linear law found at telephonic frequencies connecting o with 
frequency, is no longer obeyed at high frequencies, but «r gradually rises to 
a maximum, and then decreases again. This rise to a maximum is very 
rapid for some substances, e^., guttapercha and vulcanised indiarubber, 
while with slate and marble, the maximum is approached by the curve 
bending over instead of turning up. This leads to a very flat curve for 
which 9 is practically constant over a considerable range of frequency. 

4. The maximum A.C. conductivity is very much greater than the D.C. 

2 B 2 
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conduotivity. In the case of glass, it is 2500 times as large, while in the 
case of vulcanised indiarubber, the maximum A.C. value is even 16,000 
times as large as the A.C. value at n s 1000 ^ per second. 

5. The constant hysteresis loss per cycle at low frequencies tends to become 
zero at very high frequencies. 

6. The dielectric constant after a rapid drop at low frequencies, slowly 
decreases as the fioqueucy rises. 

In conclusion, I wish to express niy indebtedness to Dr. J. A. Fleming, F.K.S., 
for placing the resources of his laboratory at my disposal, and for much 
valuable advice during the course of the work which was carried out during 
the years 1913 and 1914. 


On the Secondary Spectrum of Hydrogen. 

By T. R. Merton, M.A, U.Sc. 

(Communicated by Prof. A. Fowler, F.R.S, Received August 15, 1919.) 

[Plates 6 awd 7.] 

Theoretical investigations of the origin of spectra in relation to the 
structure of the atom have concentrated especially on the spectrum of 
hydrogen, on account of the supposed simplicity of the hydrogen atom. They 
have, however, been confined almost exclusively to the Balmer series, and 
have ignored the difficulties which arise from the fact that hydrogen 
possesses another spectrum, usually known as the secondary spectrum, which 
is of great complexity, and the co-ordination of whose lines into recognised 
bands or series of lines is still in a very unfinished state. The investigations 
of Buisson and Fabry,* in which the physical widths of spectrum lines were 
measured with the interferometer, refer at least a part of the lines of the 
secondary spectrum to the hydrogen atom, and the complications introduced 
into theoretical investigations cannot therefore be impartially waived by the 
assumption that the molecule is concerned in the production of the secondary 
spectrum. 

As regards the relation of the two spectra, there is abundant evidence of a 
fundamental difference in their origin. In many celestial spectra the lines of 
the Balmer series constitute one of the most prominent features, whilst the 
identification of lines of the secondary spectrum is at least extremely 
* ‘Journal ds Physique,’ voL S, p. 44S (1912). 
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doubtful. In the laboratory it has long been known that the relative 
intensity of the secondary spectrum is greatly reduced by the presence of 
impurities, notably oxygen, in vacuum tubes containing hydrogen, and by the 
passage of powerful condensed discharges. On the other hand, under 
conditions in which an unoondensed discharge from an induction coil is 
passed through very dry and pure hydrogen at a reduced pressure, the lines of 
the secondary spectrum may rival those of the Balmer series in intensity. 

It would appear that little progress is to be looked for in the co-ordination 
into series of the lines of a spectrum of such complexity without recourse to 
physical methods which are capable of showing that certain linos or groups 
of lines are related, by the fact that their relative intensities alter in the 
same way, or that they vary in the same way in some other respect, under 
different physical conditions of excitation. Dufour,^ has shown that many 
of the lines can be separated into the categories of those which do and those 
which do not show the Zeeman effect, but a complete segregation of the 
spectrum into two classes by this method would seem to be very difficult, 
owing to the intrinsic faintness of many of the lines, which must of course 
be examined under a high dispersion in ex])erim6nt8 of this kind. Dufour 
has also pointed out that the frequency differences of some of the weak lines 
are constant. 

We owe an important advance in the elucidation of the spectrum to 
Fulcher, f who has shown that in low potential discharges the lines of the 
Balmer series become weaker, and that certain lines of the secondary spec- 
trum can be seen to stand out very prominently under these conditions, 
whilst others are very faint, in comparison with their relative intensities, 
when the spectrum is examined of vacuum tubas excited by the uncondensed 
discharge from an induction coil. Fulcher showed that the differences in 
wave-length between many lines in the red and yellow regions were constant, 
and that they could thus be arranged into groups resembling bands, these 
“ band ” lines being the linos which were relatively enhanced in the spectrum 
of the low potential discharge spectrum, whilst (with two possible exceptions) 
the lines which were weaker in the low potential spectrum belonged to the 
class for which Dufour (Jic. cU.) hod observed the Zeeman effect. Measure- 
ments of the wave-lengths of the lines of the secondary spectrum have been 
made by WatsoD,^ HasBelbeTg,^ Porlezza, and Porlezza and Norzi.|| A number 
of other observers have given measurements of a few of the lines. 

* ‘ Annal Ghim. Phya' [8], voi. 8, p. 416 (1806). 

f * Astrophya. Jours.,' vd. 87, p. 60 (1813). 

I * Boy. Soo. Froo.,' A, voI. 8S, p. 168 (1908). 

S • Hem. Acad. St. Peterab.' [71 voi. 31, No. 14 (1883). 

II * Atti R Aooad. linoei,' voi. tO [S], p. 178 (1811X and voL 30 [1], p. 833 (1911). 
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The marked variations in the intensities given by diffbrent observers, 
which seem in many cases quite outside the range of personal error, at once 
suggest that the relative intensities vary in a manner which is controlled by 
physical conditions which have not been precisely specified. As an example. 
Frost* has measured the wave-lengths of a number of the stronger lines 
between X = 4723 A. and X = 4368 A. in the spectrum given by tubes 
containing a mixture of helium and hydrogen, and the intensities which he 
gives differ very conspicuously from those given by other observers. 

It was intended to make an attempt to resolve the spectrum into groups of 
lines which showed a similar behaviour under different physical conditions, 
by investigating in the first instance the changes in the relative intensities of 
the lines which accompany a change of pressure in the discharge tube, the 
intensities being measui'ed by means of the wedge method, which has been 
described in previous communications,f and a number of experiments have 
been conducted on these lines. The pressure in the vacuum tubes which 
were used was controlled by means of a short length of palladium tube, 
closed at one end and welded at the other to a platinum tube, the open end 
of which was sealed into a glass tube oonnected to the vacuum tube. The 
pressure of pure hydrogen in the vacuum tube could be raised, without 
introducing any impurities, by heating the palladium tube either in a 
current of hydrogen or in the centre of a flame of btirning hydrogen, or 
lowered until the walls of the vacuum tube showed a bright green 
fluorescence, by heating the palladium in the highest point of the flame 
of a Bunsen burner, where the partial pressure of hydrogen is very low. 

The results were promising in many respects, since they showed that the 
Fulcher bands become relatively brigliter at low prassures, and at the same 
time there is a marked enhancement of the lines in the region of about 
X = 5700 A. to X ss 5000 A. In the more refrangible region there is no 
conspicuous change in the relative intensities, but the intensity of the 
coiitinuouB spectrum is reduced at low pressurea It is probably on account 
of this continuous spectrum, which seems to increase in intensity in a 
regular manner towards the more refrangible region of the spectrum, that 
the difference in the spectrum at high and low pressures appears rather 
striking when the spectra are examined visually under a low dispersion ; but 
the spectrograph which was available for measurements made in this manner 
was of somewhat too low a dispersion to afford the prospect, in view of the 
complexity of the spectrum, of a very complete S0gregation of the lines into 
different classes, though there is no doubt that results of some value would 

♦ ‘ Astrophys. Jotirn.,* vbl. 110, p. 100 (1002). 

i Merton and Nicholson, * Phil. Trans./ A, voL 217| p. 237 (1917). 
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be obtained with a spectrograph which was better suited to the investigation. 
This line of attack has been for the present postponed, owing to the discovery 
of a more potent method of altering the physical conditiona by which the 
secondary spectrum can at once be sharply segr^ated into definite groups of 
lines. 

It has been found that when hydrogen at a partial pressure tif less than a 
millimetre is present in helium in vacuum tubes filled at a pressure of about 
40 mm., tho spectrum is remarkably different from that of pure hydrogen. 
As seen visually under a small dispersion, the effect is not very striking, but 
an examination with higher resolving power shows that the changes are of a 
fundamental character. The spectra have been photographed in the first 
order of a concave grating of 4 feet radius of curvature and ruled with 
20,000 lines to the inch, which was mounted according to Eagle's method, 
the dispersion on the plate being almost exactly 10 A. per millimetre. 

With this instrument, photographs in juxtaposition were taken of the 
spectrum of a high-pressure helium-hydrogen tube and of a tube containing 
pure hydrogen at a pressure of a few millimetres, which was filled and 
regulated in the manner described above. The tubes were excited by the 
uncondensed discharge of an induction coil. In the more refrangible parts 
of the spectrum there is little difference, but in the red and yellow regions it 
is found that a large number of lines are greatly enhanced in the tubes 
containing helium, some of these being extremely faint in the spectrum of 
pure hydrogen, and that a number of new lines appear. There is another 
class of lines whose relative intensities ara unaffected by the presence of 
helium, whilst a third class are affected in the sense that they become very 
weak or disappear. Small changes of intensity under different physical 
conditions would not constitute a safe criterion for the segi^tion of lines 
into classes, for it is known* that lines belonging to the some series may 
undergo changes in their relative intensities under different conditions of 
excitation, but the changes which occur in the secondary spectrum of 
hydrogen, as a result of the presence of a large quantity of helium, are of a 
mi^nitttde which leaves little room for doubt that a separation of the lines 
into physically related ^oups has been effected. 

It has been mentioned above that the spectrum of a mixture of hydrogen 
and helium has been examined by Frost {loc. eit,), but his observations wore 
confined to regions of the spoctrum where the changes which occur are very 
slight, and it is likely that the pressure in his tubes was too low to show the 
phenomena. There seems little doubt that the new lines observed are to be 
assigned to hydrogen. They certainly do not occur in the spectrum cf pure 
* Cf. Merton and Nicholaon, Icc. cit. 
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haliom^Mid nearljr all of the strongest lines from the high-pressure helium- 
hfdrogBn tubes are visible in pure hydrogen. Of the lines which ate 
eepeoialfy oharaoteristio of these tubes, it is only (with a few exceptions) 
some of the weaker ones which are not seen at all in the speotrnm of pure 
hydrogen. 

There is naturally some ambiguity as to the correct exposures to be given 
for tiie purpose of dividing up the lines, but a plate in which the line Ha of 
the Balmer series appears somewhat more strongly in the spectrum of the 
helium-hydrogen tube seems to exhibit the phenomena very favourably, and 
this plate has accordingly been selected for the estimation of intensities. An 
examination of the spectrum of hydrogen reveals the fact that with long 
exposures a large number of lines, hitherto unrecorded, can be seen on the 
plate. Long exposures of the spectrum of the mixture of helium and 
hydregen also show an immense number of faint lines. This is only to be 
expected in a spectrum which may be supposed to consist (at least in part) 
of bands, but it dues not appear likely that the measurement of these very 
faint lines will be of much assistance at present in the elucidation of the 
structure of the spectrum. It is believed that the results can best be seen 
in Uie reproduction (Plates 6 and 7 ), in which the two spectra are shown 
in juxtaposition, with a wave-length scale adjoining the spectrum of 
hydrogen; the wave-lengths can be read with sufficient accuracy for 
identification in Watson’s (foe. ctf.) Tables. The principal helium lines are, 
of course, visible in the spectrum of the mixture. 

It will be seen that the most oonsincuous changes occur in the less 
refrangible regions. In the green and the more refrangible parts of the 
spectrum all the lines are greatly reduced in intensity in the spectrum of the 
mixture, but apart from this, and a few lines which seem abnormally weak, 
there is no conspicuous diflerenoe. The subjoined Table gives a list of lines 
which are either enhanced or unaffected in intensity by the admixture of the 
helium. These have been measured, using Watson’s lines as standards, and 
it is believed that on his scale the values given are correct to a few 
hundredths of an Angstrom. All lines not recorded in the Table are weaker 
ill the helium-hydrogen mixture. My own measurements of the few of these 
lines which occur in Watson’s list are given ; they have been derived from an 
error curve drawn through the readings of a number of lines measured by 
Watson and, excepting a few lines for which he found very low intensitiM, 
the results are in close agreernmit ; 0 indicates that a line is just vWble, and 
—that- it is absent ; a f is added in oases in which it is doubtful whether 
the line in the helium<diydrcgen mixture corresponds with a line in the 
spe^rum of pure hydrogen. 
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Liat of Lines which are strengthened or unaffected in the presence of 

Helium. 



Intensity 

Intensity in 


Intensity 

Intensity in 

X . 

in pure 
hydrogen. 

hydro^n and 
helium. 

X. 

iu pure 
hydrogen. 

hydrogen and 
helium 

6406*02 

0 

1 

5887 *68 

— 

0 

6418 -01 

1 

1 

5881-76 

— 

2 

6808 26 

— 

1 

6868-46 

*“ 

2 

6818 *02 

1 

a 

6867-86 

4 

2 

6887 '21 


0 

6861 98 

2 

2 

6276 *89 


1 

6810-64 

4 

8 

6260*88 

— 

1 

6847-40 

0 

6 

6846*08 

2 

2 

6889-37 

P 

1 

68 SS <14 

2 

4 

6 HS 8 *05 

P 

1 

6104-03 

<0 

0 

6831 *26 

2 

7 

6186 '74 

— 

1 

5820*00 


0 

6181 *74 

— 

1 

6824-78 

1 

3 

6161 -88 

6 

8 

5810 *60 

2 

8 

6160 78 

2 P 

2 

6816-27 

P 

6 

6141 -12 

— 

4 

6812*84 

0 

10 I 

6119 -19 

8 

8 

6811 -72 

1 

5 

6118 -98 

— 

1 

6804-06 

2 

4 

6111*20 



1 

5801 *84 

42 

1 4 

6060 -97 

0 

4 

.' I'OO -16 

8 

3 

6086-48 


6 

6704 -84 

3 

h 

6072 *21 

P 

2 

6791 -97 

4 

8 

6086-88 

8 

8 

6788 -47 

2 

8 

606 S *60 


8 

6788 -18 

1 

2 

6066-88 

1 

6 

6779*17 

8 

6 

6046-69 

1 

8 

6772-62 

..... 

2 

6048-90 

1 

4 

6766-08 

P 

7 

6088-16 

10 

12 

6700-69 

2 

2 

6088-97 

6 

8 

6766 -78 

— 

8 

8018-84 

10 

10 

6766-81 

1 

2 

6007-06 

2 

6 

6764-88 



0 

6008-07 

7 

9 

6788-18 . 

7 

7 

6998-88 

1 

2 

6788 -72 

7 

7 

6994-20 

5 

6 

6783-60 

2 

2 

6987-62 


0 

6710-17 1 

1 

2 

6982-82 

8 

' 10 

67 U 8 -86 

8 P 

7 

6076-08 

10 

10 

6700-84 ! 

1 

4 

6074-80 

3 

3 

6607 61 

1 

' 4 

6071 -10 

0 

1 

6602-64 1 


1 2 

6068-71 

6 

7 

6080*48 1 

1 8 


6050-89 

7 

8 

6684-88 1 

2 

4 

6966-58 

1 

1 

6682-67 

1 

4 

6947-66 

5 

6 

6676-88 

— 

1 

6088-88 

8 

'‘10 

0674-86 { 

— 

1 

6080-86 

8 

8 

6672-06 1 

1 0 

8 

6081-68 

8 

10 

6667-64 1 

0 

8 

6929-70 


0 

0660-68 

0 

8 

6080-90 

7 

8 

6667-00 1 

0 

1 

6016-84 

7 

8 

6062-78 

0 

1 

6000-71 

2 

8 

. 0647-60 


0 

6896-14 

6 

6 

6642-66 

8 

3 

8804 -26 

4 

4 

6627-66 

0 


6800-10 

8 

5 

6672-68 

— - 

1 

6880 ‘88 

2 

1 

6600-20 
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from ohaDges of temperature; however perfectly the plates have been 
worked and adjusted, there is always a small change in the diameters of the 
rings when the beam of light traverses different portions of the HaUm, This 
change is too small to be noticed visually when the plates have been 
carefully adjusted, but is at once ap|)arent when the photographs of the 
fringes are measured with the micrometer. A slight shift of the source of 
light, or a wandering of the arc while it is burning, causes in this way a very 
small but measurable dilatation or contraction of the fringes. This source of 
error can be overcome to a great extent by reducing the aperture of tlie 
ttaUm, which, however, introduces certain practical difficulties, and a 
different method has been adopted by which this source of error and that 
due to changes in temperature are automatically eliminated. 

The pincedure adopted has been to make an alloy of each of the metals to 
be examined with a suitable proportion of cadmium, and to reduce all 
observations to a selected fringe of cadmium as a standard. The cadmium 
fringes thus indicate any change of path difference, whether due to tem- 
perature or shift, and the correction to be applied to other lines can be 
easily and accurately determined. The cadmium green line X = 5086 A. has 
been used as a standard, and the line X = 4800 A. for a purpose which will 
be explained later. The complexity of these lines is of no consequence, 
since the settings of the micrometer are made on the “optical centre of 
gravity ” of the fringes, and the same remark applies to the lead line 
X as 4058 A., which is not only encumbered by a faint satellite, but which 
might be also affected by overlapping with a neighbouring line, though iu 
this particular case both the satellite and the neighbouring line are of such a 
small intensity in comparison with the main line that their effect would 
scarcely be felt. 

The optical difference of path of the Ualon ia 18*60 mm. (the knowledge of 
its value with greater precision can easily be shown to be irrelevantX and 
the difference in wave-length, e, corresponding to a shift of a whole fringe, is 
given by e a X*/D, where X is the wave-length and D the optical difference 
of path. Thus, for the lead line X sb 4058 A., « s 0*084 A., and for the 
thallium line X v 5360 A., « = 0*146 A. 

Since grating measurements have already shown that any di&ienoes of 
wave-length are less than this amount, it is evident that any diffeienoe in 
wave-length will be represented by a fraction of a fringe^ Let «ii be the 
order of the innermost fringe of the oodmium line X « 6086 A. and m the 
order of the fourth ring counting from the oentre, and let n and be the 
radii of the rings respectively, and let the order of interfwenoe at the oentre 
of the system be Then, sinoe Idte angular diameter of the ftinges is 
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small, 17 s Thus, the order at the centre of the system for 

Cd \ = 5086 A. is ni + 17 , and in a similar way for, say, Pb \ =s 4068 A., the 
order is mi + both these values being determined from measurements made 
on the same photograph, on which b(»lh sets of fringes are recorded 
simultaneously. 

Owing to changes of temperature or shifting of the apparatus a second 
exposure may give different values. If on the second exposure the value 
forCdXsc 6036 A. is + + it is evident that the corresponding value 
for Pb X 3 = 4058 A. should be TWi + f+Si; (6086/4058) It is found most con- 
venient in calculating the results to reduce all the values for Ph X = 4058 A. 
to a definite order for Cd X = 6086 A., say Wi+1. To effect this when the 
order at the centre of the system for Cd X s 5086 A. is n\ + 77 tlic amount 
to be added to the meeisured value for PbX = 4058 A. is 5086 (1— 1;)/4068* 
and when the measured value for Cd X = 6086 A. is ni + i 7+&7 tlie correction 
becomes 5086 (1— 1 ;— 8i7)/4058. Measurements of different plates are thus 
reduced to the same standard. 

If mx+a, is the value reduced to the standard for X = 4058A. for one 
variety of lead, and mi + ay the corresponding value for lead from another 
source, the difference in wave-length will be e(«— «i). Measurements of 
the fringes of another cadmium line X 33 4800 A. serve to identify the fringe 
ni for the line X ss 6086 A. A readjustment of the plates of the ^alan might 
result in the innermost fringe being of the order 71 + 1 or n + 2. If this 
change occurs it can at once be detected, since it follows from the preceding 
argument that the fractional values of the order for X = 4800 A. will not 
agree unless they have been reduced to the same standard. 

Six plates have been taken of each alloy and the fractional part of the 
order at the centre has been determined from the mean of four measure- 
ments of the radii of the rings on each plate. The mean of the six 
values has been adopted, and the mean error calculated in the usual 
way. 

Ordinary Lead . — A pure sample of ordinary lead was melted with 4J times 
its weight of cadmium, and cast into sticks in holes in a wooden block. 

Zeeui from Sodium . — This was made into an alloy with cadmium in the 
same way. The lead had been extracted from Jooohiinsthal pitchblende 
residues, and although no special precautions were taken, spectroscopic 
examination showed that it was comparatively pure. 

Lead from Thorium . — For this I am indebted to Prof. Soddy. On inform- 
ing him of the results which bad been obtained in the case of the lead and 
thallium from pitchblende, he at once very kindly sent me a pure sample of 
lead which he had extracted from Ceylon thorite, a mineral which contains 
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a large proportion of thorium, and only a very small quantity of uranium 
^about 2 per cent). 

Ordinary Thallium , — A very small quantity of this element was dissolved 
in a few grammes of molten cadmium. 

Thallium from pitchblende residues was not isolated. It was present iu 
much too small a proportion for any attempt to do so with the amount of 
residues available. 

It is unnecessary to give the details of the separation of a mixture of 
sulphides, which, when reduced and alloyed with cadmium, showed the 
thallium line X = 5350 A. with tolerable strength. The results are given 
in the subjoined Tables, in Table I under / cadmium and / lead are given 
the fractional parts of the order at the centre. They refer to the lines 
cadmium X = 5986 A. and load X = 4058 A. The Table is divided into three 
sections comprising i^spectively the values obtained for cadmium and 
ordinary lead, cadmium and lead from pitchblende, and cadmium and lead from 


Table I. 



Cadmium and orJinury 

Cadmium and lead from 

Cadmium utid lead from 


lead 


pitchblende. 


thorite. 

Plate. 




' ' 

~ 

— 


— 


/ cadmium. 

/lead. 

/ cadmium. 

/load 

/cadmium. 

/ lead. 

1 

0*954 

1 *130 

0*945 

1-066 

0*644 

0*618 

% 

0*989 

1-186 

0-988 

1*064 

. 0-640 

0*516 

8 

0-944 

1*189 

0-988 

1*068 

0-629 

0*616 

4 

0*940 

1*120 

0-937 

1-068 

0-698 

0*510 

6 

0*988 

1*184 

0-988 

1-068 

0*618 

0*498 

e 

0*966 

1-197 

U-928 

1-054 

0*620 

0*605 


Ordinary lend. 

Lead from pitchblende. 

Lead from Thorite. 

f reduced to/ Cd — 1 *00. 

f reduced to/Cd ■■ 1 00. 

/reduced lo/Cd - 

2*00. 


1 ‘188 



1-134 



1*81H 



1 213 



1-142 



1 *221 



1 -209 



1-141 



1 *286 



1*196 



1-147 



1*280 



1 ‘818 



1-186 



1*281 



1*182 



1-144 



1-898 


±0-006 


1-I41:is0'002 


l-897±0-(N»6 


ThickneM of 4talo% « 0 *80 mu. « <2. Obange in X oomsponding to a ohaago in f of 
1 *00 0 *084 A. 

/ (ordinary lead) —/ (lead from pitohUende) « 0 *000ak0 *008. 
f (thorite lead) — / (oMinary le^) 0 -OaSdbO *009. 

X (lead from pitohblande) — X (ordinary lead) m 0*0050 A. ^0*0007 A. 

X (ordinary lead) -X (thorite lead) « 0 *0098 A.d:0 *0008 A. 
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thorite. In the lower part of the Table are given the respective values of /, 
reduced to the standard b! the same cadmium fringe. In the case of cadmium 
and ordinary lead, and cadmium and lead from pitchblende the standard is 
the next order greater than the order of the innermost fringe, and in the case 
of cadmium and thorite lead the values are leduoed to the second order 
greater than the innermost fringe, owing to a readjustment of the plates 
between the experiments. 

It has already been pointed out that a com}>arison of two sets of cadmium 
fringes leaves no doubt as to the identification of the order adopted as the 
standard. In Table II are given the results obtained for ordinary thallium, 
and thallium from pitchblende; they refer to the thallium lino X, = 5350 A. 


Table II. 



Cadmium and ordinary thallium. 

Cadmium and tlialUiim from 
pitcliblonde. 

Plate. 

/cadmium. 

1 / thallium. j 

1 

/ cadmium. 

/ thallium. 

1 

0*064 

i 0 383 

0*062 

0 406 


0*046 

' 0*869 

0-072 

0-418 

8 

0-902 

, 0 -882 

0*062 

0-420 

4 

0-988 

1 0-801 

0-062 

0-408 

6 I 

0-901 

0-307 

0-069 

0-419 

6 

0-947 

1 0-800 

0*063 

0-422 


Ordinary thallium 
f rsduced to/Cd -« 1 •00. 


0-417 
0 -420 
0-41S 
0*420 
0-404 
0-410 


Thallium from pit 
/reduced to/Cd 


litohblendo. 
1-00 


442 

’445 

’472 

446 

’458 

467 


Mean -0 -415^:0 *0026 


0-463^0*0046 


Thiokneii of Halon 9 *80 mm. d. 

Change in A oorretponding to a change in/of 1 *00 » 0 *146 A. 

f (ordinary thaUium)— / (thallium from pitchblende) ■> — 0 *038^0 *(X)7. 

A (ordinary thallium) — A (thallium from pitchblende) « + 0 '0056 A ±0 -0010 A. 


It will be observed that the numbers under coluiims 2 and 4 of Table I 
exceed unity. The reason of this is that there was a diffuse circle repreHent* 
ing a fringe in the centre of the ring system ; this diflhse ring was unsuitable 
for measurement, and the fringes actually measiued were therefore the second 
and fifth, instead of the first and fourth. The differences found between 
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\ (ordinary lead) and X (lead from pitchblende) agree within the limits of 
experimental error with the value found by Aronbeig, and this confirmation 
of his result would seem to establish the reality of the difference. The line 
in lead from pitchblende has a slightly longer wave-length than in ordinary 
lead, whilst the wave-length of the line in thorite lead is somewhat shorter. 
They are thus arranged in the order of their atomic weights, and in the 
direction which would be anticipated by the analogy of corresponding lines in 
the spectra of different metals belonging to the same group in the periodic 
system. The actual magnitudes of the differences are perhaps doubtful in 
view of some uncertainty as to the purity of the isotopes. 

Some attempts have been made to detect a doubling of the lines in a 
mixture of two isotopes with a Fabry and Perot sliding interferometer, with 
the plates set at an appropriate distance apart, but the physical width of the 
lines renders the results inconclusive, and causes the fringes to disappear 
entirely at a difference of path at which the fringes of one isotope should lie 
midway between the fringes of the other; this occurs in the case of ordinary 
lead. Further experiments in this direction are contemplated, and it may be 
possible to show that the line in the mixture is a doublet by another method 
of experiment. 

It has long been suspected that some of the metals which occur in pitch- 
blende may be of radioactive origin, and the results obtained for thallium 
would seem to imply that the thallium in pitchblende is an isotope and 
prolKibly of greater atomic weight than ordinary thallium. The results for 
thallium cannot, however, be given the same weight as those relating to lead. 
For a rigorous comparison it wouhl be necessary to isolate the pure metal, 
for the plates show numerous lines due to other substances, and it is possible 
that the measurements may be affected by a neighbouring line due to some 
other element, or even that there may be a small change in the wave-length 
of the line due to the presence of the impurities. 

Burns* has found that certain manganese lines occurring as impurities in 
the iron arc differ in wave-length from the lines given by a manganese salt in 
the carbon arc, and that some barium lines are affected in a similar way. 
Displacements of this kind appear to be rare,t but the possibility that the 
thallium line may be so affected cannot be entirely dismissed. 

There is one other peculiarity to which attention may be drawn. In the 
case of the thallium fringes, in which the satellite is well separated from the 
main line, I was at once struck by the fact that the fringes seemed sharper 
in the case of the thallium from pitchblende than in the case of ordinary 

* * Ooiuptss Hendus,’ vol. 166, p. 1976 (1913X 

f Cf, Bilbam, ' Astrophys. Jours.,* vol. 4S, p. 469 (1916). 
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thallium. Prof, Lindemann has been good enough to examine these plates, 
and he is able to confirm the reality of the difference in sharpness, but it may 
perhaps be due to slight vaiiations in pressure or the admixture of other 
elements, an<l it would not lie safe to draw any conclusions from it. The 
results in the case of lead seem so <lefinite that the spectroscope may yet 
prove to be a most valuable weapon in attacking the problem of isotopic 
elements. 


The Scatiei'ing of X- and y-Rays hy Rings of Electrons — A Cmcial 
Test of the Electron Ring Theory of Atoms. 

By G. A. ScuoTT, B.A., D.Sc., Professor of Applied Mathematics, University 
College of Wales, Aberystwyth. 

(Communicated by Sir J. Larmor, F.R.S. Kucoivod September IH, 1919.) 

1. It is generally admitted that the Electron King Theory of Atoms, based 
on the classical electrodynamics and mechanics, does not explain certain 
results of recent investigations respectiiig thermal radiation, photoelectric 
emissions, transformations between corpuscular and X-ray energies and 
spectrum series. All these phenomena involve the interaction of radiation in 
one form or another, not merely with electrons, but also with matter, not so 
much with matter in bulk as with material atoms, and the failure of the 
£leotron King Theory to account for them may after all be due rather to our 
ignorance of atomic structure than to defects in the fundamental principles 
of the theory itself. Moreover the hypotheses proposed for the explanation 
of the phenomena in question, such as the Quantum hypothesis, themselves 
IhH to account for other phenomena, such as interference, diffraction and 
polarisation, which are so familiar to us that the necessity of explaining them 
afresh is apt to be overlooked when a new theory is introduced. In view of 
the pieseut unsatisfactory state of our theories and the indecisive character 
of our experimental knowledge a crucial experimental test of the Electron 
Ring theory is very much to be desired, especially one involving as litUe 
knowledge of atomic structure as possible. The object of the present 
investigation is to show that the phenomenon of the scattering of X- and 
7 -rays by matter affords a test of this kind and, moreover, if the issue of the 
test be favourable, supplies a means of investigating experimentally the 
arrangement of the electrons in at any rate the lighter atoms. By scattering 
is meant the redistribution in space without cliange of frequency of a portion 
vou xovi.— A. 2 F 
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of the radiation incident on matter. For our purpose any radiation of 
altered frequency, generated by processes akin to fluorescence or phos- 
phorescence/ must be carefully distinguished from scattered radiation. 

2. Many years ago Sir J. J. Thomson propounded his well-known theory 
of the scattering of X- and 7-ray8 by matter, based mainly on three 
assumptions: (1) X- and y-rays consist of extremely thin and intense electro- 
magnotic pulses ; (2) 8(*.attering is due entirely to the comparatively mobile 
electrons of the atom, that due to the relatively inert residue being neglected ; 
and (3) the electromagnetic forces exerted by the pulses on the electrons are 

^ so intense that the forces due to other electrons and to the residue of the 
atom may be left out of account. Two of the results of this theory are 
important for the purpose of comparison with those of the present investiga- 
tion : (1) The fraction of the incident energy scattered in a direction making an 
angle 6 with the direction of propagation of the incident beam is proportional 
to l-fcosV; and (2) the energy scattered every second in all directions 
together is times the intensity of the incident radiation for n 

electrons all of which scatter elfectivoly, and it is independent of their armnge- 
ment. With the usual values, eje = 1*59 . 10’^ and efem = 1*76 . lO^c.w.w., the 
coefficient is equal to 0*656. 10“®^ per electron. If we ossiirne that the 
hydrogen atom has a mass 1*64. 10'^ grin, and contains one mobile electron, 
we find that the mass scattering coefficient of hydrogen is 0*40. If further 
we assume that the number of electrons in atoms other than the hydrogen 
atom is oue-half of the atomic weight, we find that the mass scattering 
coefficients of elements other than hydrogen aie all equal to 0*20. 

3. Recent experiments contradict this theory of scattering in three respects : 
<(1) although the distribution of scattered radiation actually observed agrees 
witli the 1 •+ 003*6? formula for diroctious nearly transverse to the beam, the 
amount of energy scattered in the forward diraotion exceeds, and in the 
backward direction falls short of that given by the formula, so that there is 
considerable asymmetry foro and aft, increasing with the hardness of the 
incident rays ; (2) the atomic scattering coefficient is not equal to 0*20 for 
all elements other than liydrogen and for all rays, but diminishes to a very 
much smaller value for the most penetrating y-rays for cdiuiniuium, iron and 
lead (Ishino); and (3) scattering always appears to be*lkccompauied by a 
change of type corresponding to a softening of the radiation (Florance), but 
whether this effect is due to an admixture of softer fluorescent ludiation or 
not, does not apfiear to be determined. 

4. In view of this contmdiction between Sir J, J, Thomson’s theory and 
experiment I have endeavoured to develop a more complete theory of the 
scattering of X- and 7-ray8, replacing the simple pulse theory adopted in his 
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first assumption by the wave theory, which has superseded it, but retaining 
his lost two assumptions. The third assumption requires us to assume that 
the frequency of the incident radiation is large compared with the frequeuciet} 
of the free vibrations of the mobile electrons in the atom ; the limits, within 
which this assumption is satisfied with a auflicient approximation, can only 
be determined exactly by experiment in our present state of ignorance os to 
the structure of the atom, but a rough estimate can be got for rotating rings 
of electrons by using the angular velocity in place of the I’retiuencica, since it 
is of the right order of magnitude according Lo the various theories of atomic 
structure proi^sed hitheito. 

In addition to theso three assumptions, we shall assume, for tlie purpose 
of the present investigation, that (4) the mobile electrons of the atom are 
arranged in coaxal rings of equidistant electrons, which are rotating with 
uniform angular velocities, usually difforent for different rings, though, as a 
particular case, one or more of tluj rings may be at and (5) the 

velocity of each electron is so siuull compared with that of light that the 
etlect of the magnetic forces of the waves, as well as the reaction due to 
I'adiation from tlie electron and the variation of its mass with speed, may be 
neglected. The fourth assumption is needed to ensure the permanence of 
the lings in spite of radiation, and is ,)ustilied by the exjioriments of 
O. W. Kichardson and of Einstein and de Haas on the gyrostatic momentum 
of magnetised substances. The fifth is made for the sake of simplicity, to 
avoid confusing the main lines of the theory with unnecessary detail, but 
there is some justification for it in the fact that theories of atomic structure, 
such 08 that of Bohr, assign values to the ratio of tiie velocity of an 
electron to that of light, which are only of the order O’Ol f(T hydrogen and 
other light atoms ; it may possibly cease to afford a suflicieut approximation 
for heavy atoms in which the variation of mass with speed lias to he taken 
into account in calculations respecting the determination of their constitution 
from their X-ray spectra (Vegard). 

6. In aocordance with our first assumption, wo shall treat the incident 
X- or 7-radiation as consisting of undamped trains of plane unpolarised 
waves; it may l>e stated at once that the theory based on this and the 
remaining assumptions given above is one of difiraction by the electrons, 
coupled together kinematically in a ring, and constituting, as it were, an 
electronic grating. For iiydro^u it leails to the same result as the simple 
pulse theory ; for atoms containing rings of more than one electron it gives 
fore and aft asymmetry of scattered radiation and a scattering coefficient, 
which assumes the simple pulse theory's value for waves of infinitely high 
frequency, but increases, as the frequency diminishes, through a series of 

2 K 2 
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more and mofe accentuated minima and maxima to a value not much less 
than n times the simple pulse theory’s value, where n is the number of 
electrons in the ring. Thus the theory does not account for the exceptionally 
small soutteriug observed by Isliino, nor for the softening of the rays found 
by Floranoe ; but there is reason to suppose that both of those effects may 
be explained on the assumption tliat X- and y-rays consist of dami>ed 
wavetrains. This modification of the theory is Iming investigated nt present. 

Specijirniimi of the Incident Itndiation. 

6. For the siikc of generality, we shall ftssuuio that the incident radiation 
consists of a large number of iiidepondent simultaneous, or, alternatively, 
successive trains of undiimped, elliptioally polarised, parallel, plane waves, 
distributed in such a way in si^e, or in time, as the case may be, as to 
produce on the whole un]>olariscd radiation. 

Each constituent wavetraiu is characteiised by five parameters; (1) The 
frequency, v, the same for all. (2) The epoch, e, chosen so that the phase is 
vt + t for the wave which at time t happens to pass through the centre of 
the electron ring. We shall assume that e is on the average distributed 
uniformly over the whole range from 0 to 2ir. (15) and (4) The semiaxes, 
a and b, of the vibration ellipse. (6) The ()olarisation azimqth, «, measured 
in the wave front from some convenient initial line to the semiaxes «. We 
shall suppose that a also is on the average distributed uniformly over the 
whole range from 0 to 2^-. The assumptions respecting the distribution of e 
and « are obviously needed to ensure the average unpolarised character of 
the radiation as a whole. 

The electric and magnetic forces at the centre of the electinn ring at 
time t have components, in the directions of the semiaxes OA, OB of the 
vibration ellipse, which are given by the equations 

* 

d^ = hnsstaowivt + e), du ss — s Si8in(W+t) (1) 

where the summation is to be taken for all possible sets of values of «, a, h, 
and a. 

The average energy ttux, I, is the sum of the several component fluxes 
on account of the independence of the coiresponding wavetrains and the 
average distribution of their epochs and polarisation azimuths. Hence we 
have by Poynting’s theorem 

I = c(5^-f7]^)/47r = le (o*+4»)/8 w (2) 

where the bar denotes time averaging, and e is the velocity of light. 
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Spedficatian of the ScatteH'iig Electron Ring, 

7. Let the radius of the ring be p, the number of efiuidistaut electrone n, 
their charge e e.8M., their mass ni and their uniform angular velocity q>. Also 
let 0 = ap/e ; then according to assumption (5) is so small that m may be 
treated as constant and used to represent the transverse or the longitudinal 
mass at pleasure. ^ 

The relative positions of the incident and scattered wavetiains and the 
electron ring are sliown in fig. 1, which represents the surface of the sphere 
whose centre is the centre 0 of the electron ring, and whose radius is unity. 



The great circle xt/ marks the plane of the ring, the direction of revolution 
being from x to y, and z marks its axis. E marks the radius vector to the 
tth electron at time/; we take the arc to be equal to 
where i is any integer from 0 to w— 1. 

The groat circle sx has been chosen to pass through W, ^vhioh marks the 
direction of propagation of the wavetraius of the incident radiation; Ky 
marks that wave front of one of the trains, which happens to pass through the 
centre of the ring at time /, and A, B mark the semi-axes OA, OB of the 
vibration ellipse, so that KA = a. 

U marks the direction in which tlie scattering takes place ; the great circle 
MN marks that scattered wave front which passes through the centre of the 
electron ring at time t, and V marks the external bisector of the angle WOU 
— it is required for purposes of calculation later. 

EP is an arc of the great circle WEP drawn through £ perpendicular to 
the incident wave front KY ; similarly EQ is an arc of the great circle UEQ 
drawn through E perpendicular to the scattered wave front MN. 
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8 . We shall use the following notation : — 

zW = xK^ xyK = it, ?U = LM = LNM = x. 

= 7 , WU = 0, VL = izL = f (3) 

We shall require the perpendicular distauceSj /) and f/, of the electron E 
from the incident and scattorod wave fronts K?/ and MN respectively ; these 
will bo reckoned positive when the electron is in front of the respective wave 
* front. Thus we obtain by means of fig. I and (3) 

2? == p sin PE = p sin Ey sin xyK = p sin ir cos (w^ -f S 27ri/ n) 
q = psinQK =s pain ENsiu LNM = psiu xC08(a)/ + S + 27ri/7i — 



Wo shall require the value of p — 7 below ; we find from ( 4 ) 

= p {sin sin X COS cos (o>< +S + 27 rt 7 n) 

— sinxsin ^sin(a>/-|-S + 27 ri/«)}. ( 5 ) 

From ( 3 ) and fig. 1 we obtain 

(sin^— Binxco8^)*-|-8in*X®^“*^ = 

= 2 ( 1 — 008 ^) — (cOHx — cos-tfr)* 

=s 4Bm^78in^ ^ 0, 

since we have 


008 x*^co8 it =s cos 7 (cos U V — cos WV) =s 2 cos 7 sin J 0, 
Hence we find from (5) 
p--q = 2p sin 7 sin ooa(a)f *f S+u-f2*7rz/rt), 

V = tan“^ 

This result will be required presently. 



sin ^^ — BinxcoB^' 


(«) 


The Electrie Forces of the Incident and Scattered IVaves. 

9. In order to find the scattered radiation we must determine the electro- 
magnetic field at a distant point due to the disturbance of the electron 
generated by the incident waves. 

Let the field point be in the direction of the unit vector TT at a great 
distance R from the centre of the electron ring; its distance from the 
electron E is equal to K — >7 very approximately. 

Also let f denote the acceleration of the electron; then we know that to 
the same approximation the electric and magnetic forces at the field point 
at time t are given by 

d = - {f-(Uf) h = [Ud]. (7) 
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Terms of the relative order j/R have been neglected in oalculatiug vrUen- 
niiiea^ but they must be retained in estimating phases^ so that the function 
inside the bracket in the expression for d must be taken for the time 
i — (R— g)/c, not for the time ^—R/c, in order to calculate the diffractum 
effect. 

10, In order to calculate the acceleration f of the electron due to the 
incident waves wo must bear in mind our assumptions (3), §2, and (5), § 4. 
In virtue of (3) we need only retain the effective force duo to the incident 
waves on the left of the vector equation of motion, neglecting the efl'ective 
force duo to steady revolution as well as the controlling forces due to the 
remaining electrons of the ring and the residue of the atom. In virtue of 
(5) we may on the left take the mass of the electron to be the constant m, 
and on the right neglect the effect of the magnetic forces of the incident 
wavea Denoting the electric fonee of the incident wave at the nwiviluThed 
position of the electron at the time of omission by d' for the inoment, we 
may write 

mt = fd'. (8) 

In writing down this equation we have neglected the effect of the dis- 
turbance on the mass of the disturbed electron and have used the unflis- 
iurbed instead of the disturbed position of the electron at the time of emission 
in oalculating the electric force which generates the disturbance. The 
error is of the order of the square of the disturbing force in each case ; we 
shall neglect errors of this order throughout for the sake of simplicity. 

11. We must now find the value of the disturbing electric force d' at the 
undisturbed position of the electron at the time of emission. We com- 
mence by finding its components at the centre of the electron ring at the 
time t by means of (1), § 6, and fig. 1, § 7. Resolving the electric force in 
the directions OK, Oj\ 0?/, and Oz wo obtain 

d.' = S{ a cos « CiOB(vt+€)^h sm « sin {vt + e)} ) 

= jS(«C 08 «-|-tisin «)exp 

=s S {a sin a cos {vt + €) + ?> cos a sin + e)} X (8) 

= ^ 2 (a sin a — cos a) exp i (vt -f- e) 
dx' = dti^cosylr/ix = — ^ 
where the conjugate terms have been omitted for the sake of brevity. 
Clearly (9) give the components of the electric force d' at the undisturbed 
position of the electron £ at the time i, provided that we replace t in (9) 
by t-^pje, because every incident wave front reaches £ at a time later by the 
amount pje, where p is given by (4), § 8, for the time t 

Also (S)» § 10, gives the corresponding acceleration at time t. Hence we 
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find that the aooelerotion due to the disturbanoe of the ith eleotron E at 
time t is given by 

/x = S(«co8«+t68m«)exp« {•'(<— p/<?)+e} 

f,-=~'iHaAnct-ib<mct)expi{v{t-ple)-^t) ^ 

fx = — l^iH.^£(acoBa+tABin«)expi{>'(^— j>/(;)+e} 

A f/lr 

with = ^8in^ooB(ft)/ + S + 2vi/«) ^ ^ 

12. In calculating the electric and magnetic forces of the scattered wave 
by means of (7), § 9, we must not take the components of f for the time t 
when the wave arrives at the field point, but for the time t^(R^q)/c when 
it is emitted by the scattering electron, so that we must replace t in (10), 
§ 11, by (R— ^)/c, aud calculate q by (4), §8, with <— R/c in place of L 
Thus in place of (10) we must use the following equations : — 

fx = 2(aco8« + t68in«)exp*{v(<— R/c)+e— v(p— g)/c} 

/y =s ^ % (a sin COB a) exp i {v (< — R/c) -f € - v(p— 2)/c} 

s — ^^^^S(acosa + t&Bina)expi{v(^— R/ c) + €— i/(p-»2)/c) 

p = psin^cos {o)(^— R/c)4-SH-2wt7n+tt)^/c} 

q s psin^coB (/— R/c)4*S + 29rt/n— 

13. At this stage a dithculty requires notice, which arises from the 
occurrence of the term mq/c in the argument of the cosine in p. With the 
usual notation of Bessel Functions, bearing in mind that wp/c is equal to ff, 
we may write 

P s= Real part of psin-^expt {«(<— R/c)+SH-27ri/?i+«2/c} 

= Real part of p sin-^exp* E/(!) + S4-27ri7n} 

% Jj(l3siuj()exp ij — R/c) + 8+ i9r+2wt79i—^). 

“OD 

Oviug to the smallness of /9 we may neglect all the Bessel runctions 
except Jo (fi sin and replace this by unity ; this amounts to neglecting the 
term aqfe in the argument of p beoause it is of the order ff. 

Obvioudy we cannot do this with the term p{p—f)fe in tiie argument of 
(fti/p,/*) of (11)> because v is assumed to be large in comparison with m, but 
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we TMj use ( 6 ), § 8 , in place of (4), with in place of t, so that we may 

write 


where 


k(p— y)/c = 2 t sin 7 sin ^^008 {«(<— E/c) + S 4 ' vH- 27 ri/n} 
T = vpjc = 27rp/A. 


}■ 


( 12 ) 


This equation, together with the first three equations (11), § 8 , determines 
the values of the components of f to be substituted in (7), § 9. 

14. Bj means of the well-kno«m Bessel Function expansion we obtain 
from (12), § 13, 

exp {— w(p—y)/c} = oxp2tT8in7sin 


sin {« (/ — B/c ) + 8 4 - w — J TT + 2 th/ J i } 


= ^ J^(2Tsin7sini0) 

— * 

exp tj {»(<— K/c) + 8+i;— J7r+2wt/n}. (13) 
Substituting from (13) in (11), § 12, we find 


f s= a — 2 S {oo8^(oco8« + ti8in at), asin «— aftctw at. 


—sin ^ (a cos at + sin «)} 3j (2t sin 7 sin | (?) 

expt {(»+yfl»)(f— B/c)+e+y(S+w--i7r+-27r»/«)}. (14) 
Since the components of the unit vector U are sin ^ cos sin x Bin and 
cos X respectively, whilst in fig. 1, § 7, cos KU =a cos sin x <20b sin cos 
and cos yIT s sin^l^sin we obtain from (14) 


(Uf) = 2 ^^ ^ {oosKU(acosai+tlisinat)+cosyU((i 8 inai— ( 6 co 8 at)} 


(2 T sin 7 sin 1 0 ) exp t { (it +yw) (<— R/c)+e +7 (8 + 1 ;— Jw + 2 iri/»)} . 

(15) 


These expressions, (14) and (15), when they are substituted in (7), § 9, give 
the electric and magnetic forces at the distant point due to the waves 
scattered by the tth electron. To obtain those due to the whole ring we must 
sum the resulting expressioqs for all values of i from 0 to n— 1 , but since the 
forces are linear functions of the quantities f and (Uf), we obtain the same 
result by first performing the summation on the expressions (14) and (15), 
and then substituting the sums in (7X We notice tliat the specimen terms 
given in {l4) and (15) involve the factor exp i2irt/7» , the sum with respect 
to i from 0 to n — 1 of each such factor vanishes identically for all values of 
y, with the exception of those of the form kn, where k is an integer, and in 
these oases the exponential reduces to unity for every value of i, and the 
sum to n. Thus the required sums are obtained from (14) and (15) by 
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changing y into kn and multiplying each expression by n, , It is hardly worth 
while to write down their actual expressions^ as the indications just given 
suffice for our purpose. 

Thi Scatirred JRmliation, 

15. To find the amount of the radiation scattered by the ring in the 
direction of the unit vector U, we apply Poynting’s theorem. From (7), § 9, 
we obtain for the Poynting flux due to the whole ring 

P = ^1 dh] = ^ [(«l--{S(Uf)11U, (16) 

where the summalion indicated by the symbol S is with respect to i and is 
performed in the manner indicated at tlic end of § 14. 

The radiation scattered per unit solid angle in the direction U, to be 
denoted by the symbol P in future, is obtained by multiplying the coefficient 
of U in the expression (16) for P by II* and averaging the result with respect 
to the time t an<l the polarisation azimuth a. In tlie time averaging all 
squares and products of exponentials vanish identically with the sole excep- 
tion of products of conjugate exponentials, so that the epochs € and S, as well 
as the angle v disappear in the process. In averaging with respect to a the 
product sill a cos a vanishes, and the squares cos* a and sin* a reduce each to ‘ 
one-half on account of the unpolarised character of the incident radiation as 
a whole. Bearing in mind what was said at the end of § 14 as to the sums 
with respect to i of f and (Uf), we obtain by means of (14), (16), and (16), 
in the first instance, 

P = 5^*2 S (a»+6»){l-J(co8*KlJ + cos»i^U)}J»*n(2T8m78in J«). (17) 

The firat eammation ia fot* all values of a and h, since the remaining para- 
meters of the incident radiation, v, e, and », have all disappeared; thus 
2(a*+i*) enters into (17) as a factor, and by (2), § 6, its value is Btrl/e. 
Moreover, we see from fig. 1, § 7, that ^ 

cos* KU -l-co8®,yU = siii^WU = sia*^. 

Hence (17) gives 

P “ ^ 5^(l+cos*fl) 2 J^*.(2T8iu7sini(9). (18) 

16. The infinite summation with respect to k can be replaced by a finite 
one with respect to s, for we have the well-known equation 

1 f* 

J**. (2 T sin 7 sin i (9) as - I iTo(4r8in78in}dsin^)cos2A»i^<2^. 
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Henoe we obtain in Mucceesion by means of Dirichlet's discontinuous 
integral 

• If*' * 

2 (2 T sin 7 sin J 0) = — Jo (4t sin 7 sin J 6 sin <jb) 2 cos 2 kti if> d<f> 

m TT Jo 

= - Lim f Jo (4 T sin 7 sin ^ ^ sin i l ({<l> 

TT Jo f 2 'T sin7K^ ^ 

= - 2 Jo/4Tsin— Bin7Bin A6?) 

It t» \ n * ^ ! 

Substituting this result in (IS), separating the term ^ = 0 from the rest and 
replacing the ratio P/I by v, we obtain for the scattering coefficient in the 
direction U the expression 

« =5 2 ^a(^ 2 Jo (dr sin ^ sin 7 sin (19) 

Thus the scattering coefficient per unit solid angle is determined by (19) 
as a function of two variables only, viz., the angle lietween the incident 
and scattered beams, and 7, the angle between the axis of the scattering 
electron ring and the external bisector OV of the angle 0, which is shown in 
fig. 1, § 7. The radius p of the ring and the wave-length X of the incident 
vibration only enter into the expression for s implicitly through the para- 
meter T, which is equal to 2v’pf\ by (12), § 13. The form of the result 
depends essentially on n, the number of electrons in the ring. When there 
is but one electron, n = 1, the sum disappears, and (19) gives 

In this case, and this case alone, the scattering coefficient is independent of 
7, which determines the position of the ring relative to the incident beam, 
and is simply proportional to 1+cos^d, in agreement with the simple pulse 
theory. We have every reason for assuming that this is the case of the 
hydrogen atom. ^ * 

Thus scattering experiments on hydrogen, either gas under pressure or 
liquid, with a sufficiently extended range of wav(3-longths would enable n» to 
test (20), but such experiments alone could not decide between the simple 
pulse theory and the present one. 

17. When the argument of the Ressol Function in (19), § 16, is zero, that 
function reduces to unity and we obtain 
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This ooours in three oases : — 

(i) When t vanishes, -U., when the wave-length, X, of the incident radiation 
is infinitely great in comparison with p, the radius of the electron ring. This 
case is never actually realised, liecause resonance sets in when X becomes 
large enough, and assumption (3) is violated ; but, owing to the flatness of 
the first maximum of the Bessel Function Ju, it can be approached very 
nearly, and we may therefore expect an increase of the scattering coefficient 
as the wave-length increases to values considerably greater than the value 
given by the simple pulse theory, and in fact nut much less than n times that 
value. 

(ii) When 7 is 0 or w, ie., when the plane of the electron ring bisects the 
angle between the incident and scattered beams. This case might conceivably 
be realised with an assemblage of magnetic atoms by applying a strong 
magnetic field in the direction of the external bisector of the incident and 
scattered beams ; at any rate, an increased scattering might be obtained, if 
not the full amount of » times the simple pulse theory’s value. 

(iii) When 0 is 0, i.e., in the forward diroction of the incident beam, a case 
which merits special consideration. 


Fonvard and Backward Scattering. 

18. Putting ^ = 0 in (21), § 17, we obtain for the forward scattering 

t*n» 

^ C*OT*’ 


( 22 ) 


which is exactly n times the simple pulse theory’s value for every wave- 
length and all orionlations of the electron ring. 

Again, putting $ sir in (19), § 16, we obtain for the backward scattering 

yJo(4TBiu^8in7)}. (23) 

The effect of the sum in (23) is most pronounced when 7 s w/2. This case 
might be realised approximately by using a magnetic substance in a strong 
magnetic field perpendicular to the incident beam, and observing the scatter- 
ing in a direction as nearly as possible opposite to the direction of propaga- 
tion of the incident beam. 

The simplest example is given by the value n = 2, which probably 
corresponds to the helium atom ; we obtain from (22) and (23) 

*/ = */ = ^» n + ’h (4 t sin 7)}. (24) 

The first and lowest minimum of Jo (4 t sin 7) is equal to — 0*403 and is 
given by 4 t sin 7 a 3*88, or X a 6*56 p sin 7. For this value of X s» is less 
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than 30 per cent, of a/, so that the asymmetry fore and aft is considerable. 
For greater values of n it may become still more marked. 

Qualitative experiments with magnetic substances in strong magnetic fields 
of the kind indicated in this and the preceding section would enable us to 
decide between the simple pulse theory and the present one, but not between 
the latter and a theory based on the Parson ring electron, because the Parson 
ring electron gives rise to analogous magnetic eiTects. 

Scattering dnt to ojt Assemblage of similar Electron liingH, 

19. In order to calculate the average scattering of an assemblage of electron 
rings, we must make a further assumption ( 6 ) : oach electron ring scatters the 
incident radiation independently of all the other rings. Actually the radiation 
scattered by any one ring falls on others and is scattered by them ; our 
assumption amounts to neglecting the proportion of radiation which undergoes 
double, triple, and in general multiple scattering. It is obvious that the 
effect of multiple scattering will be to diffuse the radiation and partially 
destroy the asymmetry produced by a single scattering, and will be greater 
the denser and thi<^kor the assemblage is. Tt^ existence might be detected 
experimentally by working with gases at dilforont pressures ; its effect might 
be made comparatively harmless by vrorking with thin layers of material, or 
by using layers of varying thickness and extrapolating for infinitesimal thick- 
ness in the usual manner. 

We shall only consider the simplest case, wliere the axes of the electron 
rings are on the average distributed eipially in all directions. To find the 
average scattering S in the direction U, we multiply (19), § 16, by the 
chance that the angle 7 should lie between the limits 7 and y^dy, viz. 
Jain 7 (^ 7 , and integrate with respect to 7 from 0 to tt. Thus wo obtain, 
most simply by expanding the Bessel Function and integrating term by term, 

« = ^^ 3 (l+coa*tf) -^ 1 + S sin^4TBin^8inidjy^4T8in^8in (26) 

This expression leads to similar results as regards asymmetry as (19), § 16, 
though, as is to be expected, they are not quite sq marked. In the forward 
diieotiou, 0 = 0 , the scattering is n times the simple pulse theory’s value as 
before, but in the backward direction, 0 = tt, the Bessel Function term in 

(23), §18, is replaced by sin ^4 t sin sin This term, Uk), is 

oscillatory ; its first and lowest minimum is equal to —0*217 and corresponds to 

4T8in^ = 4'49. For the two-electron ring of helium the backward scatter- 
n 

ing, Sf, is 39 per cent of the forward scattering, an<l occurs for X = 5*60p. 
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Scattering of an IrregnlaT Asmnhlagc of Ringe through a Unite Solid Angle. 

20. We shall oalculate the total scattering through the front lialf of a 
cone of semivertical angle d, with its axis parnllel to the direction of the 
incident beam, and for this purpose multiply (25), § 19, by 2*rr%\n6dd and 
integrate from 0 to 6. Tlu5 integration is best performed by changing the 
variable from 0 to = sin Denoting the total scattering through tlie 
cone by S(d), we obtain 


s<«> = 15^ {’‘•+ T h\'- 




where 


a = sin 




y. (26) 


n A. « 

Adopting the notation of ‘B, A. Report/ 1914, p. 87, we write 

So(ic) = sina, Si (a?) = cosr, Sa(.i') = l^eina:— -cos r. ( 27 ) 

• it' / SC 


Thou we may write (20) in the form 
S (0) = ^ [l + 


+ i (!-«*)[ 


1+2 {So*(vvO + 7^^Si*(r?^)}r“*w' 


■]}■ 


(28) 


We shall consider two important particular cases of this formula. 


Total SvMteHng. 


21. The total scattering from the ring is obtained by putting ^ = tt, or 
u = 1, in (28), § 20. In this case we shall omit the argument nr of S( 9 r) as 
unnecoseary and obtain 


where 


87r(^rt r 
" 36'*7n* \ 

/(x)= 


s/( 


•Dtp . TTi 
- sin 


)} 




(29) 


For hydrogen we assume that n = 1, so tliat the sum disappears. Denoting 
the corresponding value by S^, we find 




0-656. 10-“ 


(30) 


where the numerical values are the same as those used in § 2. The result is 
precisely that of the simple pulse theory, so that on both theories the 
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scattering of hydrogen is independent of the wave-length, and its distribu- 
tion is symmetrical fore and aft. 

It is convenient to take hydrogen as the standard to which all other 
substances are referred. 

Atoinia and Mass Scattering Coeffide^Us. 

22, An atom is assumed to contain coaxal rings of (M^uidistaiit mobile 
electrons (§ 3, assumption (3)). Wo shall neglect the poHsibility that two 
rings may have a constant phase relation between them, and so interfere 
with each other; this occurs when they have the same angular velocity, 
a contingency which is extremely unlikely on any of the current theories of 
atomic structure. Then the scattering of an atom is the sum of the 
scatterings of its several electron rings. 

Let the atomic number be N so tliat 

N = 2?i, (31) 

where the summation is for all the rings. We obtain from (29) and 
(30), §21, 

S = + Sn ?)} (32) 

Experimenters often use the mass scattering coefficient, i.r., the scattering 
per unit mass, in place of S, which denotes the soatteriiig per atom, or 
atomic scattering coefficient. We sliall denote the mass scattering coefficient 
by O’, and that of hydrogen by ; to obtain them we must divide by 
the mass of the atom. Taking the mass of the hydrogen atom to be 
1*64. 10”** gruJ-i wo find from (30), § 21, 

= 0*40. (33) 

Since the mass of an atom of atomic weight A is A times the mass of the 
hydrogen atom, we obtain from (32) and (33) 

For molecules of compound substancoa we must add together the atomic 
Bcattcriug ooetiicieutB S of its constituents, and divide XS by 2tA, in onlor to 
obtain the mass scattering coetiicient. 

One important result of (34) should be noticed ; when the wave-length \ 
of the incident radiation becomes very great, the argument of the function/ 
becomes very small, and the funotioi^ itself becomM very nearly equal to 
unity, as we shall see below. . , 
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Hence we find 

Limit «r = ^ Sn» (86) 

ll"W00 A 

Tho simple pulse theory gives 9 s= 0*40NA'‘ for all wave-lengths, so that 
the present theory gives a very much larger value for long waves, although it 
gives the same value for very short waves. 

The long wave limit cannot be reached owing to the intervention of 
resonance, but it can be approached pretty closely, say within 10 or 
20 per cent, long before lesonance becomes appreciable, so that measui'e- 
ments of scattering for long waves should enable us to decide between the 
two theories. 

Before considering particular examples of the theory, we shall first 
consider the second particular case of formula (28), § 20, 


Emergent arul Returned Sccdiered Radiatimi, 

23. Florance defines emergent scattered radiation as that which is 
scattered forwards on the whole, ic., between tho limits d = 0 and $ = 
and returned scattered radiation as that which is scattered backwards on the 
whole, i.r., between the limits 6 and ^ = tt. We shall denote the 
corresponding atomic and mass scattering coefficients by Se, Sr, and <rr 
respectively. 

Putting ^ = Jtt, in (28), § 20, and using (30), § 21, we obtain for 

a single ring 


where 


9iF) = 


^ _ 4fira . vi 
r s= — — sin — 
X n 


and/(a;) in given by (29), § 21, as before. 

The value of S, is clearly S— S., bat for our purpose it is more convenient 
to use the diffbrenoe which we shall denote by £. From (96) 

together with (29) and (30), §21, we obtain 

E = S„« S A(r) 'j 


,h«, 


X n 
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Proceeding juet as before in § 22 we obtain for the mass coefficients of an 
atom of atomic number N and atomic weight A 

0-40 1 

•n = In 2 /i(r), = i (cr + 17), o-r = 1 (o’-*/), (38) 

where <r is given by (34)» § 22. 

The coefficient rj may be taken as an absolute measure of the fore and aft 
asymmetry of the atom on the same scale on which <t measures the total 
scattering,; a relative measure would he afforded by the ratio r) :c, but the 
variation of this ratio with the wave-length differs so little from that of 1; 
itself that it is hardly worth while to introduce it in addition. The 
asymmetry is reckoned positive when is positive, t.e., when the emergent 
exceeds the returned scattered radiation, which is usually the case. 


Numerical Values of the Coefficients. 

24. For convenience sake, we collect the principal expressions which are 
of use for the purpose of comparison with experimental results, viz., (34), § 23, 
for the mass scattering coefficient a, and (37) and (38), § 23, for the asymmetry 
coefficient 1;. They are 

^ {n+Sh 2 /(r)}. /(r) = {So»(r)+ JS,*(r)}r-»^ 


•n 


0-40 

A 


2n S A(»*), 


1 


where 


9ir) = 

r = 4Z[£8in = 
\ n 


(39) 


The functions /(r) and h(r) are fundamental for the theory, whilst the 
function g(T) is useful as an intennediary for purposes of calculation. 
Tables of these functions are given at the end of this paper for values of r 
from 0 to 10. and graphs of /(r) and h(r) are given in 6g. 2 between the 
same limits. 

We see that/(r) has a sharp maximum equal to unity when r =s 0, a low 
minimum equal to 0*046 when r = 3*1, a com{»arativeIy low maximum equal 
to 0*076 nearly when r b 4*02, a very low niinimnni equal to 0*002 when 
r = 6*1, and so on, fluctuating between diminishing positive limits, and 
ultimately vanishing when r becomes infinitely great. 

On the other hand, h (r) vanishes when r s= 0, has a fhirly sharp maximum 
equal to 0*320 nearly when r b 2*1, a small negative minimum equal to 
—0*022 when r s 4*6, a sipall maximum equal to 0*051 when r b 6*2, and so 
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on, fluctuating between diminishing alternately positive and negative limits 
and ultimately vanishing when r becomes infinitely great. We notice that 
negative asymmetry occurs for certain ranges of wave-length. 

Compariaon mtk Experiment. 

25. In order to test the correctness of the theory by comparison with 
experimental results we must work out numerical values for particular 
arrangements of electrons, especially those that are likely to occur in nature. 
From the theoretical point of view the best examples to choose are the 
simplest, not only because they easily lead to definite numerical results, 
capable of exporiinentol verification or otherwise, but also because the 
fundamental assumptions of the theory, given in §§ 2, 4, 19 and 22 are 
probably most nearly fulfilled in those cases. Of course, experimental 
difficulties may arise in realising the conditions needed for a test, such as the 
production of X- and y-rays of sufficient intensity within the ranges of 
wave-length corresponding to the i-apid changes of a occurring near its 
princiiial maximum or to the maximum of i;. These possible difficulties 
however do not concern us here, so that we shall choose the comparatively 
simple cases of helium and lithium as examples. We shall ignore the 
possibility that all their mobile electrons are arranged in separate rings, for 
this arrangement is extremely improbable from the theoretical point of view, 
and in any case would only give values for the scattering coefficients identical 
with those for hydrogen and therefore needing no further discussion. 

26. Helium. — We make the usual assumptions A = 4, Ns: n = 2. In (39), 
§ 24, there is but one sum, and this reduces to the single term t = 1 ; hence 
we have 

ff = 0-20{l-f-/(r)}, ^s0-20o(r), r = 4wp/\. (40) 

There is no need to give graphs, for obviously those given in fig. 2 will 
serve, if the vertical scale be reduced to one-fifth, and the constant amount 
0*20 be added to give the graph of a. 

We see that for very short waves, for which f{r) vanishes, o approaches 
the value 0*20, one-half that of hydrogen, whilst for long waves, for 
which /(r) is nearly equal to unity, a approaches the value 0^0, that of 
hydrogen. - For r as 3*1 or X ss 4*06p, v is a minimum and equal to 0‘209, for 
r as 4'2 or \ SB 3p, it is a maximum and equal to 0-215, so that for wave- 
lengths equal to 4p or less v differs from the simple pulse theory’s value 
0*20 by 7} per cent, at most. On the other hand for r s 1, or X = 12'6p, 
O’ ss 0*34 and differs from its theoretical maximum 0*40 by only 16 per cent. 

In order to estimate what these wave-lengths correspond to in absolute 
measure we must form some idea of the value of p, the radius of the electron 
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ring of helium. If we take Bohr’s theory as' a guide and assume that the 
angular momentum of each electron is 7t/27r, where h denotes Plauok’s 
constant, we find that p a 0*303 A.U., whilst the ratio of the' velocity of 
the electrons to that of light, is 0*0127. Thus for the first minimum 
X as 1*23 A.U., and for the 15 per cent, deficiency below the maximum 
X = 3*82 A.U. Although our theory is quite independent of Bohr’s, or an> 
other particular theory of atomic structure, these numbers may servo to give 
some idea of suitable values of the wave-length for experimental tests. More- 
over, since r = AirpjX = 2/3i^/a>, the corresponding values of vfto arc 122 
and 39 respectively ; these are so large that appreciable vitiation of the results 
owing to resonance is not to bo feared. 

Again, as regards the asymmetry, the maximum value of n is 0*064 and 
occurs for r = 2*1, or X = 6p = 1*82 A.U. This value of n corresponds to 
<r = 0*238 and by (38), § 23, gives o-e = 0*151 and <rr = 0*087, so that the 
returned is about 58 per cent, of the emergent scattered radiation. Thus the 
greatest asymmetry is m the direction generally observed and is considerable 
even for so simple an atom as that of helium. Negative asymmetry is also 
possible, but it is very small, as we see fiom fig. 2. Its greatest value 
corresponds to 17 = —0*0044, cr = 0*214, rr* = 0*100 and 0*^ = 0104, and 
occurs when r = 4*5, or X = 2*8p = 0*84 A.U. ; the corresponding returned 
is 104 per cent, of the emergent scattered radiation, but the difTerctice is 
probably too small to be detected by experiment. 

27. Lithium, — For this element two alternative arrangements of the tliree 
mobile electrons in the atom may be suggested: (1) all three in one ring, 
(2) two in one ring and one by itself in a co-axial ring. In each case we put 

A =s 7*06, N ss 3 ; further we put n = 3 in (1), and = 2 for the ring of 

radius p in (2), the radius of the other ring being immaterial, as its contribu- 
tion to the scattering coefficients is independent of the wave-length and 
radius, as vrith the single electron ring of hydrogen. Thus we obtain from 
(89), § 24, 

<ri = 0170 {1 + y(r ) }, 1,1 = 034* (r), r = 2v'3w/i)/X 1 

va as 0170 {1 + lf(r ) }, ^ S 0-113A (»•), r = WpjX J 

The graphs given in fig. 2 will again serve, provided that in case (1) we 
reduce the vertical scale to 0'S4 of its value and add the constant amount 
0*17 to give 9 , whilst in case (2) we reduce the vertical scale to 0*113 of its 
value and add the same constant amount 0*17 to give a. 

We see that for very short waves o a 0*17, and 1 ; b 0 in both oases, in 
agreement with the simple pulse theory. But for long waves w, approaches 
the miiifimiiwi value 0*51, considerably greater than the value of 9 for 

2 o 2 



414 Prof. G, A. Schott. 

hydrogen, whilst ca only approaches the maximum value 0'288, muoh less 
than that |or hydrogen. 

Again, the maximum value of t)i is 0‘109, gives er = 0*205, Vrjtr, — 31 per 
cent., and occurs when r = 2*1 or \ s 6p, whilst the maximum value of ii% is 
only 0*036, o- s 0*192, o-r/o-* = 68 per cent., and occurs for r = 2*1 or X as 6p. 
Thus we see that both the scattering coeOioient and maximum asymmetry are 
so much greater for the first arrangement than for the second that experiment 
should enable us to decide between them. 

In the case of lithium, estimates of wave-lengths are rendered uncertain 
by the failure of Bohr's theory to provide' a satisfSctory explanation of the 
spectrum: nevertheless they are not likely to be so far wrong as to be 
without value. For the first alternative Bohr’s theory gives p s 0*22 A.U., 
/3 s 0*0176, so that the wave-length for maximum asymmetry is 1*14 A.U.. 
The first minimum of a- is given by r = 3*1, or X s 3*51 p — 0*77 A.U., 
whilst 15 per cent, deficiency from the maximum corresponds to/(r) = 0*775, 
r s 0*866, or X = 12*6 p = 2*77 A.U. The corresponding values of vjm are 
140 and 39, so that resonance can hardly be appreciable. 

The second alternative is much more uncertain, for we do not know 
whether the two rings are in the same plane or not, nor do we know 
which has the greater radius. Consequently we may content ourselves with 
the rough approximation obtained by neglecting the action of the outer ring 
on the inner one, and treating the latter as part of the nucleus in estimating 
its action on the former. Then the radius of the outer ring will be under- 
estimated, that of the inner overestimated, because the repulsion between 
them is underestimated. 

In subcase (a), with the ring of two electrons outside, this ring is praoti- 
oally the helium ring, so that we have p = 0*303 A.U., $ = 0*0127, as in 
§ 26. The maximum asymmetry is given by \ts Qpss 1*82 A.U., the first 
minimum of scattering by r ss 3*1, X s 4*05 p s 1*23 A.U., v s 122 a>, and 
the 16 per cent deficiency below maximum scattering by /(r) sa 0*626, 
r = 1*166, X » 10*7 p = 3*24 A.U., v « 46 ». 

In subcase (b), with the two-electron ring inside and practically subject 
to the attraction of three positive diarges, we find that p s 0*16 A.TJ., 

s 0*0200. The maximum asymmetry is given by X s 6/> s 1*14 AU., 
the first minimum of scattering by X as 4*05 p b 0*77 AU., v ss 77 «, and the 
16 per cent deficien<gr below maximum scattering by X ss 10*7 p » 2r03 AU., 
1/ s 29 ». 

Thus for lithium the important range of wave-lengths may be regarded os 
extending from 0*8 A.!!, to 3*2 AU., and the values of v/m are so great (hat 
appreciable vitiation by resonance is hardly likely. 
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28. The examples of helium and lithium, disoussed in §§26 and 27, are 
sufficient to indicate how experiments on the scattering of X- and 7 -tays may 
be used with the twofold object, first, of testing the correctness of the theory 
of scattering here developed, and with it the truth of the fundamental 
principles of the electron ring theory on which it is baaed, and, secondly, of 
determining the arrangement of the electrons in the atom, if and when the 
first test has proved satisfactory. It is important to bear in mind that the 
estimates of wave-lengths given above are only intended to serve as rough 
guides to the experimenter ; their correctness, or otherwise, has no impurt- 
anoe for the theory of scattering as such, but can only serve as a test of 
Bohr's theory of atomic structure. If the theory of scattering survives the 
test of experiments on the simplest atoms, such as those of hydrogen and 
helium, further measurements of the scattering by more complex atoms, such 
as those of lithini, carbon, and so on, will enable us to obtain information 
respecting the arrangement of the electrons in these atoms. The character of 
the variation of scattering and asymmetry with the wave-length depends 
upon the number of rings and the number of electrons in each ring, whilst 
the position of the maxima and minima depends upon the radii of the rings. 

Very few experimental results are available for comparison as yet, and no 
absolute measurements at all on hydrogen and helium, which are so necessary 
for a test of the theory. Anrdn* has given a very valuable series of measure- 
ments relative to water, from which it appears that the atomin scattering 
coefficient of lithium is about four times that of hydrogen for X — 0'86 A.U. 
This gives <r — 0*227, with an error which may be as much as 10 or 20 per 
cent., because of the uncertainty in Aur^n’s value for the coefficient of 
hydrogen ; for this standard number has to be calculated from water and 
carbon compounds and necessarily appears as the difference between nearly 
equal numbers. The value of 0 * is muoh greater than the simple pulse 
theory’s value, 0*17, and is well within the limits given in § 27, but it is too 
unreliable to furnish a reliable estimate for p or to decide between the two 
arrangements discussed there. 

29. We must now^ consider certain experimental results obtained by 
Ishinof for very hard y-rays scattered by aluminium, iron, and lead, 
bearing in mind that our theory can only be applied to atoms as complex as 
these with a very rough approximation owing to the oompararively large 
values of /9 that are to be expected for some of their rings. 

In the first place, Ishino and Madsen before him, found very great 
(Symmetry coupled with a very small scattering coefficient, vi&, a ratio 

* * Phil. Mag.,' Ser. 6, voL 37, p. 165 (1319). 
t 'PhU. Mag.,* Ser. 6, vol 33, p. 120 (1817). 
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0 -r : a, equal to 0'15 and a mass scattering coefficient of the order 0'04 for 
aluminium and 0*03 for lead. Thus we obtain for aluminium o-sO'04, 
1 ] s 0*03, and for lead <r = 0*03, ^ 0*022, so that i; is about three-quarters 

of o- for each element. The asymmetry is greater than any we have discussed, 
but is not so great that it cannot be accounted for by the presence of rings 
of many electrons. In § 27 we found that a ring of three electrons gave a 
value of ^ one-half that of tr, so that a ring of seven electrons, such as 
Vegard assumes for aluminium, may easily give the requisite asymmetry. 

But the smallness of the mass scattering coefficient remains unexplained 
by the present theory, which gives the simple pulse theory's value as a 
lower limit. The exceptionally small scattering coefficients observed by 
Ishino are, however, accompanied by a change of type, a softening of the 
rays, pointing to an emission of rays accompanying the scattered rays, but 
of greater wave-length, a fluorescence in other words. May not these be due 
to free vibrations of the electrons, generated by the incident radiation and 
accompanying the forced vibrations to which scattering is due? There is 
reason for supposing thoA seme of the free vibrations of the eUetron rings are 
but slightly damped and therefore comparatively persistent, otherwise 
interference with long path differences would be impossible. Moreover, we 
know from ordinary dynamics that the initiation of a forced vibration is on 
the average accompanied by the production of a free vibration, but when the 
incident vibration is undamped, only a small fraction of its energy is used in 
generating free vibrations on the average. When, however, the incident 
vibration is strongly damped, a large fraction of its energy may be used 
in this way, and a correspondingly smaller fraction scattered. This problem 
is too long to be discussed here, but is under investigation at present. 

The lling Electron. 

30. Just after the completion of the preceding part of this investigation 
I became acquainted with the full text of the paper on “ The Sise and Shape 
of the Electron,” by A. H. Compton,* in which he considers the scattering 
of the X- and y-rays by the flexible ring electron amongst other topica 
Evidently this electron may be regarded as the limit of an electron ring 
when the number of the electrons becomes infinitely great, whilst the total 
charge and mass remain finite. Hence we should obtain expressions for the 
scattering coefficients of the ring electron as limiting values of our expres- 
sions for the electron ring, especially (25), § 19, and (29), § 21. 

For this purpose we suppose n to become very large and r^lace « by e/n, 
m by m/n, irijn by and l/» by d^jv. The summations with respect to 
* ' Phya BevV voL 14, p. SO (ISIS). 
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t are taken most conveniently from 0 to n— 1, it., including the first term, 
previously separated from the rest, and become inte^ations with respect to 
^ from 0 to IT. 

Thus we obtain from (25), § 19, 


/I . « >), f' sm ( 4 t sin i ^ Bin A) 

.S' = ^ - (1 + cos* 6) 1 — f — - ■ 5 • ■' J' 

2wc%*' 'Jo 4TSini^sin^ ^ 




( 2 t sin 
(«!)^(28+1) 


where t = 2Trpj\ as before. 

31. The series represents Compton’s ratio ^ : I, and can be compared 

with his series (20),* where a is used instead of our p for the radius of the 
ring. The form of the scries is the same, but the coefficients are different, 
on account of a difference in the mode of averaging for the varying orienta- 
tions of the rings in an assemblage. In our fig. 1, § 7, the pole of the ring, 
is fixed by its angular distance or 7, from the fixed point V and by the 
angle «VU, or ft, between the great circle sV and the fixed great ciicle UV ; 
and we have taken the probability of the orientation (7, ft) to bo 
sin ydydSljAfir. On the other hand, Compton determines .the position of 
the ring by the angular distance TV, or «, from the fixed point V of the 
intersection T of the great circle xifl (the plane of the ring) with the fixed 
great circle UV and by the angle .vTV, or between the two great circles ; 
and he takes the probability of the orientation («, /9) to be It is 

easy to prove from the spherical triangle «VT that sin = sin fidadfi. 

The diflerence amounts to this: with us the poles z of the rings are 
distributed uniformly over the unit sphere, whilst with Compton the point T 
is distributed uniformly over the great circle UV, and at the same time the 
plane of the ring xOy is distributed uniformly about the nodal line OT. 
The difference is not, however, of fundamental importance. 

32. To obtain S(0}, the whole scattering forwards through a cone of 
semi vertical angle ft we multiply (42), § 30, by 2irBin tfrfft or Hinidn, where 
u ss sin j^ft and integrate as before. Thus we find 


o,-., _ 4ir««5 . (2ruy / «» 2u* 2u*\ 

The total scattering is given by 0 s w, or u = 1 ; we obtain 

3 («>'+ 3 «+ 4 )( 2 t>«' 

2 («l) (»+' 3 !)( 2 «+iy 


( 43 ) 

( 44 ) 


* Loe, «ir.| p. 42. 
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This can be cotapared, with Compton's series (21),* which has the same 
form as (44), but differeut ooefhcienis for the reason above assigned. 

As regards asymmetry, we obtain Floranoe's emergent scattered radiation 


scattered in the forward direction by putting 6, — or u = 



in (43); 


thus we have 




471^* V. .y 3(;^ + 5s-h8)(x/2ry^ 
^ ^ 4 (s !) (5 + 3 !) {2s + 1) ' 


(45) 


The coetticients in the series (44) and (45) are arranged so that tiie first 
term is unity in each case ; then the coeMcient of in (45) is 

^ o* + 8)/(^5* + 3s + 4) 

times that in (44). It follows that the ratio S(|7r):S, which is one-half 
when the frequency vanishes, or t = 0, increases with t to a maximum, and 
then probably^ alternates between ever-narrowing limits as the suooessive 
terms of the series predominate in turn, in somewhat the same manner as 
the mass asymmetry cootlicients in fig. 2. 

33. The series (44) and (45) are convenient whoa r is small, or \/p lai'ge, 
but for large values of r, or small values of X/p, the oomputation l)ecome8 
very laborious owiiig to the great number of terms required. In this cose it 
is better to use (29), § 21, and (36) § 23, or their equivalents (32), § 22, and 
§ 23. We obtain, by proceeding to the limit for n ~^oo , as in § 30, 


S = 


E = 


Sc^m^ 

Sire* 

3c*ni* 






( 4 «) 


where t =s 2irpl\ as before. S is, of course, the total scattering coefficient of 
the ring electron as before, whilst E is its asymmetry coefficient, defined as 
in § 23, and equal to the excess of the “emergent scattered radiation,” 
S(^ir), over the “returned scattered radiation,” S — 8(^7), each being 
reckoned per unit intensity of the incident radiation. 

A graphic method of computation could be based on the second type of 
integral by making use of the graphs of the functions /(r) and A(r) given in 
fig. 2, but the vanishing factor would oause diffionlties near the 

upper limit. On the whole, the best method is based on the first type of 
integral: for a given value of r, or 2wp/X, the argument 2T8in^ is 
calculated fur a number of equidistant values of ^ from 0 to ^ir; corie* 
sponding values of / and h are found from the Tables at the end of this 
paper^ and then one of the usual summation formulae is applied. When 


* £ 00 , eit., p. 48. 
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the interval of ^ is tt/ti, where n is an even integer, this amounts to 
Approximately the same thing as calculating S, or E, as the case may be, for 
A ring of n electrons and dividing the result by n\ The greater n is, the 
better the approximation will be. Put briefly we may say : 

The scattering, or asymmetry, of the ring electron of radius p, chaige e 
and mass is the limit, when n is infinitely great, of n~^ times the 
scattering, or asymmetry, of a ring, of radius p, of n equidistant electrons 
of the usual type, each of charge e and mass m. 

34. The results of most importance for a comparison of the three theories 
•discussed in the preceding pages may he summarised in the following Table, 
where the total scattering is for convenience sake expressed in terms of 
or the total scattering of the hydrogen atom (»n the simple pulse 

theory, as a unit. N denotes the atomic number, taken to be the total 
number of mobile electrons in the atom, whether ring electrons or electrons 
of the usual type. For the electron ring theory n, as before, denotes the 
number of electrons of. the usual type in any one ring, and the sign of 
summation refers to the several rings, so that N Sn. 


Xbeor^'. 


Simple PuUe . 
Electron Bing 
Bing electron.. 


Maximum total 

Mlmmiim total 


8catt«rin(C. 

Acattcring. 

Maximum oftymmetry. 

(Long wareu.) 

(Short waros.) 

! 

N Eor all wa 

re length A 

0 

Xm* 

N 

IncreHAlng as » tncreases. 

N 

0 

Alwft)r8 large. 



The corresponding values of the mass scattering coefficients relative to 
hydrogen are obtained from those of the relative atomic scattering coefficients 
•given in the second and third columns by dividing by A. the atomic weight 
of the element considered. 

The Table enables us to indicate experiments which might be crucial in 
'deciding between the several theories. For example, for hydre^en we take 
N 38 n = 1 ; according to the simple pulse and electron ring theories the 
total scattering has the same value unity for all wave-lengths, and there is 
no asymmetry, but according to the ring electron theory the total scattering 
•only has the value unity for long waves and diminishes to zero for short ones, 
wl^t the maximum asymmetry is as large as that found by Ishino for 
Aluminium, iron, and lead, but probably occurs at a longer wave-length. 
If the scattering from hydrogen, whetiher gas under pressure or liquid, can 
be observed at all, even quite rough measurements should be decisive for or 
Against the ring electron theory, but could not decide between the other two 
theories. 
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Again, for helium we may put N s: n. s 2 ; according to the simple pulse- 
theory the relative total scattering is 2 for all wave-lengths, and there is no 
ai^mmetry ; according to the electron ring theory the relative total scatter- 
ing is 4 for very long waves and diminishes to 2 for very short ones, and 
there is appreciable asymmetry, but much less than that found by Ishino for 
alnminium and the other metals ; lastly, according to the ring electron 
theory, the relative total scattering is 2 for very long waves and diminishes 
to zero for very short ones, and there is large asymmetry, comparable with 
that found by Ishino for aluminium. 

Similar results hold for other elements: speaking generally, the simple 
pulse theory gives relative total scattering equal to the atomic number 
independently of the wave-length, and no asymmetry; the electron ring- 
theory gives exceptionally large relative scattering for very long waves 
diminishing to the simple pulse theory’s value as a lower limit for very short 
waves, together with appreciable, but relatively small, maximum asymmetry 
for light atoms and large maximum asymmetry for heavy ones ; and lastly, 
the ring electron theory gives the simple pulse theory’s value as an upper 
limit of the relative total scattering for very long waves and values dimin- 
ishing to zero for very short waves, together with large maximum asymmetry 
of the same order for all elements, whether light or heavy. 

35. The experimental data available for a comparison are few and con- 
tradictory. 

The relative measurements of Aur^n on the total scattering for wave-lengths 
between 0*34 and 0*38 A.U. give values much greater than the simple pulse 
theory’s value even for light elements, e.g., 0*227 instead of 0*17 for lithium, 
already mentioned in § 28. Aur^n’s values include absorption and therefore 
are subject to vitiation by resonance; but no characteristic radiation of 
lithium has been observed near his range of wave-lengths, although the J 
radiation of carbon, originally discovered by Barkla, is not far away. Since 
0*17 is the upper limit of the total scattering of lithium according to the ring 
electron theory, this result, as well as odiers of Aur4n, is against that theory, 
but it is not decisive because the possibility of vitiation by resonance is not 
excluded. 

On the other hand, as we saw in §§ 29 and 35, Ishino found values of the 
total scattering of aluminium, iron and lead for hard y-rays of a wave-length 
about 0*07 A.U., which were only one-quarter of those to be expected 
according to the simple pulse theory and also the electron ring theory for 
very short waves. Compton shows that values of this order are to be- 
expeoted tor a ring electron of radius 0*02 AU. ; they cannot be explained 
at all by the umple pulse theory, nor by the electron ring theory developed 
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above for light elements, so long as the y-tays are regarded as undamped. 
But two possible explanations may be suggested. In the first place 
aluminium, iron, and lead are not light elements in the sense of the present 
investigation, in which the effect of the speed of the electrons has been 
neglected. We have some reason for supposing that some of their mobile 
electrons move with speeds quite appreciable compared with that of light, so 
that their mass is greater than m, that of a slowly moving electron, and the 
effect of the magnetic field of the incident radiation also must be taken into 
account. The effect of increase of mass is to diminish the total scattering 
coefficient: that of the magnetic field requires investigation. Secondly, 
damping of the incident radiation may be expected to diminish the scattering 
for the reasons already given in § 29, but the investigation alluded to there , 
so far as it has gone, shows that it can have no effect in the case of a ring of 
one electron (hydrogen). It may bo urged that damping is irreconcilable 
\rith the production of fine spectrum lines, but it should be borne in mind 
that the resolving power of X-ray spectrographs is far below that of optical 
instruments, and the phase differences reached are correspondingly smaller, 
and this seems to be still more true for y-rays, such as those used by Ishino. 
Thus an amount of damping would be possible for hard y-rays, which would 
be quite out of the question for light. Moreover, it is suf^^estive that the 
deficiencies of the total scattering below the simple pulse theory’s value 
observed for carbon and aluminium by Barkla and White* are very miich 
smaller them those observed by Ishino, commence at wave-lengths from 
0*3 to 0*2 A.U., and increase as the wave-length diminishes. In any case 
until the investigations on the effects of damping of the incident radiation 
and of tlie speed of the electrons have been completed, Ishino’s experiments 
cannot be regarded as dedsive against the electron ring theory, although they 
are strongly in favour of the ring electron theory. 

[Note added DecenAer 4. — ^The damping investigation has been completed 
and gives the following results.* — ^For values of r less than 1*5 slight 
damping diminishes the scattering function but for greater values it 
increases it, but the changes are very small for any admissible amount of 
damping. Large damping almost certainly diminishes the scattering to the 
simple pulse theory’s value, but not below. Hence damping cannot explain 
Ishino's low values. The effect of electron speeds comparable with that of 
lig^t is under consideration.] 

36. In order that experiments on scattering should lead to definite theo- 
retical results, the following conditions ought to be approximated to as 
* <FUL Mag.,’ Bar. 6, vol. U, p. S70 (1017). 
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nearly as may be consietent with the oae of an inoident radiation of 
enffioient intensity to enable measurements of reasonable aooniaoy to be 
made : (1) the inoident radiation should be monoohrmnatio ; (2) the range of 
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wave-lengths should be wide ; (3) the scattered radiation should be sifted 
from any acoompanying resonance or fluorescence radiation of different wave- 
lengths ; (4) contamination of light elements with heavier impurities should 
be avoided on account of the disproportionate effect of the heavier elements 
on the scattering for the longer waves* 

Experiments on these lines on the absolute scattering in various directions 
of X- and 7-ray8 by hydr(^en, as well as other light elements, either absolute, 
or relative to hydrogen, for suitable ranges of wave-lengths, may be expected 
to give valuable information respecting the nature of the electron, the 
arrangement of the electrons in light atoms, and the nature of X- and 7-rays, 


Tables of the Functions /(r), g (r), h (r). 
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0-0888 
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0*0064 
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0-0068 

0-0246 

0*6 
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0-0187 

0 0624 

6*6 

0-0181 

0*0091 

0-0867 

0*8 

0*8049 

0*0228 

0*1049 

6-8 

0-0064 

0 *0102 

0*0454 

1*0 

O-TIOO 

0-0826 

0*1529 

6*0 

0-0029 

0*0100 

0*0608 

1*3 

0 6070 

0*0419 

0 2008 

6*2 

0*0023 

0*0062 

0*0611 

1*4 

0-6019 

0-0407 

0*2462 

6*4 

0*0043 

0-0068 

0-0484 

1-6 

0‘4008 

0*0661 

0-2816 

6*6 

0-0082 

0-0084 

0-0426 

IS 

0-8078 

0*0676 

0*8063 

6*8 

0*0180 

-0-0006 

0*0844 

a-0 

0*2264 

0*0664 

0*8188 

7*0 

0-0178 

-0*0088 

0-0262 

a *2 

0-1604 

0*0616 

0-8168 

7*2 

0-0218 

-0-0066 

0-0178 

2*4 

0*1108 

0*0448 

0*2990 

7 '4 

0*0244 

-0-0066 

0-0102 

2-6 

0*0768 

1 0*0844 

0*2728 

7*6 

0*0262 

-0*0066 

0-0046 

2-8 

0*0664 

0-0281 

0-2868 

7*8 

0*0241 

-0-0068 

0-0010 

8*0 

1 0*0468 

0*0114 

0 -1921 

8*0 

0*0216 

-0-0042 

-0-0008 

a -2 

0*0470 

0*0022 

0-1462 

8*2 

0*0176 

-0-0022 

-0*0010 

8*4 

1 0*0626 

-0*0096 

0-1011 

8*4 

0-0182 

-0-0001 

40-0007 

8-6 

0-0607 

-0-0169 

0-0598 

8*6 

0*0068 

4 0*0019 

0-0028 

8-8 

0*0686 

-0-0218 

0-0262 

8-8 

0*0040 

0*0088 

0-0065 

4-0 

0*0740 

-0-0286 

0*0016 

9*0 

0*0022 

0-0042 

0-0080 

4-2 

0*0767 

-0*0228 

-0*0140 

9-2 

0-0007 

0*0044 

0-0006 

4-4 

0*0783 

-0-0108 

-0*0219 

9-4 

0*0006 

0-0042 

0-0104 

4-6 

0*0069 

> -0*0160 

-0 *0201 

9*6 

0*0016 

0*0020 

0*0106 

4-8 

1 0*0674 

-0*0098 
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0-0086 

0*0016 

0-0106 

6-0 

0*0469 

-0-0084 

-0*0026 

10*0 

0-0060 

0-0000 

0-0003 


In conclusion, I wish to thank Prof. Sir J. Larmor for his interest in the 
work, and his valuable criticisms and suggestions. 
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A Note on Dr. Ch/ree'a Recent Diaouseion of Two Mctgnetic 

Storma. 

By S. Chapman, M.A., D.So., F.liS., Profeesor of Mathematics and Natural 
Philosophy in the University of Manchester. 

(Beceived November 1, 1919.) 

In ‘ Proceedings,’ Ser. A, voL 96, pp. 32-55, Dr. Chree describes certain 
records of two great magnetic storms which occurred in 1918, and in 
connection with them adverts frequently to various portions of a paper* 
of my own, entitled “An Outline of a Theory of Magnetic Storms.” On 
p. 32 he states that the two storms are of the kind discussed in my paper 
(and to this I agree), but that the results differ much from those which 
I gave as representative of world-wide magnetic storms. No precise 
summary of the allt^jed differences was given, and the only ones to which 
attention was expressly drawn seem to be as follows : (a)f the initial sudden 
rise in the value of H (horizontal force), as shown in fig. 1 of his paper, 
is much less, proportionately, than in the corresponding curve in my fig. 1 ; 
and (5)} while the Kew and Eskdalemnir H diagrams for March 7-8 
resemble my fig. 1, “ it is otherwise " with the Agincourt H diagram for 
the first part of the storm. 

As regards (ri), my fig. 6, illustrating how the changes in H depend on 
the intensity of the storm, shows that the greater the storm the less is 
the ratio borne by the initial rise in H to the subsequent fall. As 
Dr. Chree’s storms are much more intense than those illustrated in my 
fig. 1 the difference he notes is in accordance with my lesalts.! 

As to (6), it is to be observed that Dr. Chiee is comfMring different things 
when he places the carves of his and my fig. 1 alongside each other. In 
my paper I stated that the variation of H (or other magnetic element) 
at any station during a storm was composed of three parte, which I termed 
the storm-time, the local-time, and the irregular variations. To derive 

* * Boy. Soc. Proc.,' A, voL 90, pp. 61-83. 

t Loe. <A., p. 37. 

t Loe. eit., p. 38. 

§ la oonneetion with the influence of intenaity on the ooune of a nagnetio atorm. 
Dr. Chree (p. 39) refers to the ncoeieration of minimum phase with increasing intensity, 
whidi was noted in my paper. Ue auppoaes me to have concluded that this aoceleration 
is anudi, otherwise 1 “ would hardly hare derired (my) results, as one infers (I) did, from 
the superposition of storma irrespective of rise.*' My flg. 0, on tbe contrary, dearly 
indicates considerable acceleration ; and my storms, both those of fig. 6 and those of 
flg. 1, were carefully grouped according to rise. 
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.the two former, regular, variations, I averaged the results (in two different 
ways), from a number of similar storms, thus eliminating most of the 
aooidental variations. My fig. 1 illustrates only the resulting Btorm>time 
variations, the local-time variations being given in figa 3-5; Dr. Chree’s 
fig. 1 includes all three parts of the variation. It is not to be expected 
that, by mere inspection of the records of two or three stations for a single 
storm, one should be able to disentangle the three parts of the whole 
variation, and so to test whether these parts are conformable with roy results. 

In the given case, however, the difference (b) indicated by Dr. Ghree 
does not appear to conflict with those representative types. If the difference 
wore part of the aooidental variation — a quantity which cannot be predicted 
beforehand, nor recognized with certainty (unless possibly from the results of 
many stations taken together) whon present— nothing more need be said. 
But it seems likely that in the given caste the irregular variation is small ; 
the difference should then, according to my paper, be due to the presence 
of the local-time variation in Dr. Chree's, but not in my, fig. 1. Dr. Cbree 
mentions that this might be alleged as the reason, but rejects the explanation 
because the local-time variation in H at Kew and other European stations 
is small, I agree that the latter is the fact, and see theiein the cause 
of the similarity between the Kew H-curves and my own ; the local-time 
variation being small, its presence does not destroy the resemblance witli 
my curve, from which it is absent. At Agincourt, on the contrary, the 
local-time variation in H is not small,* and has a large maximum at about 
18 L local time ; to this 1 attribute the presence of the positive peak 
in Dr. Chree’s Agincourt curve (fig. 1) at about 21 h. local time. 

* The evidenoe for this will be given in a future discusttion of the local-time variation 
at a number of obaervatoriea spread widely over the Nurthern hemisphere. Cf. also 
fig. 8, section li, of my paper. 
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An Eaplanation of Criticisms on Dr. S. Chapman* s Recent 
Paper^ Outline of a Theory of Magnetic Storms** 

By C. Chrbb, Sc.D., LL.D., F.R.S. 

(Received November 20, 1919.) 

Criticieni of Dr. Chapman was nut the primary object of my paper,* and ib 
would seem that I have studied brevity too much in referring to differences 
which to myself were conspicuous. That fault I shall hope to repair now. 
But first I should make it clear that there are certain points about which 
there is, I think, no difference of opinion. Our knowledge of magnetic 
storm phenomena in high latitudes is very limited, but in low and moderate 
latitudes the following phenomena in the variations of H (horizontal force) 
during storms having Sc’s (sudden commencements) have been, I think, 
generally recognised for many years. The result of the Sc movement or 
movements is almost invariably to enhance H, and a marked fall does not 
as a rule set in immediately. 

This rule is not absolutely without exception. For instance, on the 
occasion of the very large storm on August 11-12 of the present year, a large 
reverse movement set in so soon after the So that the mean values alike for 
the first hour, the first half hour, and even the first quarter hour of storm 
time " are much below the pre-storm value. Still exceptions are rare, and 
the mean value of H for the first hour or half hour after the Sc is nearly 
always in excess of the pre-storm value. 

Sooner or later a marked fall sets in, which, though generally interrupted 
by oscillations, usually reduces the value of H well below the pre-storm 
value, and again sooner or laier this is followed by a recovery, which in its 
turn may be interrupted by oscillations. 

So far, I think, there is pretty general agreement The doubtful points 
are essentially two : 1st. Is the sequence of events after the Sc so uniform 
as to make the general use of "storm time” desirable? 2nd. Are the 
phenomena at stations so dominated by the distance from the earth’s 
magnetic axis that Dr. Chapman’s combination of them into groups, deter- 
mined by that distance, is really helpful ? 

As I carefully pointed out, I had selected the two storms discussed in my 
paper before Dr. Cihapman’s paper appeared. But, as it so they 

brought up the two doubtful points in an acute form. The Kew and 
Edcdalemuir H curves for March 7-8, as Dr. Chapman remarks, do show a 

* * Boy. Soc. Proo.,* A, vol. 00, p. 82. 
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couaiderable general resemblance to the corresponding curve of his fig. 1 ; 
but side by side with these in my fig. 1 are the corresponding curves for 
Augusjb 16-16 — which seem to have escaped Dr. Chajnnan’s eye — and in 
these II oonlinuod to rise for several hours after the S(}. This seemed, and 
still seems to me, u notable diflbronce. 

The second point was raised by the Agincourt H curve for March 7-8 
which also appeared in my fig. 1. In this case it will, 1 think, be well to 
glance at the size of the differences between Agincourt on the one hand, and 
Kew and Eskdalenmir on the other, as given for H in my Table I.* The 
algebraic excess of the Agincourt departure from the pre-storm value over 
the Kew departure was 160 y at 1.5 h. on March 8, and more than 340 7 at 
2.6 h. The con’espoudiiig algebraic c.xcesscs of Agincourt over Kskdalomuir 
were respectively 292 7 at 1.5 h., and more than 632 7 at 2.5 h. The differ- 
ences we have to explain are tlius enormous. Dr. Chapman is now apparently 
disposed to ascribe them to a large “ local time ** variation at Agincourt, since, 
as he admits, the local time variation at the European stations is not large. 
Apart from the gigantic variation required, I do not see how Dr. Chapman 
can possibly reconcile this with the fundamental assumptions of his first 
paper. According to it the “ local time ” variation, equally with the “ general 
storm ” variation, should have been determined simply by the distance of the 
station from the Earth's magnetic axis. Its amplitude should thus have 
been practically identical for Kew and Agincourt — these two stations having, 
as I pointed out, the some magnetic latitude — the only difference being 
five hours in the phase angle. The amplitude as shown by the curve 3b in 
Dr, Chapman's fig. 3 is only about 20 7. 

I may add that, in connection with the discussion of the Scott Antarctic 
Expedition magnetic data of 1911-12, 1 have had occasion to compare a large 
number of disturbances at Agincourt with corresponding disturbances at 
Eakdalemuir and Kew. These suffice to show that Agincourt is in general a 
much more highly disturbed station than Kew. This is one of my reasons 
for thinking that the classification of stations according to distance from the 
magnetic axis is not well advised. 

The criticism that he had derived his results from storms, irrespective of 
size, which Dr. Chapman quotes from my p. 39, referred to his fig. 1. In the 
ease of his fig. 6, which was restricted to two stations, Bombay and Pavlovsk, 
storms were presented in three groups aooording to size. With only three 
groups there would naturally be a considerable range of amplitude within 
any one group, still a distinction was made. But fig. 1, unlike fig. 6, shows 
only one set of curves for each group of stations. I had supposed that, 

* Loc. cit.y p. 30. 
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except for Bombay and Pavlovsk, Dr. Chapman had confined himaelf to forty 
BtorrnR of “ uouaiderable, though not outstanding intensity”* and that his 
iigs. 1, 3, 4, and 5, represented results derived from superposing all. these, 
irrespective of size or duration. If the storms were specially selected, the 
criteria observed should certainly have been explicitly stated, and correspond' 
ing reservations made in presenting the conclusions as univeisally applicable. 

The storms considered in my paper were moderate ones. They were 
trifling for instance, as recorded at Kew, compared with the recent storm of 
August 11-12. But without knowing more of the storms on which 
Dr. Chapman based his fig. 1,1 cannot say how much of truth there may be 
in the explanation which ho gives of the comparative shallowness of the 
depression of H shown by tliat figure. A different explanation occurs to me. 
The time subsequent to a Sc when a marked fall appears in H, even in 
storms of similar size at the same station, is in my experienoe a very variable 
quantity. Similarly, the lime when a marked recovery sets in is highly 
variable. Thus, when one superposes, following "storm time,” a large 
number of H curves, the only feature that is universal, or nearly so, is the 
enhancement immediately following the Sc. After the first hour or half hour 
of “ storm time ” positive contributions from some storms are superposed on 
negative contributions from others, llius the maximum depression apparent 
in the composite curve is small compared with the arithmetic mean of the 
depressions in the individual curves. 


* hoc, cit., pp. 63 and 64. 
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The Meamrement of Magnetic Sasceptihilities of Low Order. 

By Ernest Wilson, M. Inst C.E., M.LE.E., Siemens Professor of 
Electrical Engineering in the University of London. 

(Communicated by Prof. J. W, Nicholson, F.RS. Received September 3, 1918.) 

1. Inirodtictory. 

The magnetic susceptibilities of various kinds of rock specimens have 
recently assumed considerable importance in relation to the new magnetic 
survey of the British Isles, and in this connection as a member of tlie Iron 
Ore Committee of the Conjoint Board of Scientific Studies, the author was 
asked to endeavour to obtain a solution of the problem, which, in its 
essentials, consisted mainly in the development of some instrument capable 
of measurement of susceptibilites of low order. At the suggestion of the 
Committee the author has prepared the present communication which con- 
tains an account of the instrument used, together with some of the results to 
which it has led. The particular work on rock specimens which was the 
origin of the enquiry is given in ** A Report on Magnetic Disturbances in 
Northamptonshire and Leicestershire and their Relation to the Geological 
Structure.*** 

The type of instrument which has been used in the work described in the 
present communication is a modification of that known as the Curie balance,! 
and depends for its action upon the pull exerted by a magnet. 

2. The Magnetic Circuit. 

The core of the magnetic circuit is in the form of a ring cut from a plate of 
a 3 per cent, silicon alloy of iron known by the name of Stalloy. This material 
was chosen because of its high permeability at low values of the magnetic 
forca The ring has an outside diameter of 18 cm. and an inside diameter 
of 10*6 cm. Its thickness is 1*6 cm. An air-space with parallel sides is cut 
in the ring and its width is 1*6 cm. The poles are tapered at an angle of 
60* with the plane of the ring, and the opposing faces are 1 cm. wide. The 
rmg is wound up to the pole pieces with five layers of copper wire of 
diameter 0*122 cm., insulated with two layers of cotton. The numbers of 
tui^uB on the layers from innermost to outermost are 184, 182, 176, 170, 161 — 
to^ 873. 

I 

* ^ Phil. Trans.,' A, voL 919 (1019), Appendix. 

t * Annalesde Ohemie et de Fhyrique,* 7e S^rie, voL 5 (1895) ; * Journal de Physique,* 
4e Td. 9 (1903) ; ‘ Proo. Fhys. Soo.,* London, vol. 92, pt. 3, pp. 343-856. 

to4 XOVX. — A. 2 1 



480 Fro£ £. Wilaon. Th/& Me€mkremeint of 

The calculated ratio of the force in the dr-epace without the inserted 
specimen to the magnetising current in amperes varies from 676 to 726 
owing to the changing permeability of the stalloy as the force in the air- 
space varies frmn 8 to 1000 O.G.S. units. This is in close agreement with 
experiments made with an exploring coil inserted in the air-space and a 
ballistic galvanometer. 


3. Leacription of the Iiutrununt and Apparatus, 

The electromagnet M (fig. 1) which produces the magnetic field is supported 
in a vertical plane on a wooden base which is capable of motion to and fro 



Fto. 1. 


on brass rails, 1, 1, of circular section. The movement is controlled by a 
screw, 2, having 20 threads to the inch which is turned by hand. The winding 
on the electromagnet is continued by flexible conductors to terminals, 3, 
flxed on the base at the back of the instrument The specimen, 4, whose 
susceptibility is required is supported in a grip made of thin sheet aluminium 
or tin, which forms the extremity of a beam, 6, made of aluminium wire 
0’32 cm. diameter. The horizontal distance between the centre of the vertical 
portion of the beam and the centre of suspension is 10'9 cm. which is 
therefore the effective radius. The horizontal portion of the beam passes 
through a piece of sheet aluminium, 6, which is suspended from the head- 
piece, 7, by a phosphoivbronze strip, 8. The strip is 10 om. long and of reot- 
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angular section 0*86 mm. x 0*09 mm.* The head-piece oonaists of two 
oonoentrio tubes of brass, the outer one being fixed to the frame work, and 
the inner one capable of being raised or lowered by a ring, 9, which has a 
screwed thread on the inside, and engages the thread cut on the outer 
surface of the inner tube. Two screws, 10, 10, fixed to the inner tube and 
working in vertical slots in the outer tube prevent the inner tube from 
rotating. The specimen is counterbalanced by an aluminium sliding 
weight, lit ftod an aluminium rider, 12. The mirror, 13, is fixed to the 
aluminium sheet which supports the horizontal lieam, 5, and the moving 
system is damped by submerging an extension of it in an oil bath, 14. 
In order that the strip, 8, may be maintained in a vertical position, four 
sighting pins, 15, are so arranged that the intersection of the two straight 
lines joining obliquely opposite pins ooincides with the true centre of 
suspension. The instrument is closed in at front and back by sheet glass 
which is capable of being moved upwards or downwards after the manner of 
an ordinary chemical balance. 

A storage cell battery is employed to supply the magnetising current 
which is measured on an ampere meter. An adjustable resistance is included 
in the circuit in order that the magnetising current can be conveniently 
adjusted to produce the required magnetising force H in the air-space of the 
electromagnet. A reversing switch is employed primarily for the purpose 
of demagnetising tlie magnet by reversals when variations in the force K 
are required, and for removing all traces of residual magnetism. 

4. The Field of the Electromagnet, 

Preliminary experiments were made before deciding upon the shape of the 
pole-pieces, and much was already known in this coimectioa from an investi- 
gation by Nagaoka,f who has examined the distribution of the magnetic field 
in the neighbourhood of differently shaped pole-pieces by aid of the variation 
of Zeeman effect at different points of the field. Unfortunately this method 
ceases to be applicable when fields so low as 3000 C.O.S. units are employed 
on account of diminished sensibility. 

M. P. Curie {loe, cU.), in his original apparatus, employs two equal cylinders 
of iron with their circular ends as pole-pieces. The axes of these cylindera 
are in a horizontal plane, and inclined at an angle of about 144°, the distance 
between the nearest points being equal to the diameter of either cylinder. 
Bach cylinder is wound with a magnetising coil, and the magnetic circuit is 

* For greater eeiwitivity a pboei^or-bronse strip of rectangular section, 0'89 mm. X 
mm. has been employed. 

t SCgaku-Botorigakkwai Kfsi,’ Snd Ser., rol. 8, No. 3, p. 73. 
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completed by yoke-pieces screwed to the base-plate. Begarding the axis of 
X as the direction in the horizontal plane bisecting the angle of inclination 
of the axes of the cylinders, and the direction at right-angles to this as axis 
of y, it was necessary to hnd the value of dRgjdx where H, is the magnetic 
intensi^ at right-angles to % A circular search coil was placed in the x 
axis with its plane normal to the magnetic field, and on moving it quickly from 
point to point in the direction x a series of deflections of a ballistic galvano- 
meter was observed, from which dYLffdv could be found. On account of irre- 
gularities it was found preferable to employ a difi'ercnt method based on the 
fact that dflyjdx = dKxJdy, a necessary property, of course, of any magnetic 
field arising from a magnetic potential. The search coil was therefore placed 
with its plane parallel to the direction of the field and normal to the direction 
X, the disj^laoements being in the direction y. 

In thd present experiments a new method for the exploration of the field 
in the air space has been devised, which depends not on the determination of 
dWyjdx, hut on the direct measurement of It is therefore in some 

respects essentially different ; and it is of course evident that the modification 
of the Curie balance, which admits sudi a direct measurement, must possess 
considerable practical advantages. 

The arrangement is shown in fig. 2. A fine straight wire of platinum, p, 
4 cm. long, was fixed vertically to the extremities of two parallel aluminium 
wires, a, lying in horizontal planes 4 cm. apart. The aluminium wires were 
fixed to a rod of ebonite, e, which hung vertically, and was attached by a 
vertical conductor, e, to the phosphor bronze suspension, whose force of 
torsion it was required to measure. Looking at the aluminium wires in a 
direction normal to the horizontal planes, the two extremities above 
mentioned are centrally situated between the poles of the magnet, M, and in 
the mid-plane of the magnet ring. The wires from these points are straight 
for a distance of 5*6 cm. in a direction normal to the plane of the ring, the 
object being to confine the force to the vertical platinum wire. They then 
curve round towards the centre of suspension of the instrument, where tliey 
are attached to the vertical ebonite support, in this manner the platinum 
wire, p, is capable of movement in a direction at right angles to its length, 
and for small arcs at right angles to the plane of the magnet ring. A small 
mirror, m, was attached to the axis of this moving system, and in coqjanctiou 
with a spot of light and scale was used to measure the angular displace- 
ments. An electric current was passed through the vertical platinum wire, 
p, in the following manner. A storage cell had its positive pole oonneoted 
through an ampere meter and an adjustable resistance to the head-piece of 
the instrument. The current could then flow through the phosphor bronze 
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strip to the upper of the two horizontal aluminium wires. It then passed 
along this wire to the platinum wire, p, and thence to the lower aluminium 
wire back to the centre of support. It oould then How down a vertical 
conductor, d, dipping into meronrj, Hg, which was connected with the iipgative 
pole of the cell. For the purpose of speedily bringing the moving system to 



rest, a vane, v, of platinum foil attached to the system was submerged in the 
nierottry. 

When it was desired to measure the variation of the strength of the 
magnetio field of the magnet in a direction at right angles to the plane 
of the magnet ring, an electric enrrent, a, was cansed to flow through riie 
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vertical wire, p, and was maiotained constant. The magnet was exoited by a 
current, A, and the deflection was noted. The current A was then 
reversed in sign and the deflection —6 noted. The current A was then 
broken, and the magnet was moved forward by turning the adjusting screw 
through one revolution. This produced a movement of 0*127 cm. In this 
way a series of observations was made, which rendered it possible to 
determine graphically the variation of the force exerted by the magnet in 
terms of the distance Ox from the central point of the air-space at right- 
angles to the plane of the ring. 

5. Force on the Suspended System. 

If the intensity of the magnetic field is constant and equal to H, then the 
mechanical force in dynes which, acting on the vertical conductor, produces 
1 degree of twist is equal to 

HlafB X constant ; 

where I is the length of the conductor, a the current in the conductor, and B 
the observed deflection. A number of determinations were made, and they 
indicate a mean value of 1*51 dynes per degree of twist. 

A further test was made by suspending a horizontal bar of known moment of 
inertia, and observing its time of oscillation. The details of these observations 
are not included, as they follow obvious lines. The value of the force in 
dynes for 1 degree of twist at this radius is for a large bar 1*516. For a 
small bar the force is 1*487 dynes. The average value obtained from these 
determinations is 1*60 dynes, which is in close agreement with the value 1*51 
found by the electrical method. 

6. Field of the Vertical Conductor. 

A possible disturbing factor which requires examination is the magnetic 
effect of the current, a, in the vertical conductor. This current was varied tor 
the same strength of the magnetic force, H, in the air-gap. Conversely for 
the some value of a the magnetising force, H, was varied. The constancy of 
the results and their agreement with those of the mechanical tests indicate 
that whan the vertical conductor is within the air-gap the disturbance caused 
by the current is under the conditions of the experiments inappreciable. The 
effect of susceptibility of the platinum wire was investigated separately. 

T. On the Retation between Magnetic Force of Eaxitaiion and Magnetic 

SueceptibUity. 

Some li^t is thrown upon certain effects which have been observed during 
tbs course of the present experiments a study of the magnetic properties 
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of iron filinga which were tested hy the author the ballistic galvanometer 
ring method before and after heating to 900^ C.* The ourres showing the 
relation found in this way between the magnetic induction, B, and the 
magnetic force, H, do not deviate greatly from straight lines for values of H 
up to 150 C.G.S. units or more, and they indicate average values of the 
snsoeptibility 0‘54 and 0‘79 respectively. In t^e present experiments on 
certain of the rock specimens in connection with the Geological Survey, the 
relation between the magnetic force, H, and the snsoeptibility is very nearly 
a straight line. For example, with the partially oxidised oolitic ore (K88) 
the following results were obtained, and they illustrate a very dose 
approximation : — 


H 

44 i 

07 

100 

200 

S/A»V 

2600 • 

2460 

2664 

2686 


In the case of igneous rocks of high susceptibility there are indications of 
a maximum susceptibility at the intermediate forces.f The following figores 
were obtained for example, with dolerite from Whitwick, Leicestershire (L 114)^ 
normal granite, Mount Sorrel Quarry, Leicestershire (L 16), and augite- 
granophyre (syenite), from Groby Quarry, Charnwood Forest (L 13). 



L 114 (high). 

1 L 16 (fairly high). 

L 18 (low). 

H 

28 

89 

47 

80 

98 


385 

440 

6yA*V 

83,200 

88,200 

6400 

6400 

8070 

1 

368 

346 

346 

F FFF.FFtFF.FFx* 


8. The Iiutrumental Conriamt. 

It has been shown that when the susceptibility of the specimen (K) does 
not exceed O'Ol C.G.S. units, the magnetic force, II, in the air space is 
proportional very nearly to the current in the magnetising coil. Let the 
ourrent in amperes be denoted by A so that H«A. H is also a function of x, 
the distance measured at right angles to the plane of the magnet ring from a 
point midway between the pole pieces, and lying in the mean plane of the 
ring. Let this function be denoted by /(»). We have then H » qA/{x) 
where q depends neither on the amperes A, nor the distance x. Then if V is 
the volume of the body the meohanioal force, F, exerted by the magnetic 
field upon the specimen is given by 

F = JKV^{8*AV»(»)} »JKV8*A»i /»(»). 

* ' Tbs Elsctridan,' October 9, 1900. 
t Oompare Btteker, 'Boy. Boa Proa,' vol. 48, p. BOB (1900). 






48G 


Pro£ E, Wilson. The Meamrement of 

Therefore, for any given distance, and since the observed deflection 6 
is proportional to F, we have 6 proportional to or y/^aA. It follows that 
for unit volume the absolute value of the susceptibility, K, is equal to the 
observed deflection, d, divided by the square of the current in amperes and 
multiplied by a constant peculiar to the instrument. That is to say 
K = C6^/AW ; where C will be called the instrumental constant The 
determination of this constant is naturally the fundamental problem for any 
instrument constructed after this pattern. It has been performed in various 
ways, only a few of which are indicated in the succeeding sections. 


9. Mode of Determination of the Constant with Specified MateruU, 

Five determinations of the instrumental constant have been made in 
which the intensity of the magnetic force in the air-space was varied 
from 221 to 2210 C.G.S. units. In any one experiment the average 
values of the observed deflections +6 and — ^ have been plotted in terms 
of the distance Ox at right angles to the plane of the magnet ring, and, 
from the curve so obtained, the values of the magnetic force H in arbitrary 
units have been taken. 

Let Ho, Hi, Ha, ... bo consecutive values of the magnetic force due to the 
magnet along the line Ox, separated by intervals It is required to 

3H 

find the average value of H ^ over a distance along Ox, covered by the 

epecimen when the maximum deflection is obtained. The value of &c 
^opted in the experiments is 0*127 cm., and, if the specimen has a width 

I 

along (Xb of 1 om., we may take it that the area of the curve included 
between ordinates separated by 1 cm., which give a maximum value, will 
approximately determine the equilibrium position of the specimen. ' Since at 
any point between the extreme positions, supposed close together, defined by 
the suffixes zero to unity, 

„aH _ H«+Hi ^ H,-H, _ H**-.H,* 

2 ^' 


it is necessary to square the values of H«, Hi, H,, take the difference of 
successive pairs of these, and divide by 2 x 0*127 = 0*254 in determining the 

value of H ^ between these pairs. 

The values of Ho, Hi, H|, ... in arbitrary units have been taken, and the 
mean curves plotted from the average deflections, as already described. It is 
found, by direct measurement of areas, for example, when H max. is 
equal to 469 O.Q.S. units, as in Experiment No. 2, that the mean value of 
Hs**~Hi*, etc., or d(H*) between a; k 1 and 0*9 inclusive, is 382 ; and the 
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mean value between a: = 2 and a; = 10 inclusive is 330. The specimen will, 
when the deflection is a maximum, be nearly symmetrical with the ordinate 
at the point defined by Ox = 6'6. A constant of the instrument will now be 
worked out, making use of the mean value 332 thus obtained. Thu scale 
used in the experiments is divided into 1000 equal divisions, counting from 
the extreme left, and it is curved to the radius of the spot of light. A 
maximum deflection is obtained in the first place by moving the magnet in 
one direction from its mean or central position, and then by moving it in the 
opposite direction. Thus the difference between the two readings gives 
double deflections, which are an ultimate measure of the susceptibility. 
If K is the volume>8U8ceptibility in C.6.S. units, 0 the observed deflection in 
double scale divisions, A the magnetising current in amperes, and V the 
volume of the specimen in cubic centimetres, then the instrumental 
constant G for small values of K is equal to KA*V/d. One double deflection 
corresponds to a single deflection from the mean position of one half-division, 
or 1/40 cm. The scale is distant 77 cm., and therefore the angle of 
twist s O'OOOS*’ if allowance is made for the deflection being doubled by the 
reflection of light. 

The mechanical force in dynes per degree of twist is 1'62, so the total 
mechanical force is 1'52 x 0'0093 = 0'0141 in this instance. The maximum 
value of the magnetic force H in the gap is 670 C.G.S. units for a value of A 
of 1 ampere. Thus H* max. rs 450,000, and the instrumental constant 


0 = 969x10-. 

*332x4^,000 


A summary of the results obtained in the five determinations is given 
in the following Table, and the mean value of the instrumental constant is 


93-6xl0-» 


Kagnsliting 
oumntA. I 


Maiimum magsatic 
force in the 
air-epace. 


Arbitrary 

uniU. 


Onnent in 
▼ertieal 
oondoctor a. 


Mean Talne 
oid(W) 
in arbitrary 
unite. 


Inafcrumehtal 
oonatant 0,'t ) 
lO-K ‘ 
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10. Efftet of Finite Sm of the Speeimm, 

The above value of the instrumental constant C strictlj requires a further 
oonneotion as no account has been taken hitherto of the fact that the 
specimen has an approximately circular cross-section of finite siza Assuming 
that the lines of force in the specimen are straight lines parallel to the plane 
of the magnet ring, the mechanical force on an element of volume (fV is 

OXJ 

KdVH^. Take as the element a slice of breadth due, width 2y, and height 
1 cm., and the force on the element is 

2KyH^8r. 

The total force for the specimen is accordingly 



For a cylindrical specimen of radius B 

y = 

Therefore F st 2 k|****H^\/E*— ( x— E/d!*; 

where E is the radius of cross-section. This can be evaluated by quadrature 
in a given number of equal parts, but after evaluating it analytically by 

this method, on the assumption that the graph^ of H ^ against x was 

approximately parabolic, and again, by direct measurements from a com- 
pletely graphical treatment, it was found that the latter method was much 
more satisfactory. In fact, the curve is not sufficiently parabolic to render 
any analytical treatment of greater value, for it is unsymmetrioal on the two 
sides of its vertex. 

The actual method adopted was therefore the construction of a gra^ of 
the integrand in the preceding formula, and the evaluation of the integral 
between any limits by direct measuremoat of the area iududed between this 
graph and the corresponding ordinates. 

11. JDeUrmiaaiion if Cendant hy Use of Iron One and AUoye. 

(a) A 18 per end. Alloy qf Manganete and Iron,— A ring of this alloy, 
given to the author many years ago by Sir E. A. Hadfield, F.B.S., having an 
internal diameter of 6'26 cm., and an external diameter of 7'8 obl, and a 
depth of 8’5 cm., was tested with the ballistio galvanometer. Its per- 
meability was found to be 1*8 (Ev 0*0289) tat fotoea H up to about 
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200 C.6.S. unite, and this agrees with the value usually quoted.* A piece 
of the ring was then cut out, so as to provide a straight specimen, having a 
length about 3 5 cm., and square oross-seotioii (I cm. x 1 cm.}. Tliis speoimen 
had some of the original surface of the ring left on one side, which was 
evidently much more magnetic than the remaining three sides. Owing to 
preliminary teste with a horseshoe magnet, the specimen was magnetised 
transversely along this particular surface. 

It was tested in the balance with the original surface of the ring parallel to 
the plane of the magnet, and whereas the value of 0 was 205 with the speoimen 
oriented one way, it was only 30 when it was turned round through 180**. If 
there were no residual magnetism these values of 0 should be equaL It was 
then demagnetised from a maximum force of 2040 C.G.S. unite at frequency 
84, and the values of 0 wore 154 and 9C and were still very unequal. The 
original surface of the ring is undoubtedly highly retentive. On grinding off 
«11 traces of the original surface the susceptibility of this piece dropped to 
0‘00048 from the average value 0*001 which it had in the first instance, and 
from the value 0*0239 in the original ring. 

Specimen No. 2 was cut from the same ring and had a circular cross- 
section of diameter 1 cm. It had patches of the original surface of the ring 
Along its whole length on opposite sides of a diameter. In its first position 
this diameter was at right angles to the plane of the magnet ring, and the 
measured susceptibilil^ was 0*00171. On turning the speoimen through 90° 
the susceptibility fell to 0*00145. On turning it further until it was 
completely reversed (through 180°) the susceptibility rose to 0*00159. The 
effect of the patches of the original surface is clearly evident 

Specimens 1 and 2 were tlien maintained at a temperature of about 530° C. 
for 100 hours with a consequent increase in the susceptibility on return to 
atmospheric temperature. The circular bar No. 2 was tested in the first 
instance just as it left the furnace, and its susceplibity was 0*466, taking an 
average of two determinations. On polishing the specimen with ornery and 
demagnetising it, the average susceptibility fell to 0*267, which shows directly 
the effect of a very thip layer of oxide. 

Speoimen No. 1 had also a high susceptibility, but as it was desired to 
obtain a sosoeptibiUty of lower order, its temperature was raised to about 
750° C. and it was allowed to cool in air. It was then polished on emery and 
demagnetised ; the susceptibility was then found to be 0*0957. The specimen 
was tiiaa ground so as to have a circular crosS'Seotion, its volnme bwg 
reduced from 2*36 to 1*729. After demagnetisation the susceptibility was 
9*119, which is huger than the value found with the square section, partly no 
* Triuia,' p. 46S (1886) ; 'The Elsctridao/ Hovsmbar 1800. 
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doubt on account of the teat being only made with the sides of the square 
parallel to the faces of the pole-pieces. The instrumental constants given by 
these two specimens in their final state have tlie values 132 and 125 x 10~*. 

A third specimen (No. 3), having a circular ornss-seotion, was out from the 
original ring, and not so much of it ground away as in the case of specimen 
Na 1. Its susceptibility bad an average value of 0*00463, which is larger 
than that of the No. 1 specimen before heat tieatment, possibly on account of 
the presence of the original surftice of the ring. Its susceptibility was more 
than twice that of the No. 2 specimen when first tested. Its density was 
appreciably smaller, probably on account of the existence of small blow-holes,, 
of which there was distinct evidence. It would appear tiiat the susceptibility 
of this steel as received from the foundry, when all traces of the original 
surface have been removed, is of the order 0 0004, that is to say, its permea- 
bility is of the order 1*005 as against 1*27, the value usually quoted {loc. eit.), 

(b) Spiegel Eism. — A small piece of this alloy which was supplied to the 
author by Prof. A. K. Huntington, was ground so as to form a fairly regular 
test-piece with two of the crystal faces along its length. The piece was 
2*6 cm. long, and its cross-scction measured 0*48 cm. between the faces,, 
and 0*68 cm. at right angles thereto, the sides being approximately round 
between the crystal faces. It was highly magnetic and very retentive when. 
I'eoeived. 

It was then heated to bright redness and allowed to cool freely in the air, 
in order to remove all traces of magnetisation. 

Two determinations were made in the balance (a) when the smaller width 
was parallel to the plane of the magnetic ring, giving 6 = 218 ; and (6) when 
turned through 90°, the deflection $ then being 247. Ihe figures obtained 
were as follows : — 

Benaitj. Amp^rea A. 

7-67 0-0818 

0*0818 

The value of the susceptibility, as found in the magnetometer with H s 53,. 
was 0*16 C.O.S. unita 

So that the instrumental constant from this investigation was found to be* 
C = 016/1-16 X 10-‘ - 129 X 10- •. 

It is interesting to note that another pieoe from the same block (not 
heated) had a sosoeptibility of 0*487 ; whereas another qweimen (also not 
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heated) from Prof, Herroun's oolleotioa had a easoeptibility of 0*114. In both 
cases ]ieating to redness for a few minutes teduoed the susceptibility to about 
one-third of its original value. 

(e) Slatey Magnetite {Manchuria). — A piece obtained by permission from 
specimen 9500 in the oolleutiou of the Geological Survey and Museum, has a 
volume 0*985 c.c., and density 3*40. When it was tested in the balance the 
following figures were obtained : — 


Direetion of magnetic field 
relative to the laminations. 

Amperes A. 

Magnetic 
force 11. 

Deflection B, 

«/A»V. 

Across laminationB 

0-0002 

«*16 

92 

1,106.000 


0-0126 

«*36 

150 

975,000 

1 

1 0 *0192 

1 12*8 

878 

1,020,000 

With laminations .. , 

0-0002 

0-16 

110 

1,810,000 


0 -0126 

8-86 

102 

1,220,000 


0*0102 

1 

12 -S 

414 

1,130,000 


The mean value of ^/AW is 1,100,000, and the susceptibility, as given by 
the magnetometer witli H = 53, was 0*118. The instrumental constant C is 
therefore 107 x 10“*. 

12. The Use of Rode Specimens. 

(a) Pisolitie Iron Ore {Dolgelly). — This specimen is from the collection of 
the Geological Survey and Museum, and has a volume of 2*84 c.c. and a 
density 3*08. Its susceptibility, obtained by the magnetometer, is 0*013. 
With a current of 0*0136 amperes, corresponding to a magnetic force H equal 
to 21*3, the value of ^/A*V is 119,000. The instrumental constant C becomes 
in this instance 0*013/119,000 as 109 x 10~*. 

(b) Magndite Caleite {Aran ), — From the Geological Survey and Museum 
Oollection. The volume of this piece was 3*14 c.c. and its density was 3*40. 
It contained detached magnetite crystals. Its susceptibility, as tested in the 
magnetometer, had the value 0*141. An additional test was made by 
inserting the specimen in rectangular holes out in the pole-pieoes of on 
«leotromagnet having a core of stalloy. An exploring coil was wound on the 
specimen and attached to a ballistic galvanometer. Deflections were obtained 
on reversal of the magnetising current {a) with the specimen in position, sued 
{b) when the spedmeu was removed, and the exploring coil was supported in 
its original position on a wooden former having the same sixe as the teat 
piece itself. The ratio of the deflections indicated a susceptibility of 0*12. 
When tested in ihe balance with the currmit A s 0*00936, oortesponding to a 
force H m 6*26, the value of $/A*V was 1,870,000. The inatrumental 
•oonstant is, therefore, found to be 0*141/1,370,000 or 103 x 10~*. 
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The work on this psitioular specimem is of interest in that a new method 
was adopted. Hitherto the susoepMbilities of the materials examined were 
such that they could readily be tested independently by the direct method of 
the magnetometer. In connection with the application of such tests, the 
writer wishes to acknowledge cordially the valuable assistance rendered to- 
him Prof. K F. Herroun, F.I.O., who devoted a considerable amo\mt of 
time to this work and made valuable suggestions with regard to the materiala 
suitable or available for the work. In connection with the present specimen, 
the susceptibility was of such magnitude that the ring method with the- 
ballistic galvanometer became an experimental possibility, and therefore was 
adopted as an alternative to the magnetometer. 

{NUe added. November 13, 1919, — This method is fully described, and 
further information on the susceptibilities of the Manchurian and other 
magnetites is given in a paper read before the Physical Society of London. 
A portable instrument used in some of this work was shown at the meeting 
of the Boyal Society, at which this paper was read. For details see ‘ Proa 
Phys. Soa,’ voL 31, Part 5, August 16, 1919.] 

(c) Doleritefrom a Coal Shaft, Whitteiek, Leicaeerahire (L 114).— Beport to- 
the Qeological Survey and Museum, February 12, 1918. The specimen has 
an approximately circular cross-section of diameter 1 cm., and its length is 
about 4 cm. Its volume is 2*90 c.c. and density 2'89. In appearance this 
rock is much more uniform than, for example, the grey granite (L 16) from 
Mount Sorrel Quarry, Leicestershire, and its susceptibility is fairly high. It 
appeared to be suitable for testing the constant of the instrument. There are 
indications of a cleavage plane parallel to the axis of the cylindrical test 
piece, and on cutting a portion away a layer of very small crystals of 
magnetite was discovered. It is apparent, therefore, that the susceptibility 
obtained is not representative of the whole mass of the specimen. 

Demagnetisation was carried out in this case by placing the specimen in a 
solenoid and varying the force H from a maximum of 1600 C.G.S. units to 
xero at a frequency of 60. The snsceptibility was slightly increased, showing 
that there were residual effects in the specimen as received. The average 
value of d/A*V is 34,000, and the magnetometer gave a susceptibility equal 
to 0-0031. The instrumental constant is therefore 0*0031 / 34,000 s 91 x 10'* 
which cannot, however, be regarded as trustworthy. 

13. The Uee of Powdere. 

In a report to the Director of the Geological Survey and Museum, dated 
December 17, 1917, it was pointed out by the auGior tl^t if rook specimens 
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are xedaced to powder by a grinder, in the oonstr action of which no 
magnetic material ia need, and then tested for magnetic susceptibility by the 
instrament now described, the snsceptibilitiea of the original specimens could 
be obtained. The powders so prepared are placed in a glass tube of known 
internal volume, the closeness of packing being due to tapping the tube 
somewhat firmly at intervals daring the filling process. Two sizes of tubes 
have been employed, having internal diameters of 0*867 cm. and 0*535 cm. 
respectively, and the powder occupied a length of 4 cm. in each case. The 
superficial or apparent volumes of the contained powders are therefore 
2*36 (Mi. and 0*900 c.c. respectively. To obtain the volume-susceptibility of 
the original rock it is necessary to weigh the powder that was in the tube 
and to find the volume of the solid rock from whence it was obtained — thus 
making use of the density of the solid specimen. 

The permeabilities of powders have in some oases been determined by 
Crone.* but his method, which is quite different, appears to be open to 
serious criticism, and it is not certain that the quantity measured is really 
the permeability of the specimen. We do not, however, propose to compare 
the results obtained with those of the present paper, as it would not Ira 
readily possible, in view of the totally different origins of most of the 
materials used. 

Accounts are now appended of some of the more typical powders dealt 
with, and their modes of treatment They may be regarded as illustrative 
cases. 

(a) Normal Orey Oranite,/r<m Mount Sorrel, Leiicester»hire(Jj 15.) — A piece 
of this rock (not the specimen tested in the solid state) was reduced to very 
fine powder by an iron grinder, and gave an extraordinarily high value of the 
susceptibility which was about 7*5 times the value obtained with a solid piece 
taken from the same hand specimen. By chemical analysis the powder was 
found to contain about 0*5 per cent, of metallic iron. Another piece of the 
same rook was finely ground in a Wedgwood mortar, and this had a suscep- 
tibility which was 2*3 times that of the original test piece. Finally, the 
original test piece was finely ground in a Wedgewood mortar and its 
susceptibility when refers to the volume of the original rook was very 
nearly the same as was found with the specimen when solid (see Table I). 
These results show (a) that in the case of this granite the distribution of 
magnetite is not uniform, that is to say, pieces of the same rook may have 
different susceptibilities ; (5) if a piece of the granite be first tested in the solid 
state and then finely ground in a non-magnetic grinder, the susceptibilities 
an found to agree fairly closely. 

* ' Trans. Amer. Inst Mining Bnginssrs,' vol. 31, p. 406. 
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(b) Nva ZtaJUmd Iron Sand . — ^Ihis sand was given to the author some 
yean ago by Mr. C. B. Falairet, and the iron produced therefrom was tested 
for its magnetic properties.* The chemical percentage composition of the 
sand is as follows : — ^Peroxide of iron 52'88, protoxide of iron 29'60, alumina 
0*90, protoxide of manganese 0*48, magnesia 4*0, silica 3*80, titanic acid, 8*41, 
oxide of cobalt trace, phosphoric acid none, sulphur none : total 100*07. 

A mixture of this sand, whose absolute density is 4*70, with hard paraffin 
whose density is 0*923 containing 25 per cent by volume of the sand, 
or 63 per cent, by weight, was used in the production of rods having 
diameters of 0*72 and 0*92 cm. raspectively. The rods were 8 cm. long and, 
tested in the magnetometer, gave values of the volume-susceptibility 0*0412 
and 0*0426 in G.G.S. units. The rods were then cut in half so as to form 
suitable specimens for the balance and the results obtained were as follows : — 


Speci- 

inec. 

Diameter. 

Length. 

Volume 
C.O. V. 

Amj^rea 

l)o&ec- 
tion 8. 

S/AW. 

Suaoegtibility 

magnetometer. 

Inatrumentel 
coDBianfe 0. 

A 

cm. 

0-72 ! 

om. 

! 3*9 

1*68 

0*0178 

195 

412,000 

0*0418 

100x10-' 

B 

0-72 

1 4*0 

1*69 

0*0178 

200 

412,000 


100x10-' 

A 

0-92 

4*06 

2*69 

0*0178 

881 

466,000 

0*0486 

98 6x10-' 

B 

0*90 

4*09 

2*72 

0*0178 

872 

440,000 


06*6x10-' 


When tested alone the volume-susceptibility of this sand is 0*143 taken 
on superficial or apparent volume : has a mean value of 1,240,000, and 

the instrumental oonstant is 116 x 10~*. 

(o) Northampton Iron Ore (N 88). — ^This iron ore is very uniform and has 
yielded good results. The method adopted was to first test a solid specimen, 
and then to grind it in a Wedgewood mortar and test it in the powdered state. 
It will be' seen from Table I that in the solid and powdered states the 
volume-susceptibilily is almost exactly the same, namely, 0*00067 C.G.S. units. 


14 On (he Infiuence of Sm of Tvle. 

It will be noticed on referring to Table I that the susceptibility in the 
above oases is' slightly larger in the case of the smaller tube. The theory 
underlying the action of the instrument indicates that this should be the 
case. This point is tested further, and reference should again be made to tiie 
figures given in Table I. The red serpentine from the collection of 
Prof. K F. Herroun shows a slightly larger susceptibility when tested in the 
smaller tube. When refwred to the volume of the original rock the 
* ‘ Electridan,' September 17, 1897. 
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Buaoeptibility of the powdered apecimen is slightly larger then when solid. 
The dark green serpentine, also from the same collection as the red variety, 
shows a close agreement between the values for the solid and powdered states. 
A specimen of red htematite was finely powdered and its susceptibility when 
referred to that of the original rock is again slightly larger than in the solid. 
To contrast with the figures obtained from the red heematite, FeaOs has been 
tested. If referred to a possible solid state the susceptibility of FeaOs powder 
would be smaller than that of the hsematite itself. It is noticeable that the 
smaller tube gives the larger value of the susceptibility. The effect of 
diameter in the specimen is very marked in the case of MnOg which has also 
been tested. The only powder so far tested which gives a contradictory 
result is FeS. The solid tested in the magnetometer gave as the susoep* 
tibility 0'fl64. The powder, when referred to the original solid, gives 

0fA*V =400,000 X = 640,000. The instrumental constant = 100 x lO*"*. 


15. JSxperimerUs with Fluids. 

The fluids with which experiments have been conducted are solutions of 
manganese sulphate and ferrous sulphate in water. These were selected 
because a certain amount of experimetal information has already been 
obtained, which is of a somewhat contradictory nature, very diverse values for 
the mass susceptibility having been given by different observers. 

The mass-susceptibility (K.,,) of a solution of such a salt in water is given 
by the formula 

Where Km, is the mass-susceptibility of water, which may be taken as 
—0'75 X 10~*, Km is the mass-susceptibility of the water-free salt, and p the 
percentage weight of salt in the solution. Typical experiments with the 
solutions led to the following results 

(a) Manganae Sulphate . — The values given in the Landolt-Bdmstein 1912 
Tables for the mass-susceptibility (Km) of manganese sulphate are 

(98, 114, 100, 86) 10-* C.aS. units 

at atmospheric temperatures. The variation among these values is oon- 
siderable, and serves as a valuable indication of the fact that susoeptilnlities 
of this order have not hitherto been determined with precision. The mean of 
the four values is 

Km ■■ 99 X 10~* C.Q.S. units. 

A solution of managaneee sulphate containing 0*065 grm. of lUanganeee, or 
0*151 grm. of sulphate per oubio centimetre waa placed in a teat tube having 
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an internal diameter 0*867 cm., the total volume of the solution being 

2*36 O.C. 

After ooriection for the susceptibility of the tube itself, it was found that 

d/A*V = 190. 

For this solution, p = 15*1, and using tho mean value of we obtain on 
calculation 

K,., s + 14*5 O.G.S. unite. 

The density of this solution is 1*17, so that the volume-susceptibility is 

K = + 16*95 xl0-« 

with a corresponding value 

16*95 X 10-V190 = 89*3 x lO"* 
for the instrumental constant. 

' It is dear from the previous determinations that the constant is deddedly 
larger, suggesting that the value 86 x 10~* for the magnitude K. is greatly in 
error, and that the mean of the othen is more reliable. Adopting these 
three only, the mean value becomes, from the work of previous investigators, 

K, = 104xl0-« 

whence C = 94 x lO”* 

which is very close to the value of the constant found from the instrument 
itself. The third entry in Landolt-Bomstein thus appears the most reliable. 

(b) Femm jSWjpAafa— 'Landolt and Bdrnstein's Tables quote seven values 
for the mass-susceptibility of this salt : — 

(93, 76, 82, 84, 76, 37, 61) lO"* O.G.S. units, 
some of which must be very inaccurate. We shall provisionally reject the 
last two in forming a mean, which becomes 

K,*82xl0'« 

A aolntion used had density 1*15 and a value of p equal to 15*2. We obtain 

K„= -m*8xio-« 

and for the volnme-susqgptibilitj, 

K = -I-13-69X10-* 

The value of 0/A*V, as given by tite instrument, and oorreoted tor the 
glass, was 150. The resulting value of the instrumental constant is 
89*0 X 10~', but little zelianoe can be placed on it The solution oontained 
0*066 grm. of iron or 0*162 gnu. of ferrous snljdiate per cubic centimetre, 
the total vdume being 2*36 o.a, as before. The ^ue of Km is probably about 
93 X 10"*, the highest ^vious estimate. 


2 K 2 
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16. Tht Fimal Iiutrumental ComtaMt and Uh of the Balanee. 

In the interpretation of the values of the inetromental oonetaut vaiious 
ciroumstances must be borne in mind. For example, that given for 
manganese allc^ of susoeptibility 0*83 can be of little valua For the 
method is not really applicable to such large sasoeptil^tieB without con- 
siderably more mathematical development of the h^fher approximations. 
The criteria, which, in fact, define the applicability of any direct method of 
measuring K, are set out in Maxwell’s treatise,* and ate well known. 
When the susceptibility exceeds a certain small amount — determined greatly 
by the diameter of the specimen — the demagnetising fotoss must be 
accounted, and the simple expression ^'Kd(HP)/dx for the mechanical force 
per unit volume cannot be used. It was nevertheless of interest to include 
this value, as showing the extent of error involved. 

The values for many rock specimens, moreover, are unreliable, on account 
of the difficulty of securing an even appioximatefy homogeneous spedmen, 
especially as regards its mognetia content This source of error applies, to a 
greater or leas extent, to all the specimens, but is likely to aot in a tortnitons 
direction among tiie species. 

The results with solutions have already been discussed sufiBdently. The 
general mean of the results is taken without the use of Spiegel Essen and 
manganese alloy. It is not, however, altered appreciably if they are 
included. The average relates to rock specimens and minerals generally. 

The general mean, taken as above, is C = 104^ and no appreciable 
divergence occurs if the values are weighted according to any probable 
system. The constant deduced from the instrument itself was C a 93'6, 
and the general agreement may be regarded as satisfaotory. 

17. The XjffM of Length and Shegpe <f Croee-eeetion tf the Speeimen. 

The variations in the form of cross-section and length of the specimens 
were investigated somewhat fully. The results demonstrated that the 
dimensions selected were satisfaotory, and it is not thought neoessaiy to 
give an account of this part of the work. 

18. Magnetie SuseeptihUUy of Varieties of Miea. 

A representative series of micas was tested by the author some years ago 
for dielectric strength, capacity, and insulation resistanoe,’t- and, as speoimens 
of these were available, they have now been tested for susceptibility by the 

* and Msg.,’ vol. 8, p. 97, Sditiob 1878. 
t * Ihe BlectridAn,' Deomber 10^ 19(M, and Marvb 17, 1006. 
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Each qteoimen was built up of laminec about 3‘85 cm. long, and of 
vaiTing width, so aa to produce an approximately cdreular oroaa-^eetion 1 cm. 
in diameter. There were from 12 to 16 plates in each specimen, which 
were held together by two turns of fine cotton round each end. Each 
specimen has been tested with the direction of the m^netio field parallel to 
the planes of the laminte and at right angles thereto. On reference to 
Table II, it will be noticed that, in each specimen, the susceptibility is 
larger in the former case. The ratio of the susceptibilities parallel to 
and at right angles to the plane of the plates is much more pronounced 
in the case of the spotted micas. For example. Nos. 1 and 10 give the 
remarkable ratios 22*9 and 61*3. Spotted specimens contain oxide of 
iron as inclusions, and under the microscope distinct crystals of magnetite 
in laminae are visible, hence their high susceptibility. Clear ruby mica 
(Nos. 14 and 17) is almost exclusively used for high grade condensers, and 
its susceptibility, though small, is not the smallest of the series. The ruby 
(Nos. 6 and 11),, much stained by kaolin inclusion, has very low suscep* 
tibility, as also has the yellow variety (No. 13). The amber series (Noa 16 A,. 
15 B, 15 C) have also a low susceptibility. 

The results obtuned in different directions would appear to imply an 
orderly arrangement of the included particles of oxide of iron, or an actual 
difference in behaviour of the mica itself in different directions with relation 
to the crystal axes. The attempt has not been made in the present com- 
munication to decide between these alternatives, but the phenomenon is so 
marked that it appeared desirable to place it on record. 


19. SuaeeptibUUy of Alummum, 

The physical properties of oertaiu alloys of aluminium were examined in 
1901,* and since tiiat time the specimens have been on the roof of Eii^s 
College, London, in order to investigate the effects of exposure. Pieces of 
the original wires have been preserved, and a selection from these has been 
made for the purpose of investigations on susceptibility. Each specimen, 
with the exception of Na 26, has a length of 4 cm. and s diameter of 
0*32 cm. Befening to Table IIL No. 25 is a piece of oommraoial alumininm, 
whose conductivity is 61'6 per cent, of that of pure copper. Using the 
constant 111 x 10~* the volume susceptibility is +4*95 x 10'* C.G.S. unite 
The volume susceptibility of pure aluminium is stated to be +l’8x 10'*,t 
and its mass susceptibility +0^6 x 10'*.t No. 21 was chosen on account of 

* * Jonnial of PnoMdliifi of tho Institatloa of Bleetrical £nglnson,'Psrt 154, voL 91 

( 1801 ). 

t I«iidolt>B()nutaia‘181l TsUao. 

g Kiye and Lalqr Tablss. 
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its comparatively large iron content. Comparieon with Na 23 would 
indicate that manganese has the effect of increasing susceptibility. It has 
been shown earlier that a normal solution of MnSOi has a higher susceptU 
bility than a similar solution of FeSOt. Again, it is well known that copper- 
manganese alloys of aluminium can have high susceptibility. No. 22 has 
about the same percentage of nickel as No. 21, but its iron content is much 
smaller. This alloy (No. 22) is remarkable on account of its high breaking 
load, which is 45,900 lbs. per square inch of cross-section, as against 28,200 
for commercial aluminium (No. 26). There is also a great difference between 
the temperature ooethoients of electrical resistance of these alloys. That of 
No. 22 has the value 0‘00178 as against 0*00393 for No. 25. No. 20 has also 
a high breaking load (38,600 lbs. per square inch) as compared with No. 25, 
and its susceptibility is slightly higher. The chief characteristic of specimen 
No. 26, whose length is 4 cm., is the presence of 1*97 per cent, of cobalt. 
Its susceptibility is not much higher than that of pure aluminium. The low 
value found in this specimen may be influenced by its relatively large 
diameter. 


Table III. — Alloys of Aluminium. 


No. 


Cbemioal aiutljiii. 


Weight 

specimen. 

Density. 

nefciw^ 
force a. 

Volume 

suscepti- 

bility, 

10 -« 0 . 0 . 8 . 

units. 

Si. 

Fe. 

Cu. 

Ni. 

Mn. 

Co. 

26 

0-14 

0*81 



• 


gnu. 

0-802 

2*716 

600 

4-06 

21 

0*89 

8-67 

0*10 

1*89 



0*846 

2*770 

600 

0-87 

28 

0-44 

0*66 

0-09 

— 

1*78 


0-866 

2-760 

606 

9*80 

22 

0*87 

0-48 

1 -08 

1*20 

— 


0-892 

2-747 

692 

6-48 

20 

0-87 

IXO 

0*06 

8*86 



0-868 

8*766 

682 

6-67 

26 

0-88 

0*66 




1*97 

8*70 

2*77 

1 

686 

2*76 


20 . Note on the Stuetptihilitm of Qlame in Relation to Compoeition. 

In some recent confidential work on U>e electrical conductivity of a series 
of glasses as affected by temperature, the author had an opportunity of uring 
the balance as a detector of the amounts of oxides present in their compo- 
sition. The hard glasses having high electrical reaistanoe are oharaoteiised 
by their negative susceptibility which may be as high as — 16 x 10~* C.G.S. 
units. On the 'other hand, the low resistance glasses may have positive 
snso^tibility as high as -(-238 x 10'* C.G.S. units. 

Determination of xnagnetio susceptibility promises to be of some value in 
the investigation of glasses, and possibly of some of the raw materials used 
in glass manufactura There is evidence that the method would give rapidly 
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the relative amounts of ferrous iron present in samples of glass, and results 
obtained with glasses oontaining known amounts of ferrous iron oould be 
tabulated so as to obtain the actual amount of ferrous iron in any glass. It 
is, of course, possible with further experiments that magnetio susceptibility 
may be found in glasses free from iron. The influence of manganese and 
many other constituents has yet to be investigated. 

21. Note on the Sueeeptibitity of Tourmaline. 

It u well known that the magnetic susceptibility of certain crystals is a 
variable depending upon the direction in which it is measured. Weiss* has 
examined crystals of magnetite and has determined the absolute values of 
the susceptibility in terras of direction and intensity of magnetising force. 
He has shown that the susceptibility for moderate values of the force diffeia 
according to direction, and that the ultimate susceptibility in any direction 
tends to the same value when the force is sufficiently large. The author 
has had an opportunity of examining the magnetio properties of four q^i- 
mens of tourmaline. A good specimen of green tourmaline was lent by 
Dr. T. B. Merton. It is in the form of a rectangular plate 0‘201 cm. thick 
and measures 1*360 cm. in the direction of its principal oiystallographio 
axis, and 1*306 cm. at right angles thereto. When tested in the balance in 
these two directions it was found that the susceptibility at rig^t angles to 
the principal axis was greater than in the direction of the principal axis in 
the ratio 630/543 as 1-16. The dimensions* of this specimen precluded an 
accurate statement as to the absolute value of the susceptibility. Dr. W. T. 
Gordon hM prepared from his collection three specimens each in the form 
of a cube. Two of these were cut from a large crystal, and described as 
being dark blue opaque. When tested in the balance both these specimens 
showed the same effect, namely, that the susceptibility in the direction of the 
principal axis is smaller than in the other two directions at right angles to it. 
The ratio of the susceptibility at right angles to the principal axis to the 
susceptibility in the direction of this axis is 108/86 ■■ 1*20 and 
130/111 1*17 in the two oases. The larger values of the susoeptibiU^ in 

the case of the smaller cube is partly attributable to its higher density, and 
partly to its smaller dimensiona The third specimen was cut from a rose 
coloured crystal (rubellite), and was too feebly magnetio to be aocnxately 
measured in the balance with the strong suspension. A number of com^te 
oiystals were roughly tested, some of which were a lig^t green colour at one 
end and rose colour at the other. It was evident that in all oases the green 


* ‘Jew. dBFhyB.|'Srd flsitSB, vole, p,4W(l8eq. 
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coloured end was the more magnetia The raaults of the experimente ate 
embodied in the following Table : — 


SpBOisMIl. 

Volume 
C.C. V. 

Dauiity. 

Dimaotion 
in direction 
of mag- 
netio fi^d. 

Am^rei 

Deflection 

$. 

«/A*V. 

Volume 
«uBoeptibility 
in 10-« 
unite. 




cm. 





Tonmaline plate, 

0-48 

8-10 

IW 

0*786 

161 

648 

— 

gfeen 



1-805 

0-780 

180 

680 

— 




0*801 





1 Tonmubline e^hoB, 

1-048 

3-166 

1-OX* 

0-476 

186 

781 

+ 85-0 

1 dark blue op^ue 



1-028 


888 j 

048 

+ 108-6 

1 



1-01 


881 

088 

+ 102*6 

1 

0*8756 

8-806 

0*065* 

0-500 

288 

1014 

+ 111 -5 



1 

0-058 


864 1 

1806 

+ 188*6 




0-066 


856 

1170 

+ 128-7 

ToBrmaline eabe, 

0-06 

8-08 

0-00 

1*06 

8 

8*88 

+ 0*81 

roM 


1 
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22. Oemral Note on the SttsceptiHlity of Bock Specmme in Belation 
to the Fidd of the Earth, 

A smes of reports on a detailed survey of the susoeptibilities of rock 
specimens dated November 12, 1917, December 17, 1917, January 18, 1918, 
and February 12 and 27, 1918, was made by the author to Sir A. Strahan, 
F,B.S., Director of the Geological Survey and Museum. They may be 
referred to for more detailed results obtained with the present instrument, 
and the work therein desoribed has the advantage that the specimens mainly 
•come from one partioular distriot (Melton) in which magnetic observations 
.have been made by Dr. G. W. Walker, F.B.S. 

A re-testing of some of the specimens therein dealt with has since been 
performed, and as in some oases the re-testing has been performed " after 
•demagnetiastion,*' some explanation of this process and some remarks which 
it calls for are desirable. 'It is well known that if a piece of iron be sub- 
jected to a considerable magnetising foroe, and then tested for permeability 
at lower foroes, the permeability then found is smaller than would have been 
foimd had the speomen been firot demagnetised. The complete previouB 
magnetic history of rooks is imknown, but some of them owii^ to their 
xetentivity show that thoy must have acquired a high degree of magnetisa- 
dkmat some timsL By snlgeotiiiganoh a speeimmi to an alternating magnetio 
iocoe of gradually diminishisg magnitede until it ultimately vanitiieB, the 
magnetio efftoto due to this retentivi^ whidr have perhaps existed for 
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oentaries oan be removed in a few minutes, and it ia then found that 
the specimen (for example, the dolerite E 6619) ma)r have an increased 
Busoeptihility. In connection with magnetic survey work generally, this 
retentivity and previous magnetic history appear to play an important part, 
because the existing magnetic effects of certain rooks are not obviously 
connected .with the existing magnetio field of the earth. The low grade ores 
(for example, N 88) are typical of those rocks which have a small or 
negligible retentivity, but certain types of rooks in which m^etite occurs 
have pronounced retentivity. It would seem, therefore, that the magnetio 
effects exhibited by these low grade ores may be due to the existing earth’s 
field, or to the joint action of this field and the retained magnetism of the 
more basic rooks. The subject is one of great complexity, and it does not- 
appear to be satisfactory in all cases to attribute magnetio observations solely 
to the effects of the existing general field of the earth. 


23. Summary. 

(1) The present paper contains an account of an instrument which has bee|i' 
designed for the measurement of magnetic susceptilnlity of low order, 
together with some of the results to which it has led. It depends for its 
action upon the pull exerted by an electromagnet in accordance with the 
well-known Maxwell expression for the mechanical force exerted upon unit 
volume of the substance. This mechanical force is balanced against the force- 
of torsion in a phosphor-bronse strip. 

(2) A considerable portion of the paper is devoted to the detenninatiott 
of the instrumental constant, from data obtained directly with the instrument- 
itself, and by the employment of substances whose susoeptilnlities had been 
measured by other methods. In this oonneotion a modified method of using 
a ballistic grivanometer has been devised which leads to greater sensitiveneas. 
In addition to rook specimens, other substances have been used, and in their 
employment some interesting resuits have been obtained. For example, it is 
shown that the susceptibility of 18 per cent manganese alloy is muoh smaller 
than is usually supposed. 

(3) The susceptibility of powdered rook specimens has been measured and 
compared with that of the solid. A very fsir agreement has been obtained 
between the two, and the method has the advantage that powders oan be 
rapidly made. Gate has, however, to be taken in their picpsxation. 

(4) The susoeptibilities of varieties of mica have been measured, and it is 
shown that in certain oases in any direction parallel with the lamina the 
susoeptibility may he over fiftyfold that obtained in a diteoticn at ri{|^ an^ 
thereta 
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(5) A Mnesof light aluminium alloys has been tested with the balance, and 
it has been found that, whereas the susceptibility of commercial aluminium is 
increased by alloying vrith copper and manganese, it is diminished by alloying 
with cobalt. 

(d) In a note on the susoeptibility of glass in relation to composition it is 
shown that the balance could be used to rapidly determine the relative 
amounts of ferrous iron in different specimens of glass. 

(7) Certain speoimens of tourmaline have been examined. The green and 
dark blue opaque varieties have susceptibilities in the direction of the 
principal crystallographic axis varying fh>m 16 to 20 per cent less than in a 
direction at right angles thereto. The susceptibility of rose-coloured tourma- 
line is very small in comparison. 

(8) The paper concludes with a note on the retentivity of rock specimens 
and its possible influence upon magnetic disturbances in magnetic survey 
work. 


On the Variations of Wave-length of the Oscillations generated hy 
Three-eie(Arode Thermionic Tubes due to Changes in Filament 
Current, Plate Voltage, Grid Voltage, or Coupling. 

By W. H. Eocles, D.So., and J. H. Yinont, MA., D.Sc. 

(Conuuunicatedby Prof. W. H. Bragg, C.B.E., F.B.S. Beoeived November 20, 1919.) 

It is well known that a circuit containing a condenser snd inductance coil 
can he maintained in oscillation at a frequency near its natural frequency by 
aid of a three-eleotrode thermionic vaounm-tube and suitably connected 
batteriea It is also known that although the frequency of the oscillations 
depends mainly upon the magnitudes of the inductance and the electrical 
capacity it is also aflboted by the resistance in the oscillatory circuit, by the 
voltages of the various batteries in use, by the temperature of the filament 
supplying the electrons, by other properties of the vacuum tube, and by the 
coupling between portions of the circuit associated with the grid and the 
anode.* 

It is again well known that when one sneh vibrating circuit is caused t6 
induoe current in an independent oscillating circuit the induced current beats 

* 8ee» for example, a piqwr by W. H. Bodes, "Vector XMagiams of some Oscillatory 
OUenfts used with Ihermioalo Tubes,* 'ProceMiags of the Phyrical Sodety of London,' 
veL SI, Pfert St April 16, 1918. 
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with the local oaoillatoiy onrtent, the beat freqaenoy being equal to the 
difference between the frequencies of the induced and the local oscillationa 
This is applied, for instance, in the so-ealled auto-faeterodjne or endodyne 
method of reception familiar in wireless telegraphy, where the difference of 
the high frequencies is arranged to be of aoonstio frequency so as to operate 
the telephone reoeiTer connected with the local oscillatory mrouit. In this 
Application the operator varies the pitch of the sound made by the beats by 
altering the capacity of his toning condenser. Starting with the variable 
condenser a4ju8ted to an extreme position such that the local frequency is, 
say, 10,000 per second lower than the frequency induced by the distant 
apparatus, a very shrill note is heard in the telephone, and as the local 
condenser is diminished in capacity, the pitch falls continuously through all 
the audible octaves till the beats are so slow, say 80 per second, that they 
cease to form a note. 

Continued reduction of the capacity brings a condition in which the beats 
are below the lower limit of audition till at last the local drouit is "in tune 
with ” the distant oscillator and there are no beats. Further reduction of the 
local capacity brings the local frequency higher than that of the distant 
apparatus, and when this differmioe reaches about 30 per second the beats 
become audible aj^in; continued gradual reduction of the capacity now 
causes the pitch of the note to ascend the scale, till at length it disappears 
beyond the upper limit of audition. 

‘ In the following pages, when "the region of silenoe" is spoken of, the 
adjustments of the apparatus implied are those in which the relative 
frequency of the two co-operating maintained oscillations is less than about 
80 vibrations per second. The " r^on of silence *’ is not actually utilised in 
the experiments ; we found the most advantageous method in our work of 
tracing the small changes of frequency brought abou^ in either drouit, was to 
adjust the apparatus so as to obtain a note of convenient pitch and to observe 
changes in this pitch. 

The object of the present investigation was to study experimentally the 
effects of altering each of the chief variables, with a view to finding the 
conditions most fkvourable for the production of continuous waves of constant 
frequency. 

ApparaHm. 

’ Two oscdllsting drcnits were set up on two work benches placed a few feet 
apMTtk and were maintained in oedllation separately by small thermicnio 
tubes of the kind used in the British Army. In addition to the maintidned 
oiuillatoty drooite, a thirdeitonit was set up on Bench 1, this a erjnstal 
detector and direct-current micro-voltmeter were ooimected. nds thiad 
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oiionit will be called the oryatal oirouiti When not being need its inductive 
coil was removed. 

Bench 2 circuit differs from that on Bench 1, in that the plate batterj 
which connects with the oscillator is broken to insert a telephona The plate 
battery and telephone are shunted by a condenser (C.T., fig. 1). The circuits 
on Benches 1 and 2 cooperate to affect the telephone, because of the presence 
of the linking coils shown at the top of fig. 1. 



The electrical capacity in Bench 2 drenit is made np of two condensers, 
one of relatively large and fixed capacity, and the other, Cs, of smaller 
capacity joined in parallel with the first The small condenser could in some 
experiments be used for adjusting the frequency of Bench 2 circuit throu^^- 
out a series of ohax^^ in the Bench 1 circuit, so as to keep the drcuits at a 
fixed diffsrenoe of frequency. In other oases, however, when the changes in 
frequency in the Bench 1 circuit were large, the larger condenser was used. 
Both condensers were calibrated. 

of Gbttrotttwn. 

The tuning was done by beats. The capacity of the condenser in the 
Bench 2 oscillator was first & .musical note was heard in the 

telephone. There are two possible a4|ostments for this, one on either side of 
the position of silence. If necessary, the capacity in Bench 2 was changed 
so that the setting of the condmiaer was on that side of the position of 
silsnoe in which increasing the capacity raises the pitch of the* note. The 
note was next tuned to unison with a tuning-fork heard sunultaneously. This 
fork has a frequency of 26fi complete vibrations a second. There ate now 
two closely adjacent values of the oapaoity in which one beat per second is 
hesccL $bat setting of the condenser in which tho eapaeity is the larger of 
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these two values gives a frequency to the Bench 2 circuit, which is less than 
that of the Bench 1 circuit by 257 complete vibrations a second. The 
accurate adjustment of the beat to one per second was Bcoomplished by aid 
of a metronome. 

Effect of Change in FUament Current on Wave-length. 

The wave*length of an oscillator is altered slightly by changing the 
filament current. As the filament current is raised from the lowest value for 
which a note is heard in the telephone, the wave-length rises to a maximum, 
and for further increase in the filament current the wave-length decreases. 
This is shown in fig. 2, which gives the results of one of many sets of obser- 
vations all agreeing in their general character. The actual position of the 
curve on tiie axis of filament current, and its shape, will depend on the tube 
itMlf as well as upon the circuit in which it operates. For these measure- 
ments the Bench 2 filament current was kept constant, while that in the 
Bench 1 tube was altered. The wave-length in this {Mtrticular apparatus 
reaches a maximum when the filament current is about 0*77 ampere. The 
actual values of the changes in wave-length can be readily computed from 
the known constants of the Bench 2 circuit. In this case the total cliange 
of wave-length from the lowest value to the maximum is about 0*3 per cent, 
that is about 9 metres, since the waves were 3000 metres long. 

If now the filament current in the tube of Bench 1 oscillator be kept 
constant, and that in the Bench 2 oscillator varied, then the compensatory 
changes in the Bench 2 condenser will be of opposite sign. The tendency 
towards increase in wave-length due to increase in the filament current has 
to be compensated by a decrease in capacity to keep the wave-length 
unaltered. We should thus expect the condenser settings and filament 
current curve to be somewhat of the same shape as that of fig. 2, but upeide 
down. This was, in fact, the case, as is shown in fig. 8. 

The generation of oscillations of maximum wave-length by a maintained 
circuit of the type shown in fi|^ 1 is not dependent on the exposure of the 
tube to the’air of the laborat^. Similar curves are obtained whether the 
valves are covered by a bell-jar or not Nor does this etfrot diqtend for its 
occurrence on the plate voltage having any particular value. One may 
alter the plate volts from 70 to 125 without m*teri*.lly changing the shape 
of the curve, and, when this is done, the maxima occur at values of filamrat 
current which axe not tax apart It is to be noted that the actual values of 
the condenser settings at the maxima are not the same with difiteent plate 
voltages. This is disousaed bdow. The curves shown in fig. 4 in which the 
plate vdtagaa are varied, are tiius to be regarded as set down arbitrarily in 
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respect to the condenser readings, the datum line vaiying from curve to 
curve. 

Thus the wavelength emitted by an oscillation apparatus is a function of 



Fio. t. Fio. s. 


the filament current ; it is a maximum for a definite current which is not 
.greatly changed by altering the plate voltaga This has been found to occur 



. 0-6 0 *y 0*8 0-9 

ninment current in amperee 

Fie. 4. 


nn different oircnits with different values of indootanoe and oapadty. In this 
•description of the eflbct of filament current on wavedei^tb, it has been 
^nsumed that the conpling between the grid ooil and oeoiUator oidl was 
>neltbw closer than is necessaty to maintain the oaoOlatimH while the 



460 I>r8. W. H. Eoeles and J. H. Yinoent Wave-length of the 

filament oorrent varied from 0*65 to 0*85 empire, nor so loose as to 
make the oscillations too feeble for telephone tuning by beats. If these 
zestriotions are removed, the above statements ate still true, but the whole 
of the curves of the type of fig. 2 may not be aooessible for experiment. 
This will be dealt with further in the last eection. 

The method of utilinng the existence of this phenomenon to obtain 
constancy of wave-length, in laboratory work of the kind to be described 
later in this paper, is now clear. In such oases two oeoillatoiy circuits are 
set up, and one (say the Bench 2 circuit) is used as a delicate wave-meter to 
study small difTeiences in the wave-length of the oscillations of the other, 
The Bench 1 circuit has its constants fixed, including a temporarily 
stationary value for its filament current. The Bench 2 circuit is now 
used to draw a curve for its own tube like fig. 3. This fixes the filament 
current to be used in the Bench 2 circuit. In this connection it may be 
worth noting that, when this current has been determined, no change 
should be made afterwards in the Bench 2 circuit except the small adjust- 
ments of its condenser necessary for tuning. The tube maintaining tlie 
oscillations in the Bench 1 dronit is now studied, sad a curve like fig. 2 
drawn. 

We have now determined both filament currents so as to give a constant 
wave-length in their respective circuits in spite of the unavoidable small 
variations of filament current When this is done, the beats heard due to 
the interference of the notes of the telephone and tuning-fork are, under 
good conditions, very distinct and steady. That is to say, the frequencies of 
the two sets do not separate as much as 1 part in 100,000 during the 
lapse of several minutes. Difficulty is somedmes experienced in getting 
satisfectory settings of the Bench 2 condenser, but this is usually due to the 
foot that the telephone note is not pure. And, again, a series of readings 
may be qpoilt by the observer unwittingly setting the condenser so as to 
allow a note present in the sound from the t^epbone, but not tlie 
fundamental, to masquerade as the fundamental. This is apt to occur 
in oases when the fundamental is weak or when the fundamental due to 
any cause has fallen into the region of silence. When the filament currents 
are adjusted as above the bests ate easy to hear, and steady enough for the 
observer to feel confident of the condenser readings. If the fundamental is 
inaudible, the beats which can still be heard are i^urions, and can be 
distii^iabed by their unsteadiness and faintness. 

It may happen that on drawing the curve lor the change in wave-length 
with filament current the maximum is not in the range of permisaibla 
filament current. It baa been found that this is due to the coupling between 
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tile grid ooil and main oscillator coil being unnecessarily close. On separating 
the coils the curve can be made to assume its typical form (fig. 2). If the 
separation is pushed too far, however, the oscillations may be too feeble before 
the maximum wave-length is attained. 

Appucatioits of thk AnJUSTMEMTS Dbscsibbd Above. 
affect of Change of Plate Voltage on Wave-length. 

This was investigated with the apparatus already described. The increase 
in capacity in the Bench 2 circuit necessary to keep it in tune, as the plate 
voltage was increased in the Bench 1 circuit, is shown in fig. 5, which gives 
the combined results of two sets of observations as a smoothed curve. Other 
observations gave the curve more nearly as a straight line, but this subject 
was not studied sufficiently for us to be sure of the exact shape of the curve. 



The wave-length always increases with increase of plate voltage and a 
determination of the approximate magnitude of the effect was made. When 
the wave-length was about 8000 metres and the plate voltage of the tube in 
the Bench 1 circuit was 130, raising the voltage by 10 increases the wave- 
length by 6 metres, rf^proximately. 

It is worth while considering if this effect is capable of explaining any 
appreciable part of the change in wave-length with variation of filament 
ourrent. The mean difference of potential between the plate and the filament 
(see fig. 1) depends to a small extent on the current in the fihment. When 
is sero the difference of potential is equal to the plate voltage ; but when 
a current is flowing in the filament in the direction indicated in fig. 1, the 
VOL. XOTL— A. 2 L 
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mean potential of the filament is raised, and thus the effoctive mean plate 
voltage is decreased by approximately half the fall of potential along the 
filament So that when the filament current increases, this effect on •the 
plate voltage decreases the wave*length emitted. But for this curves like 
fig. 2 would be steeper on the ascending side than they are. 

In order to test this point a set of readings of current and voltage on the 
filament terminals was taken, and the lowest curve on fig. 4 redrawn, with and 
without allowing for the influence of current on plate voltage. The result is 
that the effect is not of sufiicient magnitude to make any noteworthy alteration 
in the curves. If the points for 0‘66 amperes are taken as coincident, 
the correction at the maximum only amounts to one-tenth of 1 degree of 
the condenser in fig. 4. 

The immediately applicable lesson taught by these experiments on plate 
voltage is that plate batteries cannot with impunity be changed or charged 
during a set of experiments. If a long investigation is in progress care must 
bo taken to keep the plate battery up to a definite voltage, but for work 
lasting a few hours the small changes in the electromotive force of a good 
plate battery due to its discharging will not be likely to give any marked 
change in wave-length. 

Ejfeet of Change in Orid Voltage on Wave-Zefigth. 

« 

The battery of cells was introdaoed between B and the grid coil in the 
Bench 1 circuit (fig. 1) without any kind of potential divider or other 
tneohanioal device for altering the applied electromotiTe force. This alteration 
was brought about by connecting the cells up in different ways by wires. 
This crude method of varying the eleotromotive force was used beoause of 
trouble experienced in prelimiuary experiments, dne to changes in induotanoe 
and capacity produced by using potential dividers and commutators. Six 
small (30 ampere-hour) acoumulators were placed in a oiafo and oare was 
taken that all the cells were in metallio conneetion for each voltage. In this 
way the results shown in fig. 6 were obtuned. The point on the curve for 
—4 volts is marked with a note of intem^tion as the Bench 2 oondenser 
could not be set to produce audible beats between the fundamental and the 
fork. lYhen the grid voltage was given ntmerioally greater negative valnes 
the oscillations ceased. 

It is seen from fig. 6 that from »2 to 4 volts the curve is nearly stia^ht, 
but for higher values of the eleotromotive force it bends over sUghfly towards 
the axis of volts. For this tube and oironit (260 om. oapaoity, 8 millihenries) 
the increase in wave-length is about 10 metres per v(dt (iae in (peid voltage, 
the wave-length being 2760 metres approximately. 
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One 18 warned by these results on grid voltage to beware of the ohange in 
wave'length produced by inserting electromotive force in the grid circuit It 
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Grid volte 
Fio. 6. 

is of equal importance to be ou one’s guard against the eCTects produced by 
any change in capacity or inductance that may accompany the alteration in 
electromotive force. 

£ff€ti of Change in Covjtling of OHd CoU and Main Oscillator Coil on Wave- 
length. 

In the first 'section of this paper it has been necessary to refer to the eflbot 
of closeness of coupling upon the curve giving the wave-length as a function 
of the filament current. Some experiments were performed which show 
that the coupling has a marked effect on the wave-length, other things 
being fixed. 

For a given filament current the closer the coupling the greater the wave- 
length. For different filament currents the wave-length and filament current 
curve becomes steeper and its maximum moves towards higher currents as 
the coupling gets closer.'’ These results are shown graphically in fig. 7. 

The five points on the capacity’ scale for 0*7 ampere filament current are for 
five different amounts of coupling. Each point represents the added capacity 
on the Bench 2 circuit necessary for tuning. The grid coil was removed 
1 cm. further into the main coil between each pair of points aa we pass 
upwards on the capacity scale. The five curves show the effects on the shape 
ot the curve of the type of fig. 2. We get the typical curve with its maximum 
in curve d. If the coupling is much less the oedllations axe too weak for the 
whole range to be drawn, as in e. If the coupling is made closer the curve 

2 L 2 
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gets steeper, the wave-length increases, and the maximum moves to a higher 
filament current (curve e). 

In curve h the grid coil has been pushed too far into the main oscillator 



-coil. We cannot get the maximum without overheating the filament ; it has 
passed out of the diagram to the right. In curve a the coupling is so close as 
to have increased the wave-length materially, and the rising slope of the 
onrve is nearly a stra^ht line. Another set of observations with still closer 
coupling gave the rising portion of the onrve as almost a straight line and 
still higher up on the diagram. 

The variation of coupling gives us a means of putting the wave-length and 
filament current curve into a position on the a™ of filament ourrent in 
which its maximum is available for use. The coupling can besides be 
inoreased so as to give us a filament current and wave-lengA curve in which 
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a small change in current produces a large change of the same sign in the 
wave-length. This property could be applied, for example, to give modula- 
tion of wave-length, such as is sought in wireless telephony, or to form the 
basis of a new method of amplification. In this case the electrical stimulne 
to be amplified would be introduced into the filament circuit by means of a 
transformer. The consequent change in wave-length would be the index 
showing the receipt of the stimulus. 


Equal Parallel Cylindrical Condwtars in Electrical Problems, 

By F. J. W. Whipplb, M.A. 

(Communicated by Dr. C. Chroe, F.B.S. Received June 16, 1919.) 

In a recent paper* Dr. Alexander Russell has called attention to the 
practical importance of the electrostatic problem of determining the dis- 
tribution of charge and of potential when parallel cylindrical conductors 
are electrified. Russell points out that the same analysis will serve for the 
calculation of the current density and the magnetic flux when currents of 
high frequency pass along the parallel conductors. The solution be gives for 
the case of equal and opposite charges (or currents) in the two conductors 
is exact, but in the general case a more elaborate investigation is necessary. 

In the present paper the problem is solved by the method of conjugata 
functiona For the most part, the results are given in forms convenient 
for numerical calculation. The investigation is bonfined to the case in 
which the two cylinders are of the same size; for this case ordinary 
Jacobian elliptic functions suffice though in general theta-functions are 
required and the algebra is rather heavy. It is hardly to be supposed that 
a problem of such a simple character in a favourite field of investigation has 
not been solved befoiip. It is desirable, however, to have the solution in an 
accessible form. 

2. Notation , — ^The problem to be considered is virtually in two dimensionB, 
the cylinders being represented by circular sectiona 
. Let a be the radius of either circle, 2c the distance between the centres, 

the distance between the limiting points O and 12'. 

Take the origin midway between the centres and the axis of X along the 

* “Elaotrwal neersma in conasotion with FbmIIsI Oyiiiidrical Oonduotoia'’ ‘Fbys. 
Soa Fmo,’ voL 81, p. Ill (1818). 
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line joining them. The position of a point P may be defined 1^ curvilinear 
oo-ordinatesit and v such that the angle OPO' s % and fl'P/fiP m e*, urhioh 
relatione are equivalent to the equation 



z + ty=s t/cot(u+tv)f2. 

(1) 

or to 

sinhv 

cosh V— cos tc 

(2) 

with 

y=/ . 

ooshv— cosK 

(3) 


The two conducting circles are given by 


« BS 

where « satisfies the equations 

as/ooseohs (4) 

and «a»/ooth«. (6) 

3. Eqwd Oylindert with Eqwd Charges . — The potential function ^ and the 
conjugate function yfr suggested for consideration are determined by the 
equation 

s 4Q log {m8n[(it+(«)K/7r]}, (6) 

in which Q is the charge per unit length of either cylinder, K is the real 
quarter-period of the elliptic function, and m is an arbitrary constant. The 
form of the function on the right is such that ^ is a periodic function of u 
with period 27r. The condition that the potential ^ may be constant over 
the surfaces v =: is 

K'/K as 2»lir, (7) 

where 2«K' is the imaginary period of the function sn. 

To prove this we have 

sn(*+*K') = j^. 

and therefore 



so that, if (7) holds good, (6) gives when v m a 

^ s 2Q log{m^fk). (8) 

The function 0 has no poles in the finite part of the plane outside the 
cylinder^ and as it has the same constant value over the two oylinders it 
represents the potentiid when they carry equal obatges. 
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It is of interest to notice that e~** as q, where defined as is the 

quantity usually denoted hy that letter in the theory of elliptic functions. 

4. Pidential at a Great Distance (charges eqwi). — The potential at a great 
distance from the conductors is determined by the asymptotic equation 

^ 4Q ^log — log rj, (9) 

where r is the radius vector from the origin. 

If the zero of potential is on v = «, it follows from (8) that m =: kV*. 

On this convention the potential at a great distance is given hy 

^-4Q[log^^^-Iogr]. (10) 

and is therefore asymptotic to that due to a total charge 2Q per unit length 
distributed over a cylinder of radios R, where 

R = 2A!*K//<ir. (11) 

This equivalent radius is given in Table IT. 


Table I. — Dimensions. 


fiin-U. 

a. 

c/a * cosh c. 

fl9 • tinh a. 

ejfrss COthll. 

0 

OQ 

CD 

flO 

1 

10 

8*130 

11-452 

11-408 


20 


6-716 

6-6 S 7 

1*016 

80 


8-797 

8-668 

1-087 

40 

1-706 

2-848 

2-661 

1-068 

00 

1-447 

2-243 

3-006 

inr 

60 

1*338 

1-863 

1*060 

1-188 

70 

1*016 

1-668 

1-300 

1*802 

80 

0-789 

1*837 

0-878 

1*631 

66 

0-404 

1-105 

0-470 

3*850 

00 

0 

1 

0 

00 


Table II. — Potential and Force. 



r 

' 0 

7-«. 

B/a. 

A , 

A ^/. 

Keif. 

0 

00 

00 

0 

00 

1 

0 

1 

10 

8-188 

6-262 

0*004 

4-70 

0^2 

0-087 

0*996 

30 

8-488 

4*873 

0*014 

8*89 


0-178 

0*985 

80 

3*044 

4*008 

0*085 

3*78 

0-083 

0-354 

0*966 

40 

1*769 

S -474 

0-064 

3*43 1 

0-879 

0*881 

0-940 ! 

00 

1-644 

8-991 

0-007 

3*16 

0-614 

0*406 

0-909 ! 

60 


8*608 

0*158 

1-99 

0-788 


0*871 

70 

1*386 

8-868 

0*330 

1-85 


0*535 

0*831 

80 


1-898 

0-<17 


0*510 

0-684 

0*776 

89 

0-978 

1-486 

0-518 

1*68 

0-801 

oeea 

0*709 

30 

0-908 

0-908 

0-908 

1*57 

0 

0*667 

0^ 














468 


Mr. F. J. W. Whipple. Equal ParaUd 


5. DittrUnition of Line$ of Force, etc . — To detenuine the distribution of the 
charge on either cylinder, a knowledge of the variation in is neeeesarj. 
Equation (6) may be written 

= 2Qlog[(m/X;)*(nB2io— ds2io}(nB2i«— cs2w)] (12) 

where w = (» + K/w. 

On writing v = « = vK'12'K it is found that at points on the cylinder 

^ = 2Qlogm*/A; 

as before, whilst 

^ = 2Q[(2n + l)ir-tan-‘(^8C^)-tan-»(*8d^)] (13) 


where » is an integer. 

In passing round the cylinder u increases continually, and so does the 
flrst inverse tangent, but the second one oscillates about zero. 

If we take n = 0, the formula gives 


whenu = 0, ‘^ = 2Qw; when u = w, ^=>0 ; when i(3=2ir, — 2Qw. 
6. DentUy of the Charge. — To find a, the density of the charge. Equation 12 
may be differentiated. 

Since w s — ^ ^ where s is the arc on the circumference of the 
4w d» os 

cylinder and dn is the element of the normal, it follows that 


a 




j 2uE. , 
dni^=+*cn 

V 



(cosh*— cos u). 


(14) 


The mean surface density a is given by 

9 = Q/(2wa). (16) 

It follows that 0 * 0 , the density at the points of either cylinder furthest from 
the other, and ai, the density at the points which are nearest, are related to 
9 by the equations 

,ro « ^(1 +*) tanh 3 . » (16) 

TT J 


and ffi = — (1— ft) coth ^ . v, (17) 

TT it 

respectively. 

The ratio of these densities is given by 

<ro/«ri«{tanh|tan(j+?)y ( 18 ) 

where sin 0 w ih 


The xatioe es/V and wi/v are tabulated in Table III. They are graphed as 
functions of e/a in fig. 1. 
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Table III.— Conoentratioii of Charge. 


46 » 



o ^2345 

l>i 6 taiiee tetmea axea (Dl&meter of either cylinder -i) 


Fie. 1.— Surface denutiee et poitita oa a common diameter of oylinden cariying equal 
dutfgee. (Mean deaaity over a cylinder unity.) 


iiiislii 
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Fto. 8.— Surface denaitiea at pointo on a common diameter of two ^lindersi one <diarged| 
the other uncharged. (Mean denaity on charged cylinder unity.) 

7. Potential on the Axee . — The way in which the potential ^ varies along 
the axes is of interest : — 

(a) For u SB 0, t.e., for the continuation of a common diameter of the 
cylinders, the equation (6) gives 

SB 2Qir; ^ s 4Qlog{4n . so'(vK/w)}, fl9) 

where the dash is to indicate that the complementary modulus K' is used. 

(&) On the part of the common diameter intercepted between the cylinders 
u St ir, and therefore 

^BsO; ^ as 4Qlog{mnd'(vE/ir)}. (20) 

(e) On the axis oiY,v» 0, and thnef(»e 

'^sO; ^ SB 4Qlog{msn(«K/«’)). (21) 

8. Potential on the Orthogonal OireU , — ^As an additional guide for drawing 
the equipotentials and lines of force, their intersections with the cirole, 
which cuts the conductors orthogonally and qrmmetrically, are required. 
The circle is specified by u sb ir/2. 

Over this cirole ^ and ^ are given by 

0 si 2Q log {»i’/(dn' ivKIn+k^ on' 2vKln)). (22) 

and ^ as 2Q[2nir— Bin~*(it'8n'2«K/ir)], 

which may be derived from (12). 
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9. SepuMon betwun Ojfiimden Carrying Egual Charges . — The lepulsion per 
unit length is F where 


F = 2ir|«r»^<fo 

the integral being taken round the oiroumference. 
On eabstitution it ia found that 


(23) 


F = 


4K«Q« 

w*/ 


f (dn ^-^+A:cn (ooshacoau— l)dn. (24) 
Jo \ ^ TT / 


On integration this equation reduces to 

F = AQ«// 


where 




(26) 


£ being the second elliptic integral I dn*s ds. 


Jo 


The formula (25) has been used in computing the repulsion in Table II 
The results are shown graphically in fig. 3. 

It will be seen that for cylinders whose distance is large compared with 
their radii, 

F->QV/. 

On the other hand when the cylinders are very close 

F->2Q*/3«, 

so that the repulsion between equal cylinders in contact carrying equal 
charges is the same as that between line charges at a distance equal to 
three radii, a result which can be verified by independent analysis of this 
important special case.* 

10. Egnal Cylinders ; Anp Charges . — By combining the foregoing solution 
for equal positive charges with the well-known one for equal and opposite 
charges, vis., s — 2tQ(»+(v), the distribution of potential in the 

general ease can be found. 

If the charges are Qi on « m « and Qi on v b — and if the aero of 
potential is at the origin", then 

SB 2(Qx-hQi) log Bn{(tt-t-iv) K/w}—t(Qi—Q0 («+*»)• (26) 

The potentials of the two cylinders are given by 
s* (Qi+Qs)log<l/*)-KQi-( 

(Qi+Qi)log(l/l!)- 


ujr 

)+(Qi-”Qs)«l 
)— (Qi— Q*)« j 


( 27 ) 


* The lolation depends on the equation 

« SQlogtan (2^ . |). 
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whilst the potential at a great distance r is given by 

^ 2 (Q, + 0,) log (^ • •J)- (28> 

The surface-density* of the charge on the cylinder « b « can be computed 
from the formula 

OOsba— OOB» 


<r = [^ (Qi+Qs) (dn^+cn +(Q,_Q,) ] 

and the repulsion between the cylinders is determined by 

r. _ A(Qi-i-Q»y (Qi-Q»)» 

4/ 4/ 


/ 


(29> 


(30> 


where A is defined by (25). 

The force is negative, t.e., there is an attraction when Qi— Qs is large 
compared with Qi-t-Qj. The condition for the force to vanish is 


/ Qi--Q«Y . 
\Qi + Q*/ 


(31) 


When one of the cylinders is uncharged, so that Q» O.^there is an 
attraction 

= (32> 
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Biatance between axea (Siameber of either cylinder*!} 
Fio. 8.— The force between two cyllndera 


* For the case *• 0 the muface densities at the points vdiere « « 0 and « *• ir are 
tabulated in Table in and shown grapUeally in fig. S. 
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11. PotmUal and Capacity Coeffieient8,’-~lii the ordinary treatment of 
potential in three-dimensional problems, it is taken as zero at a great 
distance from the condnotors under consideration. When dealing with 
cylinders which are regarded for the purpose of analysis as infinite, the 
difference of potential between them and an object at a great distance 
increases as the logarithm of the distance and this distance must appear 
explicitly in the formulae. 

In the present problem we are virtually compelled to complete our 
system of two cylinders with charges Qi and Qj, by supposing them to be 
aurrounded by a very large cylinder, which may be supposed to have a 
radius r, and to be symmetrically placed with regard to them, and to have 
aero potential. It carries on its inner surface the charge — (Qi + Q>). 

The potential of the first cylinder is now given by 



= 2(Qi-j-Q,)log(^^^)+(Qi-Q,)«. 

(83) 

so that if 



=* PiiQi+PmQsI 
^ = PMQi+^toQiJ 

(84) 

we have 

J>n =Pii =* 21og(r/o)— (y— a)1 

(36) 

and 

pu s 2 log (r/a)— (y +«) J 

y being written for 2 log ^ 

(36) 


or in the notation of § 4 for 2 log B/a. 

Numerical values of the coefiicients y, y+», y— «, are set out in Table II 
and shown graphically in fig. 4. 

The charges can be written down in terms of the potentials in the form 


Qi “ Kii^+Ku^ 
Q* * Ku^+Ku^^ 


where the capacity coefficients are given by the relations 


Kii 


Ks* 

Km 


21ogr/g— (y— «) ' 

4«{21(gr/a— y} 

4at{21ogr/B-y}^ 


(87) 


It will be noticed that as r — >■ oo the capacity ooeffloientii remain finite ; 
Ku *» — ► —Km — ►1/4*. 
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Fio. 4. — Potential coeffidente. 


These relatious are not of direct service however : they merely indicate that* 
as long as + ^a) is small oompaied with log r/a* the total ohuge 

on the two cylinders is negligible and that 

Qi = — Qa = (^ 1 — ^)/4« approximately. 

It is of interest to compare the potential coefficient pu with that of a single 
isolated cylinder of radius a, which is 2 log r/a. The difference 2 log rfa—pw 
is equal to 7 — « and, therefore, independent of r. This indicates that bringing 
another conducting cylinder to the neighbourhood of a charged cylinder 
changes the potential of the latter by a finite amount. Oaloulation shows 
that as long as the distance is considerable the effect is small When the gap 
between the cylinders is equal to the diameter of either, the diffisrence is only 
11 per cent, of its value when the gap is infini^imal. 

12 . The electrostatic energy of the system per unit length is Y where 

V » i(puQi*+ 2j:>ijiQiQa+J^Q)^) 

* H{2 logr/«-7} (Qi+Qs)*+«(Q|- W (38) 
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Since a-^0 as the oylinders are brought together it appears that there 
would be no loss of energy if they could be brought into contact without 
sparking. 4>The bound charges are so close together on the two surfaces 
that their elimination when the two cylinders become a single conductor has 
no effect on the external field of force. 

I 

13. The space allotted to this paper does not permit of the application of 
the analysis to Bussell's problem of the conductors carrying high-frequency 
currents. It may be mentioned, however, that the inductances required can 
be derived at once by the method developed in his diecussion. 
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Sir william CKOOKES, O.M., 1832-1919. 

Thx author of a succession of papers published by the Royal Society and 
other scientific bodies extending over 67 years (from 1861 to 1918), to say 
nothing of a number of technical treatises in the form of large volumes, must 
have bwn a man of remarkable industry as well as intellectual qualities, and 
those who believe in the influence of ^redity will therefore be disposed to 
look for some indication of the ancestral origin of these qiulities in the 
famous man who has so recently passed away. 

His father, Joseph Crookes, bom in 1792, tbe son of a small tailor in the 
north of England, came to I/>ndon a poor boy. But he was evidently a man 
of brain and energy, for the tailor’s business he established proved so 
prosperous, that when he died in 1884, at the age of 92, he was a rich man. 
Joseph Crookes married on February 24, 1831, at Aynhoe, Northampton- 
shire, as his second wife, Margaret Scott, and from this lady he had a second 
family of several sons and daughters. William was her firstborn, and 
resembling her in feature and in disposition, it may be surmised that he 
derived some of his characteristics from her. 

There is but little to say concerning William Crookes’s early years. 
Improbable as it may appear, he always maintained that ho remembered 
learning to stand and to walk. Such regular education as he received was 
obtained at a grammar school at Chippenham. His father wished to make 
him an architect, but in the end he satisfied his inclination for experimental 
work, already indicated at home, by entering the Royal College of Chemistry 
under Hofmann, the first professor, in 1848. He must have made 
extraordinary progress, as in 1861 his first paper appeared in three Cerman 
Chemioal Journals to which it was communicated, doul!>tless by Hofmann. 
Tbe English version was printed in the * Quarterly Journal of t^ Chemical 
Society’ (vol. 4, 1852), “ On the Seleno-Cyanides, by William .Crookes,, Esq., 
AssiMirat in the Royal College of Chemistry,” This position as Assistant he 
retuned from 1860 to 1864. He then went to Oxford for a short time 
as Superintendent of the Meteorological Department at the Radoliffs 
Observatory, and in ISdU^he became Lecturer on Chemistry at the Ofaiester 
Training College. 

In 1866 he married Miss Ellen Humphrey, a native of Darlington, whose 
aequaiatanee he had made some yean earlier through school friends of his 
sister. They were married on 10, 1866, at the Parish Church of 
St PaneiMi Middleseiti Rud began housdreeping at 20, Momington Road, N.W. 
3(|ey tynnoved to 1 , Keneiagta^l^k Qardens in 1880, and ttUs was their 
to tibe end of their hvai ■ -La 1850 he brought out th^flnt number el 
ii|ft,*Qh«aBjbsl Newiy^ el whibh be teme^ed s^^ 

' meantime he meiin to here bear mueh eooupied with tim fltu4y of 

■ h 
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phenomena connected with the nature and efiects of light, for several papers 
relating to photography were published between 1853 and 1857. Soon after 
this the employment of the prism in recognising and distinguishing volatile 
substances in flame was introduced by Bunsen and Kirchhoff, and the 
discovery of rubidium and ctesium in the water of the Dflrkheim spring was 
announced by Bunsen in 1860. On applying the spectroscope to the 
seleniferous material from the vitriol works at Tdkerode (Harz), which had 
been given to him by Hofmann some years previously, and which he had 
used as the source of selenium in his work on the selenocyanides, Crookes 
observed a new green line which led him to the discovery of thallium. The 
first announcement of the existence of a new element appet^red in the 
' Chemical News,' March 30, 1861. It was originally supposed to be related 
to sulphur, but the discoverer soon saw fit to alter his opinion and the 
specimens exhibited in the International Exhibition, 1862, and to which a 
medal was awarded, were labelled Thallium, a 'new metaUie dement. The 
discovery was interesting from several points of view. The use of the 
spectroscope was novel and the properties of the new metal were strange, 
exhibiting as it does, the appearance and approximately the density of lead, 
some of its salts resembling those of load and mercury, while others are 
perfectly similar in solubility and crystalline relations to the salts of the 
alkali metals. The discovery of thallium at once secured for William 
Crookes a recognised position in the scientific world, and in 1863 he was 
elected F.It.S. Obviously the first task which lay before him was the 
investigation of the chemical and physical properties of the new element and 
its sources in nature. Among the most important of the physical constants 
to be determined was the atomic weight, and the remarks on the subject 
contained in Prof. F. W. Clarke's "Constants of Nature” (Smithsonian 
Institution, 1882), may properly be quoted here. “In 1873, Crookes the 
discoverer of thallium, published his final determination of its atomic weight. 
His method was to effect the synthesis of thallium nitrate from weighed 
quantities of absolutely pure thallium. No precaution necessary to ensure 
purity of materials was neglected; the balances were constructed specially 
for the research; the weights were accurately tested and all their errors 
ascertained ; weighings were made partly in air and partly in meuo, but all 
were reduced to ahsUvie standards, and unusually large quantities of thallium 
were employed in each experiment. . . . Suffice it to say that the research 
is a model which other chemists will do well to copy. . . . Henc^ using 
the atomic weights and probable errors previously found for N and 0, 
T1 s 203*716 ± 0365. It 0 m 16, T1 a 204*183. . . . Crookes himself, 
using 61*889 as the molecular weight of the group NOa gets the value 
T1 as 203*642 ; tiie lowest value in the series being 203*628 and the highest 
203*666, an extreme variation of 0*038. This is extraordinary aocuraov for 
BO high an atomic weight, at least as far as Crookes's work is concerned." 

This passage lUustrates the spirit which animated Crookes’s work through- 
out. Nothing short of the highest attunable accuracy ever satisfied him. 
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The use of the vacuum balance, however, was attended by unexpected 
pheiiotnena, which occupied his attention for many years afterwards and led 
to the discovery of the radiometer in 1875. This was described in a paper 
entitled **Ou Attraction and Repulsion resulting from Radiation,'’ cum* 
municated to the Royal S(X)iety on March 20, 1875. A Royal Medal was 
awarded to Clroukes at the Anniversary Meeting in the same year. The 
President in presenting the medal referred to the iristruineut in the form in 
which it has been since familiar, namely, with the four-armed lly mounted on 
a sharp point and having tliu vertical disks at the ends uf the arms blatkened 
on one side. He also remarked it is the mystery attending this phenomenon 
that gives it its great importance." Great interest was manifested by many 
experimenters in the phenomena observed, and there wore many attempts at 
explanation. In the end, the hypothesis put forward by Dr. G. trohustone- 
Stoney, according to which the repulsion is due to the movements of the 
molecules of the reshlual gas acting differentially on the two surfaces of the 
movable disk, was accepted. 

In a footnote to one of his pajiers (‘Roy, Soc. Proc.,' vol. 25, p. 308, 
November 16, 1876), Crookes drew attention to the properties of highly 
attenuated gas, and expressed the view that the phenomena indicate the 
existence of a fourth state of matter as far removed from the condition of 
gas as gas is from liquid. 

In all the numerous experiments connected with this investigation Crookes 
was assisted by Mr. C. H. Gimingham, whose mechanical dexterity and skill 
as a glass-blower were quite remarkable. Gimingham joined the Swan 
Electric Light Company in 1881, but unhappily died a few years later. 

The phenomena exhibited by the electric discharge in rarefied gas hod long 
been familiar and had been studied by Pliicker, by Hittorf, and oilier 
physicists. It was natural that in the examination of the properties of 
highly attenuated gas the phenomena exhibited by electric discharge through 
such media should receive Crookes’s attention, and in the paper in which his 
first experiments in this direction were described (‘ Roy. S*X5. Proc.,’ vol. 28, 
p. 110), he was led to theoretical speculations on the ultra gaseous state of 
matter. In this paper the dark space which appears round the negative pole 
was the subject of experiment and was found to enlarge as the exhaustion 
proceeds, while the phosphorescence excited on the glass walls of the tube 
diminishes and ultimatefy disappears. The dark region round the electrode 
has since been known as the Crookes or cathode dark spam. The rays from 
the cathode may be made to converge by the use of an aluminium cup and 
the result is the production of a green phosphorescent spot on the glass, the 
rays travelling in straight lines oast a strong shadow from any object placed 
in their path. The tays when concentrated also develop great beat which 
may rise to the melting point of platinum. 

In 1880 the French Acaddmie des Sciences awarded Crookes an extra- 
ordinary prise of 3000 franos and a gold medal in recognition of bis 
disooveries in molecular physics and radiant matter. In the years following 
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1880 he continued the active investigation of the phenomena exhibited 
hj gases in a highly attenuated state, and among other properties he studied 
the heat conduction and viscosities of gases in this condition. He also 
examined the phosphorescence exhibited by many substances when exposed 
to the discharge from the negative pole in a highly exhausted tube ; and 
in the Hakerian Lectui*e for 1883, speaking of this discharge as “radiant 
matter," he considered that the particles flying from the cathode were of 
the dimensions of molecules. 

For some years he was occupied in tracing by the spectroscope the changes 
noted, and he was led to attempt the separation of some of the earths, notably 
yttria,into the components of which they were supposed to consist, by means 
of a very elaborate system of chemical fractionation. The result of all this 
work led him to speculations as to the characters of the elements and the 
existence of a class of bodies which he called “ ineta-elernents." These meta- 
elements he regarded as composed of atoms “ almost infinitely more like each 
other than they are to the atoms of any other approximating element. It 
docs not necessarily follow that the atoms shall all be absolutely alike 
among themselves. The atomic weight, which we ascribe to yttrium, there- 
fore merely represents a mean value around which the actual weights of the 
individual atoms of the ' element * range within certain limits. But if my 
conjecture is tenable, could we separate atom from ^toin wc should find them 
varying within narrow limits on each side of the mean." This view was put 
forward in the Ihresideutial Address to the Chemical Society, 1888, the whole 
of which even now after thirty years would repay perusal. The possibility 
of the evolution of the elements from a primal elementary protyl or urstofF 
is a proposition which lias been discussed from the most ancient times, but 
the chemist had little positive information as to the interrelations among 
the recognised elements before the conception of the periodic law. Taking 
an idea from Prof. Emerson Reynolds for the diagrammatic display of the 
periodic relation of properties to atomic weight, Crookes produced a figure of 
eight curve, on which the symbols of the elements are placed at intervals so 
that the members of natural families fall into position vertically over one 
another. 

On this curve the meta-elements would be ranged in groups or clusters ' 
close together. Radio-activity had not been discovere<i when this address 
was composed, but something approaching Crookes’s idea has been realised in 
more recent times by the discovery of isotopes among the products of the 
disintegration of radio-active elements. For his researches on the behaviour 
of sdbstanoes under the influence of the eleotrio discharge in a high vacuum, 
with special reference to their spectroscopio behaviour, the Davy Medal was 
awarded to Crookes by the Royal Society in 1889. 

The discovery of argon by Rayleigh and Ramsay in 1894, and of helium by 
Ramsay in 1895, opened a new field, and Crookes being recognised as the 
most experienced observer of spectra and the highest English authority 
in this direction, the new gases were at once submitted to him, and the 
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identity of terrestrial with solar helium was established finally by his 
examination. 

Soon after this time the brilliant researches of J. J. Thomson throw an 
entirely new light on all the difficult spectroscopic questions which had been 
so patiently and so successfully examined by Crookes. It became clear that 
the particles projected from the cathode were much smaller than any 
known atoms or molecules of ordinary matter, and were in fact the 
minute bodies called electrons. On this point, Crookes in a psfier on 
the “Stratifications of Hydrogen” (‘Hoy. Soc. Proo.,’ vol. 79, p. 411), 
expressed himself in the following terms: — “In twenty-five years one’s 
theories may change, although the facts on which they are based remain 
immovable. What I then called ' Iladiant Matter ’ now passes as ‘ Electrons,’ 
a term coined by Dr. Johnstone-Stoney to represent the separate units of 
electricity which is as atomic as matter. What was puzzling and unexplained 
on the ‘ Iladiant Matter ’ theory is now precise and luminous on the 
* Electron ’ theory.” And by application of this theory the stratifications of 
hydrogen were explained. 

The discovery of radio-activity by Henri Becquerel and of radium by 
Madame Curie towards the end of the century, naturally attracted Crookes’s 
interest and attention. On examination of uranium salts some specimens 
were found to be much more radio-active than others. It was soon found 
that the radio-active constituent is precipitated from a solution by ammonia, 
and on adding excess of the reagent a small insoluble light brown precipitate 
is left which exhibits strong radio-active properties, while the uranium salt 
remaining is almost inactive. A year later the uranium had regained its 
activity. To the active substance tbo name Uranium X was given. What- 
ever be its nature, it is evident that uranium owes its usual activity to the 
presence of this substance which is generated from it and the separation of 
which depends on the readiness with which it attaches itself to precipitates, 
especially ferric hydroxide, when iron is present as an impurity in the 
uranium compound employed as material. The year following, Crookes 
continuing his observations on the emanations of railium, discovered the 
effects produced by the a rays on a surface of hexagonal blende (zinc 
sulphide), and invented the little instrument, wliich ho called the spinthari- 
soope, by which the number of scintillations can be counted, each spark being 
produced by one a particle. 

The researches on the spectra and other characters of the rare earths 
occupied more than 20 years, and one result was a very extensive study of 
soan^um and its salts, which places it in the position of being now better 
known than almost any other of these difficult elements from which scandium 
is separated by its low atomic weight 

In 1908 Crookes drew attention to the remarkable resistance to the attack 
of all kinds of reagents by the metals iridium and rhodium, and in 1912 he 
recorded a useful series of observations on the relative volarility of metals of 
the platinum group. In the cose of platinum at 1300” the metal seems to 
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Tolatilise per ae, whereas the loss of weight of iridium is probably due to the 
fonnatioa of a volatile oxide. The spectra of elementary boron and silicon 
were the subjects of papers communicated to the Eoyal Sooietyin 1912 and 1914. 

A very valuable investigation undertaken in eoiincction with the Glass 
Workers’ Cataract Committee of the Soyal Society, was begun in 1909. The 
main object was to prepare a glass which will cut off those rays from highly 
heated molten glass which damage the eyes of workpeople. This involved a 
study of the effects of the addition of a large numl)er of metallic oxides to a 
colourless glass, specially prepared for the purpose by Mr. H. Powell of the 
Whitefriars Glass Works. The problem was to prepare a glass which would 
cut off as much as possible of the heat radiation, and at the same time be 
opaque to the ultra-violet rays, while the colour would be scarcely noticeable 
when used in spectacles. In the result, a series of 18 different recipes were 
provided which meet, more or less fully, the three requirements contemplated. 
These have been found to be, in practice, very beneficial to the workers. 

We may now recall some of the subjects which at various times were 
studied by this untiring worker, outside the course of research which may be 
supposed to have represented his predilection. 

It should not be forgotten that when quite a young man he was appointed 
by the Government to report on disinfectants and their application to the 
arrest of the cattle plague in 1866,- and that be was responsible for the 
recognition of the antiseptic value of phenol or carbolic acid. 

The diamond has been over a subject of interest, not meiely to the jeweller 
but to the mineralogist and chemist, owing to the mystery in which, up to 
recent times, its origin and formation were involved. In a visit to Kimberley 
in 1896, Crookes spent nearly a month in the mines studying the question of 
the origin of the mineral, and i^ain in 1905, on the occasion of the visit of 
the British Association, he pursued the same enquiry. In 1893 the late 
Prof. Moissan demonstrated the production of diamonds by crystallisation 
of carbon from molten iron under pressure, and Crookes showed that the 
residue of cordite exploded in a closed steel cylinder contains crystalline 
particles possessing the form of the diamond. He published an interesting 
little book on Diamonds in 1909. 

Another subject in connection with which he did good service was the 
importance of producing and applying to the land much larger quantities 
of nitrogen in the form of nitrate, in order to increase the supply of wheat. 
" The Wheat Problem ” was one theme of his Presidential Address to the 
British Association at the meeting at Bristol in 1898, and his views on the 
subjeot were embodied in a volume published a year later, in which he was 
able to reply to the various oiitics who in the meantime had questioned 
some of his conclusiona Though doubtless some of liis most startling 
statements admit of modification, the problem still remains a topic of 
suprome interest to the agriculturist and to the world at large. 

It would be almost impossible to enumerate all the various direotions in 
which Sir William Crookes (he received the honour of knighthood in 1897) 
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occupied himself in connection with problems of public interest or as expert 
adviser to the Government, but, in passing, may be mentioned his work on 
the disposal of town sewage, his Reports on the composition and quality of 
daily samples of the water supplied to London from 1880 to 1906, and his 
services as Consulting Expert on the Ordnance Board from 1907 onwards 
during the period of the war. Nor should it be forgotten that the office of 
President is in many learned societies no sinecure. In presiding over the 
Chemical Society (1887-1889), the Institution of Electrical Engineers (1890- 
1804), the British Asssoeiation (1898), the Society of Chemical Industry 
(1913), and finally the Royal Society (1913-14-15), Sir William paid close 
attention to all the multifarious details of the businesa of each Society. He 
also served as Honorary Secretary to the Royal Institution from 1900 to 
1913, and as Foreign Secretary to the Royal Society from 1908 to 1912. 
Every man of science among his conteinporarieB will be ready to affirm 
therefore that the numerous honours whioh were showered upon Crookes 
by the most distinguished Academies and Universities in the world were 
well earned and very fittingly conferred. He received from the Royal Society 
the Royal, the Davy, and the Copley Medals ; and from the Royal Society 
of Arts the Albert Medal, and finally, in 1910, the Order of Merit was 
conferred upon him by the King. 

Crookes's whole scientific career is interesting, apart from the value of his 
discoveries, as illustrating the fact that to a man of genius the character of 
his early education has but little influence on his achievements. As 
mentioned already, he left school at the early age of fifteen, and at once 
specialised in a single branch of science under a teacher eminent in his own 
line, but from whom the young student seems to have derived little but the 
advantage of example, for the subjects to whioh Hofmann devoted his 
energies appear to have had but little attraction for Crookes. Unlike W. H. 
Perkin, who also entered the College at about the age of fifteen with equally 
imperfect general education, he never seems to have been attracted by 
organic chemistry, and to the end of his life remained practically ignorant of 
this branch of science. But the genius displayed by Crookes was accom* 
panied by unusual independence of character whioh was displayerl in a 
variety of ways, not only in the course taken by his own researches, but 1^ 
his attitude toward the statements and pretensions of others. Nothing 
seemed too improbable to escape his attention, and of this the time and 
trouble he was tempted to expend on the pretended transmutation of silver 
into gold some twenty years ago is a sufficient illustration. The same 
liberality of spirit made him very tolerant, and perhaps not always sufficiently 
critical in regard to articles in his paper, ‘ The Chemical Newa' 

Here we must add that no account of William Crookes* life as a scientific 
man would be complete, and less than justice would be done to his personal 
character and independence of spirit if all reference wete omitted to the 
investigations in whioh, early in his career, he became involved oonoemiiq; 
the phenomena of so-called "Spiritualism.** *The Quarterly Journal of 
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Sdenoe * for July, 1870, contains an attiole under the title, " Experimental 
Investigation of a New Force,” in whioh Crookes describes experiments 
undertaken with Mr. D. D. Home, a “ medium ” well known to the public at 
that time. At one of the earlier Uancei the experiments were made in the 
presence of Dr. Huggins (afterwards Sir William Huggins, President of the 
Bi^al Society), Serjeant Cox, proprietor and conductor of the * Law Times 
and Becorder of Portsmouth,’ one of Crookes’s brothers, and his chemical 
assistant Later, in January, 1874, the same journal published ** Notes of an 
Enquiry into the Phenomena called Spiritual during the years 1870-73,” 
with the signature William Crookes. 

Anyone who has read these articles can realise the shook which was 
experienced by the scientific world on learning the character of the state- 
ments contained in them. Here was a well-known man of science, a Fellow 
of the Royal Society, the discoverer of thallium, with which and with its 
salts, chemists had had time to become perfectly familiar, asserting in the 
most formal manner, that in his presence things had been seen and done 
whioh everyone would regard as contrary to well established natural law and 
to all ordinary experience. 

It is perhaps not surprising that Crookes was publicly attacked in a violent 
manner, but he was able to show that many misrepresentations and mis- 
statements were made which everyone must now perceive were wholly 
unjustifiable. The story of his experiences as told by him is supported by 
evidence, which would be accepted as conclusive if these statements related 
to any scientific work or to any ordinary occurrence. Crookes himself never 
withdrew or altered his statements concerning the phenomena he had 
witnessed, and in his Presidential Address to the Meeting of the British 
Association at Bristol, so late as 1898, be reiterated his conviction as to their 
reality. This conviction ho retained to the end of his life. He was 
President of the Society for Psychical Research in 1897. His view, if he 
really had a settled opinion, as to the explanation of these strange phenomena, 
cannot be given in his own words, but the view of Mr. Sergeant Cox on the 
theory of what he called psychic force, is given very clearly at the end of 
these “ Notes," and it appears probable from the prominence given to this . 
exposition, that it represents very nearly the opinion of Crookes himself. 
Perhaps the last few Unes are sufficient to quote in this place, as probably 
views may have changed during the 45 years since they were written. The 
passage is as follows: — ^“The difference between the advocates of psychic 
force and the Spiritualists consists in this — ^that we contend that there is as 
yet insufficient proof of any other directing agent thata the Intelligence of 
the Medium, and no proof whatever of the agency of the Spirits of the Dead ; 
while the Spiritualists hold it aa a faith, not demanding further proof, that 
the Spirits of the Dead are the sole agents in the production of all the 
phenomena. Thus the controversy resolves itself into a pure questioh of 
fad, only to be detennined by a laborious and long continued series of 
experiments and an extensive collection of psychological foots.” 
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It is unncoesBary to pursue the Hubjcct further, but an Crookes made no 
secret of his views, and his credibility in re^mrd to all other questions, 
scientifio or otherwise, has never been impugned, his biographer would not be 
justified in doing more or leas than to place on recvtrd siudi Htatements as 
appear to reprosent fairly the position he had assumed, and certainly no 
biographer would be expected to pronounce any opinion other than that 
which he believes to have been entertained by the subject of his notice. 

By the death of Sir William Crookes on April 4, 1919, tlic world lost a 
great scientific pioneer. His ago was lar advanced, and tlio loss of hm wife 
some two years earlier had l)een a severe blow, from which he never 
completely recovered, so that when in January last Iiia friends Icavncil of his 
increasing weakness, it was with the md conviction that the end was not far 
off. The touching dedication prefixed to his little book tm Diamonds was an 
indication of the domestic happiness which throughout aecmnpanieil his long 
and active career. 

W. A W 


SIK JOSEPH WILSON SWAN. 1828-J914.* 

“Thk earliest of my recollections relate to Pallion on the Wear near 
Sunderland, a notable place for shipbuilding when the only material used, or 
thought of, for shipbuilding was timber. Pallion was a small riverside place, 
with high banks, overlooking the liver, and uim])oiled country at tlie Iviok, 
dotted with farms. 

“ Our house stood alone, with a large garden, overlooking the river, and 
upon the shipbuilding yards opposite and below. 

“ Along the fringe of the river there were a few «)ther industries — lime- 
kilns and glass-works, a jwttety, a paper-mill, and copperas works ; and Imhind 
the river, fanning still held sway, with liere and thei'6 a large house with 
wooded grounds. 

I was only four years old when we left Pallion, but, still, memory has left 
some distinct traces of the things I saw and heanl before we removed to 
Bishop Wearmouth, two miles away. . . . Our pleasant drawing-room is 

now included in the drawing office of the greatest firm of shiplmilders on the 
Wear.” 


* At the request of the Council, the late Prof. SilvanuH Thompson had undertaken to 
write the obituary notice of Sir J. W. Swan, when his unfortunate death prevented hie 
completing the task. Miss Swan, with whom Prof. Thompson had been in communica- 
tion, requested Dr. William Garnett to write a shott account of her father’s life. It is 
this account which is now published.— A. S. 
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Such is Ihe description given by Sir Joseph Swan of the place of his birtli 
as it appeared 90 years ago. As compared with Pallioii to*day, the difierence 
is as great as that between peace and war. Sir Joseph adds: "I very 
distinctly recall, on waking of a morning, the pleasant sound of the volleying 
blows of the mallets on the trenails, so different from, and so much more 
musical than, the harsher note that has since displaced it in connection with 
the modem iron ship. 

*' Before T was four I had visited all the works in the neighbourhood, been 
to the Cilass House and seen the process of glass-blowing, .... looked 
into the square pits of the copperas works, and very distinctly remembered 
the splendid appearance of the green crystals clinging to the sides ; I had 

been in a pottery and seen clay thrown upon a wheel I had seen 

the limestone quarried and the process of lime-burning. 

"I remember the flags and bands incidental to the election of 1832, just 
before we left Pollion.” 

At Bishop Wearmouth Joseph Swan attended a dame's school, where his 
principal achievements were in the direction of needlework, including the 
sampler, “ with its border fantasy of branch and flower and yellow-throated 
nestlings of the nest.” After a while he joined his brother John at Dr. Wood’s 
school of about 200 boys, at Hendon Lodge, an olcl country mansion with 
extensive grounds. About two years after Joseph Swan’s entrance, the school 
was removed to Hylton Castle, about 2 miles north of Sunderland, famous for 
its ghost — The cauld lad of Hylton.” 

Joseph’s uncle was the owner of a ropeworks, which had a gas plant of its 
own, and here' the schoolboy had an opportunity of studying the manufacture 
and application of coal gas, but even then gas found in the boy’s mind a 
powerful rival in electricity, for Mr. John Ridley, “ a friend of the family,” 
possessed an electric machine, with all the paraphernalia then usually 
associated with it. It was while tlie school, whs still at Hendon T^odge that 
Dr. Wood, the head-master, made the anuouucement : “ Now, boys, if any of 
you want to write letters, 1 want to tell yon that from to-morrow you can 
send a letter from one end of the country to the other — from Land’s End to 
John o’ Groat’s house — all the way for a penny.” 

Joseph left school at the age of 12. Of his school books he remembered 
with special pleasure Hugo Reid’s ‘ Chemistry ’ and Ewing’s ‘ Elements of 
Elocution.’ To the latter book he attributed much of his love for poetry and 
good literature. From the former he gained his first knowledge of Dalton’s 
Atomic Theory and his first acquaintance with the manipulation of laboratory 
apparatus. In the autumn of 1842, after spending some time with his great- 
uncle, Commander Kirtly, R.N., he returned to Sunderland and was apprenticed 
to Hudson and Osbaldiston, druggists, for six years ; but before three years 
had expired both partners were dead, and Swan joined his future brother-in-law, 
John Mawson, of Newcastle-upon-Tyne. This was the beginning of the firm 
of “ Mawson and Swan,” a partnership which was established in I860.' As an 
apprentice in Sunderland, Swan became a member of the local Athenaeum 
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where he had access lo scientific publications and popular lectures on 
Chemistry and Electricity. He says that it was from thuH*^ lectures that he first 
became acquainted with the apparatus necessary for the production of electric 
light. Mr. W. E. Staite, the inventor of a regulating arc lamp, frequently 
lectured in Sunderland, exhibiting his lamp, which he lecommended for light- 
house purposes, and in the course of his lectures he produced electric light 
from the incandescence of iridio-platinum wire. This set Swan thinking on 
the subject. He wanted to produce the same eilect with a filament which 
would not fuse. Swan’s special genius is well described in his own wor«ls 
respecting his experimental work in Chemistry and Electricity during his 
three years of apprenticeship in Sunderland : “ I do not know whether it is a 
^neral experience or happy chance helping me, but somehow I have always 
been able to utilise in my experimental work things that happened to be well 
within my reach, and that seemed to ofier themselves to mo.” Electrotyping, 
introduced to his notice by a neighbouring wood-turner, who used a flower-pot 
for a porous jar, soon attracted Swan’s attention, and his work in this connec- 
tion led him to study all the available foinis of voltaic batteries, including 
the Callan and Bunsen batteries which Staite used for his electric light. 

In those days it was not easy to obtain chemical apparatus in a provincial 
town, and Swan tells us how he extemporised gas jars out of Winchester 
quarts by means of a red-hot poker, and used Florence flasks for retorts. It 
was probably partly due to the difficulties which he thus experienced in 
Sunderland that he took an early opportunity of adding a department of 
chemical and physical apparatus to the pharmaceutical business in Newcastle. 
There was equal difficulty in securing materials for experimental work if 
they were not commonly used in pharmacy, and in his address to the students 
of the Pharmaceutical Society in 1903 Swan referred to the necessity of 
making for himself ammonium nitrate when be started on an investigation 
of the properties of nitrous oxide. 

It was during these three years of apprenticeship that Swan first saw a 
Hi^uerreotype in an engraver’s shop window in Sunderland. He says that 
involuntarily he associated the Daguerreotype with electrutyping, and thou he 
saw in Bingham’s ' Daguerreotype Manipulation’ a statement that Daguerreo- 
types could be reproduced in electrotypes. Beforring to this period of 
invention. Swan says, ”,The elation created by the announcement of a great 
-discovery and first acquaintance with its results is a sensation of an extra- 
ordinarily uplifting character, and I can never forget its effect as a stimulus 
to experimental effort.” 

On leaving Sunderland for Newcastle, Swan made the acquaintance of 
John Pattinson and Barnard Simpson Proctor, afterwards Professor of 
Pharmacy in Newcastle, and a nephew of Faraday. These three became 
known to their friends as " The Three Philosophers,” as diey held weekly 
meetings to discuss scientific questions. Between 1846 and 1869 Swan 
discussed electric lighting at the meeting of the three philosophers, and mads 
experiments upon the carbonisation of parohmentised and other paper heated 
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in charcoal powder in the biscuit kiln of a pottery. Swan was acquainted 
with the publication in 1845 of King’s specification for producing electric 
light by means of continuous carbon conductors. He says, “ this was the first 
publication of the idea of an iacandescmt carbon lamp^ with carbon in vacuo/^ 
Swan set to work to make tlie carbon conductor as thin as possible. He 
claimed that the idea of packing the pupor or other material in powdered 
charcoal to exclude the air was original. The carbon from the parchmentised 
paper had u metallic ring if allowed to fall on to a hard surface, and could 
be bent into the form of un arch. The resistance was so great that only ^ 
short lengths could be made to incandesce with the battery power available,, 
but a strip bent into the form of a horseshoe was maintained incandescent 
“ for a considerable time ” in an exliausted receiver, A strip of carbon about 
0 25 inch wide bent into an arch 1*5 inches high was incandesced by means 
of 60 Callan cells. That early form of lamp was made in 1860. The 
great cost of current produced by primary batteries tended to discourage 
further experiment, as the lamp was not likely to be of practical service 
until the cost of current could be reduced. Swan accordingly, between 
1862 and 1867, devoted much of his attention to photography, and 
investigated the nature of the effect of light upon bichroinated paper and 
similar materials. He concluded that it oousisted in the reduction of the 
chromic to the chromous salt, and that this formed an insoluble compound 
with the size of the paper. Fox-Talbot had used this reaction for photo- 
engraving. Swan saw in it the possibility of producing relief pictures, tbe 
surface corresponding to the lights and shades of silver prints — this was the 
germ of the carbon process, the Woodbury type and photogravure, and the 
investigation also had a bearing on the employment of chromous salt for 
tanning. The “ Autotype ” or " Carbon Process '' was patented in 1864, and 
Swan's British patent was acquired by the Autotype Company. 

One of the incidental results of the working out of the “ Carbon Process " 
was the observation of the indurating effect of the baits of chromic oxide 
(of which chrome alum is a typo) on gelatine. As a consequence of thia, 
observation. Mr. Swan proposed the application of the principle of thia 
reaction to the leather-making industry. Chrome tanning, now an esta- 
blished industry, originated with this discovery. 

In 1867 Mr. Mawson died, and the whole management of the busiuesa 
devolved for a few years upon Swan, so that he had little opportunity for 
continuing his scientific work until new partners were introduced into the 
business ; but in 1877 his attention having been called to Dr. Maddox's 
experiments with bromide of silver used in conjunction with gelatine, in 
substitution for collodionized photographic plates, which furnished very* 
uncertain results, he set to work to discover the cause of the irregularity, 
lu his experimental researches with gelatino-bromide plates, Swan discovered 
tbe important fact that an immense increase of sensitiveness was caused 
in the emulsion by heating it during its preparation. He did not patent 
or publish his discovery, but applied it to the manufootnre of dry plates. 
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thereby inaugurating a new ara in photography. In 1879 he patented 
bromide printing ]>aper. 

In 1877 Swan learned that Mr. C. H. Steam, of Birkenhead, had been 
working with high vacua, and he enlisted his services to carry out experi- 
ments with his carbon filaments. Swan lioped that in the higher vacua 
obtained hy Steam the hlaments would last longer than in the receiver 
exhausted only by a piston pump. The difficulty then appeared of air 
occluded in the carbon and discharged when the filament was heated 
by the current To meet this difficulty Swan raised tlu^ carbon to full 
iucandescence while the process of exhaustion was continued, and then 
found that the vacuum was maintained when the lamp was incandesced 
after removal from the pump.' Swan says, “our experiments were never 
conducted with great secrecy— especially we made no secret of the idea 
of constructing an electric lamp wholly of glass, platinum, and carbon/’ 
but on January 2, 1880, he patented the process of exhausting carbon lamps 
while in a state of incandescence. He ailds, “ I made no claim for any 
particular form of lamp, or for its being composed entirely of glass, carbon, 
and the platinum wires. I liad delmrred myself from making such a claim 
by the public exhibition Tif lamps having this feature more than a year 
previously. At a meeting of the Newcastle-upon-Tyne Chemical Society, 
held December 18, 1878, I showed an incandescent carbon lamp, which 
consisted wholly of a f/lass bulb^ pierced with tvw platinum ivirea^ mpporihuj 
between them a carbon filament^ Swan lectured ou electric lighting and 
exhibited his lamp before large audiences in the theatre of the Literary and 
Philosophical Society ut Newcastle on February 8, 1879, and again in the 
Town Hall, Gateshead, on March 12 in the same year. In the following 
year the lecture room of the Literary and Philosophioal Society in Newcastle 
was illuminated by a number of these lamps. Two events had contributed 
to the success of the lamp since Swan had showed his carbon horseshoe 
glowing in a mechanically -exhausted receiver. The Sprengel mercury pump 
had been invented in 1865, and the dynamo had enabled electric emvgy 
to bo produced at a reasonable cost. The filament he Hal>8equently employed 
was parchmentised cotton thread carbonised. His proiiuction of the squirted 
collodion filaments followed soon after. The cellular lead plate for secondaiy 
batteries was another of Swan's contributions to electric lighting. The rapid 
deposition of copper by electrolysis occupied very much of his leisure 30 years 
ago, and he succeeded in depositing tough copper using a current density of 
1000 amperes per square foot of cathodo surface. 

Sir Joseph Swan received the honour of knighthood in November, 1904. 
He was elected a Fellow of the Koyul Society in 1894, and was made 
Chevalier of the Legion of Honour in 1881. He was President of the 
Institution of Eleotrioal Engineers in 1898-9, and of the Society of Chemical 
Industry in 1900 and 1901. His death occurred at his home at Warlingham 
on May 27, 1914. 

“ For the important ]^t he took in the invention of the electric lamp, 
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and for his invention of the carbon process of photographic printing,” Sir 
Joseph Swan was awarded the Albert Medal of the Boyal Society of Arts 
in 1906. The Hughes Medal of the Koyal Society was awarded to him in 
1804. He received the Gold Medal of tlie Society of Chemical Industry in 
1903, and the “ rrogre.S8 ” Medal of the lioyal Photographic Society. He was 
the Hrst President of the Faraday Society. ^ 

On March 4, 1914, the City Council of Newcastle-upon-Tyne resolved to 
present the Freedom of the City to Sir Joseph Swan " in recognition of his 
distinguished services in the cause of science, especially in the inventing 
and perfecting of incandescent electric lamps, and of rapid photographic 
dry plates.'* The actual piesentation took place on July 9, a few weeks 
after Sir Joseph’s death, when the family was represented by his son, 
Mr. Kenneth' Swan, the ceremony having been postponed by the express 
wish of Sir Joseph, who hoped that summer weather would enable him to 
travel to Newcastle. 

Of a charming personality and extremely social disposition, Sir Joseph 
Swan was always ready to share his good things with others. For his start 
on a scientific career he was largely indebted to the Popular Science lectures 
provided by the Sunderland Atheneeum, and while he could give a highly 
technical address to a scientific society on the subjects which he had made 
his own, he was never happier than when he undertook an experimental 
lecture to a popular audience. In these lectures he avoided technicalitieB 
while giving such descriptions of inventions, processes, and apparatus as 
were calculated to inspire the younger members of his audience with the 
same seal which had filled his own soul when a chemist’s apprentice at 
Sunderland. On systematic scientific training he was equally keen. He 
took great interest in the development of the Armstrong College in its early 
days, and in his Presidential Address to the Society of Chemical Industry in 
Glasgow’in 1901, he said, *' A scientific training of UniYereity standard for 
our manufacturers and for our technical chiefs is an absolute necessity. 
Surely public money cannot be better spent than in providing adequate 
facilities for the educational equipment of the men of the future with this 
essential means of national defence. Our country possesses great stores of 
mineral wealth, a preciqus heritage that we are lavishly spending. That gift 
of nature will • certainly not avert, and cannot go far to oompensate for, 
the consequences of neglect of the scientific training to turn our fast- 
diminishing mineral wealth to the best advantage. One of the most pressing 
requirements of the moment ... in adeg^ate endownmi and ensouragment if 
reteareh." 


W.G. 
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GEORGE CAREY FOSTER, 1835-1919. 

George Cahey Foster was born at Sabden, in Lancashire, in 1835. His 
early education was at private schools, until he became a student in chemistry 
at University College, London, where he graduated in Honours. He was 
assistant for a time to Prof. A. W. Williamson, and left England in 1858 to 
study on the Continent, at Ghent, Paris, and Heidelberg. At Paris he studied 
under KekultS, but gradually became more attracted to Physics, and several 
of the physical articles in ‘Watts's Dictionary of Chemistry' are from his 
pen : notably the rather famous article “ Heat," which apY)eared in 1863. 

In 1862 he became Professor of Natural Philosophy in the Andersuuian 
College, Glasgow ; and in 1866 was elected to the Chair of Physics at Univer- 
sity College, London, which he held till 1898. In 1900 he became Principal 
of the College for four years, cm eventful period in the history of London 
University organisation. 

The reconstruction of University College into tho University of London, 
from which it never ought to have been separated, was an object very near 
his heart. It had begun near the beginning of the century, with high hopes 
and legitimate aspirations, and for a time it flourished as essentially the 
University of London. But a rival College was founded on more eccleKiastical 
lines ; and, not being able to give a University Charter to both, wisdom 
decided that neither should have that dignity. An examining University 
was established by Government, apart from either teaching or research. And 
after that both Colleges led a struggling* and parsimonious existence until 
recent times. Whether everything is now put right, those engaged in the 
work best know. From the advisory and administrative point pf view, 
Foster did his best in a wise direction under exceptionally difficult circum- 
stances. 

Carey Foster's early publications were on chemical subjects. They appear 
in the * British Association Reports’ for 1857 and 1859, when ho reviewed 
recent progress in Organic Chemistry. In 1860, while at Ghent, he described 
an isomer of hippuric acid ; and in 1861 published a paper “ On Piperic and 
Hydropiperio Acids." Several more important papers h^ published in 
association with Mutthiessen, mainly on the constitution of narcotiue and on 
the production of a new compound called ootarnio acid. 

^ys Dr. Forster Morley : — “ These three papers by Foster and Matthies- 
sen made a long step forward in the knowledge of the constitution of the 
alkaloids, and may, indeed, be termed classical. The accuracy of the work 
has been amply confirmed by subsequent investigation." And, he adds: 
** Carey Foster’s work in chemistry shows that, if he had decided to devote 
himself to that science, he would have taken a distinguished position among 
his oolleagues." 

Undoubtedly, however, Carey Foster’s best known and perhaps most 

VDU xcvi.— A. d 
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important scientific work was oonneotod with the employment of the Wheat- 
stone bridge for purpose of accurate measurement and for comparison of 
standards of electrical resistance. So much so, that his modification of it is 
specially constructed for that purpose, and known as the Carey Foster 
bridge. His ingenious though simple paper on the subject will be found in 
the * Journal of tlie Society of Telegraph Engineers ’ for 1872-1873, vol. 1, 
p. 196. His treatment of it is worth reading, for his neat obtaining of the 
difference-formula is by no means obvious. l)r. Glazebrook invariably used 
the Carey Foster method during his custody of, and most careful watch for 
variations in, the coils which were the National standards of resistance for 
many years. 

Carey Foster applied the same principle to determine the resistance of any 
good conductor. Quite short thick pieces of metal could be dealt with, and 
it was in this way that the present writer determined the conductivity of 
sundry copper-tin alloys (‘ Phil. Mag.,’ December, 1879, p. 554), detecting a 
curious anomaly which had been previously missed. It was, in fact, an 
anticipation of the potentiometer method, and Carey Foster was able to plot 
equipotential surfaces with much greater ease and accuracy than bad 
previously been achieved, either on the Continent or anywhere. The 
simplicity and effectiveness of his device for plotting the oui-ves of currents 
flowing in various shapes of tinfoil, with differently situated electrodes, could 
not be excelled. 

Some papers on dihe Flow of Electricity in a Plane, by himself and the 
present writer, may be here referred to. They represent a good deal of work, 
and were perhaps Foster's most ambitious publication (‘ Phil. Mag.’ for May> 
June, and December, 1875, vole. 49 and 50, pp. 385, 453, and 475). It was 
gradually found that a good deal of theoretical work in this connection had 
been done by Kirohhoff and by Prof. W. Eobertson Smith. (For an exten- 
sion, see ' Phil. Mag.,’ Ser. Y, vol. 1, 1876.) 

Foster was always an important member of the British Association 
Committee on Electric Standards, often occupying the chair at its meetings ; 
and later he made a series of experiments on absolute determinations of 
resistance, in conjunction with G. W. de Tunzelmann. In 1886 he devised 
a method of determining a coefficient of mutual induction by comparing it 
with the capacity of a condenser, and so arranging that the galvanometer 
deflection to be observed was annulled. It is a method which allows of high 
accuracy. 

The writer, as a student under Carey Foster’s instruction, investigated, for 
a British Association Committee, the Siemens’ electric pyrometer, and drew 
attention to the slight changes which its main wire underwent after heating, 
apparently by reason of the effect of hot gases penetrating the iron sheath 
and getting at the platinum. The writer was impressed with the consum- 
mate care and scrupulous accuracy demanded by the Professor in tliis 
comparatively simple research. 

In conjunction with Dr. Fison, Foster determined the potential needed to 
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give sparks in air, using a specially designed form of absolute electrometer, 
and in ootgunction with Dr. A. W. Porter, he published a well-known text- 
book on Eleotridity. He was president of Section A of the British Associa- 
tion in 1877, and in his address dwelt on the importance of accurate 
measurement as the foundation of discovery in science. He also half- 
hiunorously supported the idea that a physical theory could not be regarded 
ns complete until it could be expounded to any intelligent man — " at least, if 
he was not in a hurry to catch a train." 

The Physical Society of Ijondon, now a flourishing organisation, owes its 
origin largely to Carey Foster, working in association with one who was still 
more its founder. Prof. Frederick Guthrie. The two were in frequent 
consultation in and before the year 1873, and at a later stage both held the 
•office of President in due conrse. Foster was also President of the Society of 
Tel^raph Engineers. His fellowship of the Boyal Society dates as far Wk 
as 1869, and ho was twice elected a Vice-President. Glasgow and Manchester 
•conferred upon him their honorary doctorates. 

The above is a bald and brief summary of salient facts in a life which was 
•quiet and unobtrusive, but the enthusiasm of many of his distinguished 
students is not explicable by any such bate recital. The language of 
■exaggeration was always repulsive to him, but that he was everywhere 
regarded with sincere affection by those who knew him is nothing more than 
simple fact. 

Was he a good teacher ? That depends on the point of view. He was not 
A good lecturer ; he was far from fluent, and he was so conscientious about 
•expressing himself correctly that sometimes he failed to express himself at all. 
But if his baiting words were taken down as uttered, they were invariably 
accurate and sensible and couched in good English. In writing he was slow 
and painstaking. So he was in speaking. Accordingly, it was only an 
instinctive sense of respect for a learned and courteous geutleman that kept a 
large and junior class in order. The bulk of them could not really know him, 
and yet they appreciated him. By his senior students bo was both known 
and beloved. His manner was, to them, no deterrent ; they recognised 
beneath it a solid reality, devoid of all show and pretence, but wise, 
judicioas, careful, and trustworthy. 

His judgment was astonishingly sound ; his opinion was frequently asked 
•on many topics, and very seldom was be misled into giving a wrong one. He 
might err on the side of caution, but when he held opinions he held them 
strongly, and the reticence with which he expressed his views caused them to 
be received with the more attention. Never was anyone more oonspicuously 
free from self-seeking, and people knew it. 

So the fact is that Foster was a genuine and very real, though very modest, 
teacher. He would discuss problems on equal terms with members of his class, 
spending any amount of time after a lecture, and he was working with the 
students in his laboratory every day. Indeed, the physical laboratory at 
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UniveTsitj College was his oieation, out of a couple of preparation rooms. 
During his early tenure of the chair there appears to have been no students' 
physical laboratory south of the Tweed. Gradually the laboratory began, in 
a very small way, at first for senior students only, but afterwards for all whn 
were ready to come ; and University Coll^ has done well to call its later 
well-equipped new building " The Carey Foster Laboratory." 

A fuller and more detailed obituary notice, by his friend and old student. 
Dr. A H. Fison, may be referred to in the ‘ Transactions of the Chemical 
Society’ for 1919, vol. 116, pp. 412 — 427. 

In his domestic life Foster was exceptionally happy ; his eight children are 
all living, and his wife only predeceased him by 18 months. He died at 
Bickmansworlh on February 9th, 1919, aged 84. 

To the writer during his early struggles in London he held out a helping 
hand, as he doubtless did also to many an ambitions and inqiecunious student. 
He leaves behind a fragrant memory, for he was one of the best and most 
unselfish of men. 


0. J. L. 



INDEX TO VOL. XCVL (A) 

Address of the President, December 1, 1010, 311. 

Adsorption of gases — theoretical adsorption iaoatere and iaothem), experimental 
verification (Williams), 287, 280, 298, 

Airey (J. R.) Zonal Harmonics of High Order in Terms of Bessel Functions, 1. 

Algebra, linear associative, suitable for electromagnetic relations and relativity theory 
(Johnston), 331. 

Archbutt (S. L.) See Rosenhain and Archbutt. 

Area of surfaces (Young), 71. 

Armstrong (E. F.) and Hilditch (T. P.) A Study of Catalytic Actions at Solid Surfaces. 

l, — Hydrogenation of Unsaturated Fats in the Liquid State in Presence of Nickel, 
137 ; II.— The Transference of Hydrogen from Saturated to Unsaturated Organic 
Compounds in the Liquid State in Presence of Metallic Nickel, 322. 

Aston (F. W.) Experiments with Perforated Electrodes on the Nature of the Discharge 
in Gases at liow Pressures, 200. 

Atmospheric Stirring measured by Precipitation (Richardson), 9. 

Ayrton (H.) On a New Method of Driving off Poisonous Oases, 249. 

Bairsto (O. E.) On the Variation with Frequency of the Conductivity and Dielectnc 
Constant of Dielectrics for High-fi-equeucy Oscillations, 363. 

Bakerian Lecture (Strutt), 272. 

Balmer series, intensity decrement in (Merton and Nicholson), 112. 

Bessel functions, zonal harmonics in terms of (AireyX L 
Biotite, transparency of, to infra-red radiations (Martin), 185. 

Bone (W. A.) and Sarjant (R. J.) Researches on the Chemistry of Coal. Part I. — The 
Action of Pyridine upon the Coal Substance, 119, 

Brown (E. W.) On the Determination of the Secular Acceleration of the Moon's 
Longitude from Modern Observations, 69. 

Cantilevers, solution for flexure of, and influence of manner of fixing the built-in end 
(Seegar and Pearson), 211, 

Catalytic actions at solid surfaces. II.— Hydrogenation of unsaturatod fats in presence 
of nickel (Armstrong and Hilditch), 137, 322. 

Chapman (S.) A Note on Dr, Chree’s Recent Discussion of Two Magnetic Storms, 424. 
Chree (G.) Magnetic Storms of March 7-8 and August 15-16, 1918, and their 

Discussion, 32 ; An Explanation of Criticisms on Dr. S, Chapman’s Recent 

Paper “ An Outline of a Theory of Magnetic Storms," 426. 
doads, measurement of water in (RichardsonX 19. 

Coal, chemistry of, I.— Action of pyridine on coal substance (Bone and Sarjant), 119. 
Conductors, parallel cylindrical, in electrical problems (Whipple), 465, 

Crookes (Sir W.) Obituary notice of, i. 

CurtiB (W. £.) The Value of the Rydberg Constant for Spectral Series, 147. 

Dielectrics, variation with frequency of conductivity of, for high-frequencies (BairatoX 

m. 

Diffracting boundaries, radiation from laminar (Ghosh), 257. 

Discharge in gases at low pressures, experiments on nature of (AstonX 20a 

Eedes (W, H.) and Vincent (J. H.) On the Variations of Wave-length of the Oscilla- 
tions generated by Three^lectrode Thermionic Tubes due to Changes in Filament 
Current, Plate Voltage, Grid Voltage, or Coupling, 455, 

VOL. XOVL— A. 


e 



XX 


Electrical problems, equal parallel cylindrical conductors in (Whipple), 465. 

Electron ring theory of atoms (Schott), 395. 

Electrons, scattering of X- and y-Bays by rings of (Schott), 395, 

Flexure of cantilevers of certain cross-sections, de Saint-yena>nt solution for (Seognr 
and Pearson), 211. 

Foster (G. C.) Obituary notice of, xv, 

Garnett (J. C. M.) On certain Independent Factors in Mental Measurements, 01. 

Gases, adsorption at low and moderate concentrations (Williams), 287, 289, 208. 

Gases, new method of driving off poisonous (Ayrton), 249. 

Ghosh (P. N.) On the Colours of tlie Striae in Mica, and the Radiation from Laminar 
DifTracting Boundaries, 257. 

Hilditch (T. P.) See Armstrong and Hilditch. 

Hydrogen, secondary spectrum of (Merton), 382. 

Hydrogenation of unsaturated fats in presence of nickel (Armstrong and Hilditch), 137, 
322. 

Isotopes, spectra of (Merton), 388. 

Jeffi-eys (H.) On the Relation between Wind and Distribution of Pressure, 233. 

Johnston (W. J.) A Linear Associative Algebra suitable for Electromagnetic Relations 
and the Theory of Relativity, 331. 

Larmor (Sir J.) On Generalized Relativity in connection with Mr. W. J. Johnston’s 
Symbolic (Calculus, 334. 

Light, diffusion by rain, cloud, or fog (Mallock), 267. 

Magnetic Storms of 1918 and their discussion (Chree), 32 ; (Chapman), 424 ; (Chree), 
426. 

Magnetic susceptibilities of low order, measurement of (Wilson), 429. 

Mallock (A.) Diffusion of Light by Rain, Cloud, or Fog, 267. 

Martin (L. Q.) The Transparency of Biotite to Infra-red Radiations, 185. 

Medals, presentation of, 318. 

Mental measurements, independent factoHi in (Garnett), 91. 

Merton (T. R.) On the Secondary Spectrum of Hydrogen, 382 ; — - On the Spectra 

of Isotopes, 388 ; and Nicholson (J. W.) Note on the Intensity Decrement in 

the Balmer Series, 112. 

Metals, inter-crystalline fracture of, under prolonged stress (Rosenhain and Archbutt), 
55. 

Moon’s longitude, determination of secular acceleration (Brown), 69. 

Nicholson (J. W.) See Merton and Nicholson. 

Obituary Notices Crookes, Sir W.,i ; Swan, Sir J. W., ix ; Foster, G. C., xv. 

OedllatioDs generated by three-electrode thermionic tubes, variations of wave-length of 
(Eccles and VinoentX 455. 

President’s Address, December 1, 1919, 311. 

Bain, cloud, or fog, diffusion of light by (Mallock), 267. 

Relativity, an associatlve.algebra suitable for theory of (Johnston), 33t i genendimd, 
in connection with Johnston’s calculus (Larmor), 334. 

Richardson (L. F.) Atmospheric Stirring measured by Precipitation, 0 ; Measure- 
ment of Water in Clouds, 19. 



XXI 


ftownhaiD (W.) aud Archbutt (S. L.) On the Inter-crystalline Fracture of Metals 
under Prolonged Application of Stress (Preliminary Paper), 55. 

Bydberg* constant, value of, for spectral series (Curtis), 147. 

Saijant (H. J.) See Bone and Sarjant. 

Schott (G. A.) The Scattering of X- and y-Bays by Bings of Electrons^a Crucial Test 
of the Electron Bing Theory of Atoms, 305. 

Seegar (M.) and Poaraon (K.) De Saint-Vonant Solution for the Flexure of Cantilevers 
of Cross-Section in the form of Complete and Curtate Circular Sectors, etc., 211. 
Selena tes, double, of cobalt group (Tutton), 156. 

•Sodium, lino spectrum of, excited by fluorescence (Strutt), 272. 

Spectra of Isotopes (Merton^ 388. 

•Spectral series, value of Bydberg constant for (Curtis), 147. 

Spectrum of hydrogen, secondary (Merton), 382 ; of sodium as excited by 

fluorescence (Strutt), 272. 

Strite in mica, colours of (Ghosh), 257. 

Strutt (Hon. B. J.) Bakerian Lecture : A Study of the Line Spectrum of Sodium as 
excited by Fluorescence, 272. 

^Sma (Sir J. W.) Obituary notice of, ix. 

Taylor (G. S.) Tidal Friction iii Irish Sea, 330. 

Thomson (Sir J. J.) Anniversary Address, llecember 1, 1019, 311. 

Tidal Friction in Irish Sea (Taylor), 330. ^ 

Tutton (A. £. H.) Monoclinic Double Selenatos of the (Jobalt Group, 156. 

Variables in multiplo integral, change of indopemlent (Young), 82. 

Vincent (J. H.) See Eccles and Vincent. 

Whipple (F. J. W ) Ecjual Parallel Cylindrical Conductors in Electrical Problems, 466. 
Williams (A. M.) The Adsorption of Gases at Low and Moderate Coucentrationsi— 
Part I, 287 ; Part II, 289 ; Part III, 208. 

Wilson (E.) The Measurement of Magnotic Susceptibilities of Lower Order, 489. 

Wind and pressure distribution, relation between (Jeffreys), 233. 

X- and y-Bays, scattering by rings of electrons (Schott), 395. 

Young (W. H.) On the Area of Surfaces, 71 ; — — * On Change of the Independent 
Variables in a Multiple Integral, 82. 

Xonal Harmonics in teems of Bessel Functions (Airey), 1. 


XND or WB NIKBTY-aiXTH VOLUMK (SBRIES A), 


. — . . 

.UABBisor ANO Sons, Printers in Ordinary to Hia Majesty, St. Maitin'a Lane. 






